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Abstract—We improve the upper bound for the maximum
possible number of stable matchings among n jobs and n
applicants from 131072" + O(1) to 3.55" 4+ O(1). To establish
this bound, we state a novel formulation of a certain entropy
bound that is easy to apply and may be of independent interest
in counting other combinatorial objects.

Index Terms—stable matchings; entropy

I. INTRODUCTION

A stable matching instance is a complete bipartite graph
G with an n-vertex class of jobs' and an n-vertex class of
applicants' where each vertex has a strict order of preferences
on the vertices in the opposite class. Given a perfect matching
in G, a pair w,v is unstable if v and v both prefer each
other to their currently matched pair. A perfect matching that
contains no unstable pairs is called a stable matching. Gale and
Shapley [12] showed that a stable matching exists in every
stable matching instance, and gave an efficient algorithm to
find one; see also [22, Chapter 1]. Since their introduction in
1962 by Gale and Shapley, stable matchings have found a wide
variety of practical applications including college admissions
[12], hospital residences [25], [27], [28], kidney exchanges
[5], [6], and even pure math proofs [13]. Shapley and Roth
were awarded the 2012 Nobel Memorial Prize in Economic
Sciences for their work on stable matchings.

A long-standing problem, first posed by Knuth in 1976 [23]
(see also Manlove [24, Section 2.2.2]) is to determine the
maximum possible number SM (n) of stable matchings in a
stable matching instance with n jobs and n applicants. This
problem is interesting in its own right and also has implications
for the run time of certain algorithms [21].

A very easy lower bound for SM(n) is 2"/2, while the
best-known lower bound 2(2.28™) is due to Irving and Leather
[18]. This bound holds when n is a power of 2, but for all other
n, Thurber [31] gave a slightly weaker bound of 2.28" /cl°g™,

The trivial upper bound on the number of stable matchings
is ml. This was improved to O(n!/c™) by Strathoupolos
[30] and %n! by Drgas-Burchardt and Switalski [11]. Despite
considerable attention [4], [11], [17], [30], [31], the first
simply exponential upper bound was obtained only recently
by Karlin, Oveis Gharan and Weber [19]. In that paper, the

!n this paper we have decided to use the terms of jobs and applicants in
place of the more traditional men and women; a similar approach was used
in [10].

2575-8454/21/$31.00 ©2021 IEEE
DOI 10.1109/FOCS52979.2021.00029

Domotor Péalvolgyi

MTA-ELTE Lendiilet Combinatorial Geometry Research Group

Institute of Mathematics, E6tvos Lordnd University

217

Budapest, Hungary
domotorp @gmail.com

authors remark that their argument gives a bound of ¢ = 217"
for n large enough, but that their method will not give a
c close to the best-known lower bound. Their approach is
a probabilistic argument, similar to one of the early proofs
of the Crossing Lemma [1]. A recent survey of Cechldrov4,
Cseh and Manlove [9] highlights the importance of further
improvements to the upper bound.

Our main result is to improve the upper bound for the
maximum possible number of stable matchings; the base of
our exponent gets close to 2.28, the base in the best lower
bound.

Theorem 1. The number of stable matchings SM(n) in an
instance with n jobs and n applicants satisfies

SM(n) < 3.55" + O(1).

Apart from its theoretical importance, this also improves the
known upper bound for the running time of certain algorithms.
For example, the upper bound of the running time of the best-
known algorithm for the popular roommates problem with
strict preferences by Kavitha [21] is improved from roughly
400000™ to 10.65™.

As mentioned in [19], Theorem 1 also gives an upper bound
for the so-called stable roommates problem, defined similarly
to the stable matching problem, but without requiring the graph
G to be bipartite. This follows by a simple reduction to the
stable matching problem where we take two copies of each
vertex [10].

Corollary 2. The number of stable matchings among n
roommates is at most 3.55" + O(1).

Our starting point to prove Theorem 1 is similar to the
starting point of [19]. We will observe some properties of
the rotation poset (to be defined in Section III), and then use
them to give an upper bound for SM(n) with a variant of
the entropy method. Our Lemma 4 may be of independent
interest, as it provides a simple-to-apply method for counting
combinatorial objects compared to other techniques, like
those that employ entropy or the container method [3].

Notation. We write the expected value of a function X of
a random variable r as E,.[X ()] when we want to emphasize
that 7 is the random variable—this is to avoid confusion when
X also depends on other (fixed) parameters. All logarithms



in this paper are natural and contain no artificial ingredients
or added color.

Qutline of the paper. In Section I we present our main
result for counting objects, Lemma 4, and give an example of
a simple application, a short proof of Bregman’s theorem. In
Section III we first outline why earlier results [15], [18], [19]
imply that the number of stable matchings is bounded by the
number of downsets of a so-called tangled grid poset. We then
use our main lemma to prove that the number of downsets in a
tangled grid is at most 11.11™. This gives a bound on SM (n)
and is a combinatorial problem of independent interest. In
Section IV we refine these methods to prove Theorem 1.

II. MAIN LEMMA

In this section we present a method for bounding the
cardinality of a family S. To this end, we will encode S as a
family of n-tuples from A; X Ay X - - - x A,, for some carefully
selected sets A;. We use the term component both to refer to
the sets A; and to the elements s; for s = (s1, 82,...,5,) € S.
It will be convenient to think of each of the components s; of s
as carrying some information about s such that s is completely
determined by the values si, So,. .., Sp.

If S C A) x -+ x A,, then a trivial upper bound on |S|
is |A1]- - |A,|. However, if the structure of S has sufficient
symmetry, then we can get better bounds by revealing the
components one-by-one as follows.

Fix a permutation = of {1,...,n} and an n-tuple s
(51,82, -..,Sn) € S. Imagine that the components of s are
revealed according to 7 in the order sr(1),Sx(2);---;Sx(n)-
Let X;(s, ) count the number of possible ith components of
members of S whose first 77%(i) — 1 components under 7
(i.e., those components that are revealed before s; is revealed)
are identical to those of s under 7. That is,

Xi(s,m) = [{w; :

(a1,

satisfying m 1 (j) < 7 (i)}

S Zp) € S,z =s; for j

This immediately improves the earlier mentioned trivial
bound |S|< |Ay]- - |Ay] to

n
< X; 1
|S]< H?Gag (s, m) (1)
for any permutation 7. We give an example that illustrates
how to compute X;(s, ).

Example 3. Put

S={(i,i,0) : 1<i< N}U{(i,0,9) : 1 <i< N}U
{(0,4,9) : 1< i < N}.

Thus, S C {0,1,...,N}3 and |S|= 3N. Suppose that s =
(s1,82,83) = (4,4,0) for some ¢ € {1,..., N} and consider
all six possible permutations 7 of {1,2,3}. If 7(1) =1, i.e.,
coordinate 1 is revealed first, then X;(s,7) = N + 1, as 51
can take any value from 0 to N. If 7(3) = 1, i.e., coordinate
1 is revealed last, then X;(s,7) = 1, as s = ¢ and s3 = 0
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determine that s; = 4. Otherwise, 7(2) = 1, so m = (2,1, 3)
orm=(3,1,2). If = = (2,1,3), from sy = ¢ we learn that
s1 is either O or 4, so there are only two options left for s;.
Finally, if # = (3,1,2), from s3 = 0 we only learn that
s1 # 0, so there are still N options for s;. We can repeat a
similar analysis for s = (7,0,4) and s = (0, ¢, ¢) to calculate all
values of X1 (s,7); see Table L. Since S is symmetric under a
permutation of the coordinates, the possible values of Xa(s, )
and X3(s,7) would be given by a table that can be obtained
from Table I by a permutation of rows and columns.

Xi(s,m) | 123 132 | 213 | 231 | 312 | 321
(,,0) | N+1 | N+1 | 2 T | N | 1
(i,0,i) | N+1 | N+1 | N | 1 2 1
(0,i,i) | N+1 | N+1 ]| 2 I 2 I

TABLE I: Summary of values of X/ (s, 7). Rows represent the
elements s € S, while columns represent the permutations 7
of {1,2,3}.

Observe that the trivial upper bound gives |S|< (N + 1)3,
while the slightly better bound in (1) gives |S|< (N 41)- N -
1 = O(N?) for any permutation 7.

Lemma 4 (to be stated below) further improves this bound
on |S|. The first part of Lemma 4 gives log|S|< log(N +1)+
% log N + % log 2 +1log 1 (for any choice of ), which implies
|S|< 23(N+1)N3 = O(N3). The second part of Lemma 4,
when we average over only 7, chosen uniformly at random,
gives the weaker log|S|< 3- £ (2log(N + 1) +log N +log 2+
2log 1), which implies |S|< (2(N + 1)2N)z = O(N?).
The loss compared to the previous bound is due to taking
the maximum over all s € S instead of the expectation,
but we have stated this result in this form because in some
applications (like in the proof of Theorem 1) we have no
control over s. Finally, Corollary 5 (to be stated below), which

is easier to apply than Lemma 4, gives the much weaker bound
1S]< (3555)°

Now we state our main lemma.

Lemma 4. Let S C Ay X -+ x A, and 7 be any fixed per-
mutation of {1,...,n}. Choose s € S uniformly at random.
Then

log| S| < E, [ZlogXi(s,ﬂ):| .
i=1

By averaging, if m is chosen at random from the permutations
of {1,...,n} according to an arbitrary probability distribu-
tion,

10g|5‘ < E(s,‘rr) |:Z lOgXi(S,TF):|

i=1
n

< ergeagEﬂ [log X;(s,m)].
o

Applying Jensen’s inequality gives the following weaker but
simpler form of Lemma 4.



Corollary 5. Let S C Ay X ---x A,,. Then for any probability
distribution of the permutations

|S|< Hméach,r[Xi(s,w)}.
=1 s

Although we could not find Lemma 4 explicitly stated
anywhere, very similar bounds are frequently used in entropy
proofs. Indeed, the first line of Lemma 4 follows from Shan-
non’s famous noiseless coding theorem [29]. In that language
Lemma 4 says that if the letters of the alphabet S are evenly
distributed in a random text, then any encoding uses at least
log|S| bits per character on average. Lemma 4 can be also
easily proved using the basic properties of entropy; we sketch
such a proof here.

Proof of Lemma 4. Define the entropy of a random variable
Z taking finitely many values as

Fix an arbitrary permutation 7 of {1,2,...,n} and select s €

S uniformly at random. From the basic properties of entropy
(see [26]) we have

log|S|= H(s)

= ZH(SL . s for j satisfying 71 (j) < 7 1(i))
i=1

n

< ZH(SZ' 0 Xi(s,m))
i=1

=3 ProlXis.m) = k] H(s; : Xi(s,m) = k)
i=1 k

n
< Z Z Pry[X;(s,m) = k] - logk
i=1 k

= 3 B.flog X, (s, 7). O
i=1

Taking averages over all permutations is also a widely used
tool in proofs. Arguably, the core idea of this goes back to
Katona’s circle method [20]; see also the permutation method
described in [14, Chapter 1]. Therefore, most of the arguments
presented in this paper could be repeated using entropy and
averaging, but we feel that Lemma 4 can be a useful tool
for proving upper bounds because it can be applied without
introducing entropy.

Let us mention one form of Lemma 4, not explicitly stated
in the book by Alon-Spencer [2, Chapter 2, The Probabilistic
Lens]. They defined for a non-negative random variable X
taking finitely many possible values, all with non-zero proba-
bility, its geometric mean as G[X] = [[, #7"¥=2]. As noted
there, G[X] = ePlloeX] < E[X]. In this language, Lemma 4
states |S|< [i_, G[X;(s, )] where s is a uniform random
variable and 7 is an arbitrary permutation.

Lemma 4 shows that in order to get an upper bound on |S]|,
it is enough to find components A; so that E.[log X;(s, )]
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is small for every s € S. As a simple application, we prove
Bregman’s theorem [8]. The argument follows Alon-Spencer
[2] and Radhakrishnan [26], the only difference is that entropy
is replaced by a simple application of Lemma 4.

Theorem 6 (Bregman [8]). The number of perfect matchings
in a bipartite graph G = (U,V;E) is at most [[;(d;!)*/%
where d; denotes the degree of vertex v; € V.

Proof. Let S be the set of all perfect matchings in G and let
A; be the set of edges incident to v; € V. Then S C XZ A;.
Fix a perfect matching s € S and order the vertices v; € V
according to a random permutation 7. We first reveal the edge
of s incident to vy (1), then the edge of s incident to v, (o) and
so on. Recall that X;(s, ) is the number of options remaining
for the edge of s incident to v; right before it is revealed. Let
N;(s,m) be the number the neighbors of v; (necessarily in U)
that have not yet had their edge from s revealed. Then we
have X;(s,m) < N;(s, ), where the inequality can be strict,
as some of these edges may not be extendable to a perfect
matching.

Since the edges of s were ordered randomly, Pr[N;(s,w) =
k] = 1/d; for every 1 < k < d;. Therefore, by Lemma 4 we
have that the number of perfect matchings |S| satisfies

< )
log|S| < ; rgléig(Eﬂ [log X;(s,7)]

< )
< zl: max B [log Ni(s, )]

Yyl

i k=1

logh =Y log(d;!)"/*. O

III. GENERAL METHOD AND A SIMPLE BOUND FOR SM (n)

In this section we give our first bounds on SM(n) by
counting downsets in the so-called tangled grid poset.

A. From stable matchings to downsets in the tangled grid
poset

In this subsection we detail a connection between stable
matchings and downsets of a tangled grid. We begin by dis-
cussing how stable matchings can be mapped to the downsets
in the rotation poset, a result established by Irving and Leather
[18]. (It is also possible to show a correspondence in the other
direction, see [7], [16].) Following [19], we define a rotation
in a stable matching.

Definition 7 (Rotation). Let k > 2. A rotation p is an ordered
list of edges

p = (uguo, Urv1, ..., Up—1Vk—1)

in a stable matching g with the property that for
0,1,2,...,k—1 applicant v;+; (where the indices are modulo
k) is the highest ranked applicant for u;’s list of preferences
satisfying:

(1) job u; prefers v; to v;41, and
(2) applicant v; prefers u; to w;41.



In this case we say that p is exposed in the stable matching
L.

We say that a rotation p = (ugvg, U101, ..., Up—1Vk—1) 1S
eliminated if we replace the edges of the stable matching
4 appearing in p with ugvy, uive,. .., ur—1vg. It is easy to
see that the perfect matching resulting from the elimination
of a rotation p from a stable matching is itself stable (see
Lemma 4.5 in [18]). It was shown in [15] that any stable
matching can be obtained from what we will call a job-optimal
stable matching po through a sequence of eliminations of
exposed rotations. This leads to a natural poset on the family
R of rotations exposed in any stable matching of a stable
matching instance. Indeed, for rotations p, p’ € R we say that
p < p' if and only if for every stable matching x in which p’
is exposed we must eliminate p to arrive at p from pg. We
call the poset R the rotation poset.

Recall that a subset of a poset is a downset (or downward
closed set) if for every element of the downset, all smaller
elements of the poset are in the downset.

Theorem 8 (Irving & Leather [18], Theorem 4.1). Given
a stable matching instance, there is a bijection between the
family of stable matchings and the downsets of the rotation
poset.

As in [19], this correspondence is central to our argument—
instead of investigating stable matchings directly, we may
estimate the number of downsets in the rotation poset. We will
need the following immediate consequence of an observation
explicitly stated in [19], and implicit in [15]. We say that a
rotation p involves vertex v if v appears among the vertices in
the ordered list of edges in p.

Recall that a chain in a poset is a sequence of comparable
elements a; < az < -+ < ag. We will use the term top and
bottom of a chain to refer to elements a; and ay, respectively.

Proposition 9 (Karlin, Oveis Gharan & Weber [19],
Claim 4.6). The rotations involving a fixed vertex v form a
chain in the rotation poset.

So each vertex of a stable matching instance defines a
chain in the rotation poset. For a job w, let M(u) be the
chain of rotations involving w. The family of chains {M (u) :
u is a job} are the m-chains in the rotation poset. Similarly,
for an applicant v, let W (v) be the chain of rotations involving
v and the family of chains {W (v) : v is an applicant} are the
w-chains in the rotation poset.

Proposition 10 (Irving & Leather [18], Lemma 4.7). A edge
uv where u is a job and v is an applicant appears in at most
one rotation.

Recall that a chain decomposition of a poset is a partition
of its elements into pairwise disjoint chains.

Definition 11 (Tangled grid). A poset P is an n X n tangled
grid if P has two n-member chain decompositions called m-
chains and w-chains, such that each m-chain and each w-chain
intersect each other in exactly one element.
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In an n x n tangled grid P, the m-chains are pairwise-
disjoint, and the w-chains are also pairwise-disjoint. Moreover,
since each m-chain and w-chain intersect in a single element,
each m-chain and w-chain is of length exactly n. These
together imply that P has exactly n? elements.

Proposition 12. Every rotation poset of n jobs and n appli-
cants is a subposet of an n X n tangled grid.

Proof. We will modify the collection of m-chains and w-
chains in a rotation poset R to arrive at m-chains and w-chains
satisfying the definition of an n x n tangled grid.

For each rotation p = (ugvg,u1v1,...,Uk—1Vk—1) € R,
remove p from each m-chain and w-chain except for the m-
chain M (ug) and w-chain W (vg). By Proposition 10, ugvg
never appears in another rotation, so M (up) and W (vg)
intersect only in p. Now every element of R is contained
in exactly one m-chain and in exactly one w-chain. Note that
some of the chains might have become temporarily empty.
At this point, the m-chains and w-chains both form chain
decompositions of R.

Now it remains to show that the resulting poset is a subposet
of a tangled grid. It is possible that we have an m-chain and a
w-chain that do not intersect. In this case, add a new element to
the poset that is included in these two chains, and is larger than
every existing element of the poset. Continuing this procedure
until every m-chain w-chain pair has an intersection results in
a tangled grid. O

Let TG(n) be the maximum number of downsets in an
n X n tangled grid and let SM(n) be the maximum number
of stable matchings in a stable matching instance with n jobs
and n applicants. Proposition 12 and Theorem 8 imply that
SM(n) < TG(n), so we may turn our attention to counting
downsets in a tangled grid. This will be our approach in the
next subsection.

B. Simple bound for TG(n)

Let P be an n x n tangled grid. For the sake of simpler
notation, let us construct a new poset P* by adding two new
elements ag and by to P that are less than all other elements
in P.

Add ag to the bottom of each m-chain in P and
let My, Ms,..., M, be the resulting chains in P*. Let
Wit1, Whto, ..., Wa, be the chains resulting from adding
by to the bottom of the w-chains in P. With a slight abuse
of notation, we will continue to use the term m-chain and
w-chain to describe these chains in P*. Observe that every
pair of chains among the m-chains and 2-chains intersects in
exactly one element.

Every downset in P corresponds to a downset in P* that
contains ag and bg. Let D be the family of downsets in P* that
contain both ag and by. For a downset D € D, let topp (M;)
and topp(WV;) be the maximum element of D on chain M,
and W, respectively. Define

sp = (topp(My), ..., topp(My),
topp(Whi1), - .-, topp(Way)).



As D is a downset, the intersection of D and a chain C' is
characterized by the maximum element topp(C). Therefore,
sp uniquely determines D. (In fact, the first n terms or last
n terms of sp are enough to determine D, but our argument
relies on the full encoding above). Thus, it is enough to find
the cardinality of S = {sp : D € D}. Clearly, S C M; x

- x M, x Wn+1 X oo X Wop.

Reveal the components My, ..., M, , Wyi1,...,Ws, of S
in order according to a random permutation 7 of {1,...,2n}.
Recall that X;(s,n) is the number of options remaining for
the ith component of s € S right before it is revealed. Suppose
that 7+ < n, i.e., we are about to reveal an m-chain (the case
when ¢ > n is similar). So we are counting the number of
options for ¢ = top(M;) in the m-chain M = M.

Denote the number of w-chains preceding M according to
™ by

L(i,m) =|{j € [n+1,2n] : a71(5) <7~ (i)},

Define X;(s,m : L(i,m) = £) to be the value of X;(s,n)
under the assumption that there are exactly ¢ w-chains revealed
before M.

Now suppose that L(i,m) = £. Each of the ¢ w-chains
intersects M in a unique element. For any of these ¢ w-chains
W we know the value of topp, (). The intersection a of M
and W is in the downset D if and only if top,(W) = a on
W . Moreover, a is in D if and only if ¢ is at least a. Therefore,
revealing W determines whether a is in the downset D or not.
This means that after revealing ¢ w-chains, there are (at least)
¢ distinct elements on M that are known to be in D or not.

Computing X;(s,m : L(i,m) = £) directly is complicated,
so we estimate it with a simpler random variable N,.

Definition 13. Take n + 1 elements in a cyclic order, such
that one of them is . Pick £ < n distinct elements uniformly
at random, indexed in circular order as aq,...,a, (allowing
a; = t for some j). Let N, be the length of the circular interval
laj,a;+1) (indexed cyclically) that contains ¢.

A random variable X is at most Y (in the stochastic order)
if for all x we have Pr[X < z] < Pr[Y < z].

Claim 14. For i <n and 2 < { <n, X;(s,7
is at most Ny (in the stochastic order).

Li,m) =€)

Proof. Let a; < ay < --- < ay be the intersections of M
with the ¢ revealed w-chains. The bottom element of M, ag,
satisfies ap < a; as no w-chain contains ag. If we imagine
the elements of M arranged in the natural cyclic order around
a cycle C, then ap < a1 < -+ < ay partition C' into ¢ + 1
intervals of the form [aj,a;+1) (indexed modulo £ + 1). As
ag is in D, there is a maximum j > 0 such that a; is in D.
Thus, ¢ must be on the interval [a;,a;41) of C. Let Y, be the
length of this interval. Observe that the number of options for
t, i.e., X;(s,m : L(i,m) = £), is at most Y. This allows us
to ignore the structure of the poset P* and estimate Y. For
clarity, let us give an alternative definition of Y:

Take n + 1 elements in a cyclic order, such that one of
them is ag, and one of them is ¢ (allowing ag = t). Pick
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¢ distinct elements uniformly at random, indexed in circular
order as aq, ..., ay such that none of them is ag (but allowing
a; = t for some 7). Let Yy be the length of the circular interval
[aj,a;+1) (indexed modulo ¢ + 1).

Note that Y; depends on the relative position of ay and ¢.
Now it remains to show that Y, is at most N,. This is indeed
the case because N, is essentially the same as Y, except that
ap is not used when creating the intervals [a;, a;41), so all
these intervals are at least as long in case of Ny, as in case
of Y;. The only issue is that it is possible that for some j we
have a; = ag, but in this case we get a distribution that is the
same as Yy_1, which is at least Y, in the stochastic order.

Let () be the event that ag # a; for all 1 < j < £. Then

Pr[N, < z]

=Pr[N, <z : QPr[Q] + Pr[N, <z : Q|(1 - Pr[Q])
> PrlY; < 2] Pr{Q] + Pr(Yi-1 < o)(1 — Pr(Q)

> Pr(Y; < a] Pr{@Q] + PrlY; < 2](1 — Pr[Q))

= Pr[Y; < z]. O

Claim 15. For 2 < /¢ <n,

n+1
041"

E[N/] <2

Proof. We will bound E[N,
3j : t = a;] separately.
First, select £ 4+ 1 elements aj < a} < --- < aj, uniformly
at random from all n+1 elements of C. This partitions C' into
¢+ 1 intervals of the form [a’,a’; ;). The expected length of
each of these intervals is exactly "“ . Now, pick one of the aj
uniformly at random, declare ¢t = a] and reindex the rest of
the a;. into aq, ..., ap. This generates the same distribution of
t,a1,...,ap as in Ny given ¢t # a; V1 < j </, so the length
of the interval [a;,a;41) containing ¢ will be E[N, : t #
a; Y1 < j < {]. On the other hand it is also the union of two
intervals, [a’ %) and [a}  a% ), thus its expected length

a
is 224l t#aJVISjgé}—Q"“

Gjo—15 Aj,
711 This proves E[V, : T
3]0 :

The other case can be computed as follows. E[N, :
t = aj,] is the same as the expected value of the smallest
of ¢ — 1 different numbers picked uniformly at random from
[1,n]. These divide the n + 1 elements into £ equal intervals,
or we can compute the expectation as follows.

tt#a;V1<j </ and E[Ng :

E[N[ : 3]0 it = CLJ'O}
n—~_{+2
= Z PrVj # jo : aj > k]
k=1
n—~ —k+1
_ (") (nzfl) _n+l
e 1) R VY B
If £> 1, then § < 735, so both B[Ny : ¢ # a; V1 < j < /]
and E[N, : 3j : t = aj} are less than 2%, thus so is
E[N/]. O



We are ready to give an upper bound for E,[X; (s, 7)] using
Pr[L(i,n) ={] = for every 0 < ¢ < n by the uniformity

n+1
of 7. Observe that for i < n
E. [Xl(s )]
<ZE : L(i,m) = 4] - Pr[L(i,m) = £]

n

7Z"+1+ZEM

2
§2+Zm§210g(n+1)+3. )

An analogous argument for ¢ > n considers a chain W =
W, and shows that (2) holds when ¢ > n as well. Applying
Corollary 5 with E[X;(s, )] < 2log(n + 1) + 3 gives
2n
T < E [ X(s,
G(n) < [ mag B[, )]

< (210g(n+ 1) +3)2n < e?nloglogn+0(n).
This is worse than the bound given in [19], but better than
the prior best bound of gnlogn—0(n) from [30].
C. Improved combinatorial bound for TG(n)

To get a better bound for
as defined above.

, we apply Lemma 4 using N,

Claim 16. For { > 2 and any 1 <k <mn
(i-2)
("t
Proof. There are k potential intervals [a;,a;j41) of length k
on C' that contain ¢. Since the two ends a; and a;y; need
to be two of the ¢ known elements from a1, ..., ay, there are

("1 5+1) options for the remaining £ — 2 known elements
from aq,...,a. [l

PI‘[N( = k} k}

Claim 17. Forn > 1, i <n and any s € S,
E,[log X;(s,m)] < 1.2038.

The proof of Claim 17 follows from Claims 14 and 16 with
a calculation that is similar to (2) but is more involved.

Proof.
Eﬂ' [log Xz (57 ﬂ-)]

= Erllog Xi(s,m) : L(i,m) = ] Pr[L(i,

) ={]
£=0
<Zlogn7:_-;1 +ZElogNg] +1
< 2105(211 n+1§;k n+1 logk
_ 2ogntl) nHZ’“‘)g’“i n+1 NG

To bound the inner sum above we use the following identity.

Lemma 18 (Whitworth Identity [32]). If m > 0 and n >
m + a, then

n+1

n (m)
2y T @)

3=0 a+1

As the above identity appeared as an exercise in a book
published over 100 years ago [32], we provide a proof below.
Using the Whitworth Identity with a = 2 we get

- log k
_Zk;l ( (M)) :2(n+2)zm.

=2

Putting this back to Inequality (3), we obtain

E,[log X;(s, )]

2 n+2 — log k
< 1 1) +2 .
S gl )+ ”+1k2=2(k+1)(k+2)

From here it is easy to confirm numerically that
E[log X;(s, )] < 1.2038 for every n > 1. O

Proof of the Whitworth Identity. First count the number of
ways to choose m objects with repetition from the union of
sets of sizes a + 1 and b + 1, respectively, to establish

at+b+m+1) _ - a+j)(b+m—j) .
() ;(] m-j ). @

Now let us count the number of strings of length a +b+m
using exactly a zeros, m — j ones, j twos and b threes in two

ways:
a+b+m\ fa+m\ [ m
a+m m i
:(a+b+.m><a—i.—j><b+m—.j>' )
a—+) J m-—7

Rearranging terms in (5) and substituting into (4) gives

atbtmt1y Z (s ) (W ()
m - . (a+b+_m)
7=0 a+j
- (a—i—b—i-m) <a+m) 3 ()
a+m m ) ()

Now making the substitution 7 = a + b + m and rearranging
terms gives

D R O oo R e el

where the last equality comes from simplification. O



As in Section III-B, an analogous argument shows that
Claim 17 holds for n+1 < i < 2n as well. Therefore, applying
Lemma4to S C My X -+ x My X Wpyq X -+ x Wa, gives

2n
log|S|< Zmeaué(E7T [log X;(s,m)] < 1.2038 - 2n
S
—

= 2.4076n
which implies TG(n) < |S|< e24076m < 11.11™.

D. Asymptotic upper bound for TG(n)

In the previous sections we have given exact formulas, but
in fact, these are unnecessary, as when n — oo, instead of
dealing with ("+1) options, we can pick each element with
probability x = [ . More precisely, let us define the random
variable IV, as follows

Definition 19. Let A be a random subset of the integers such
that Pr[j € A] = z for for every j € Z independently. Let N,
be the length of the shortest interval containing 0 formed by
the elements of A, i.e.,
N, = minb — maxa.
beA a€A
b>0 a<0
Then we have Pr[N, = k] = kz?(1 — z)*~! because there

are k intervals of length k that contain 0, its two endpoints
need to be in A, and its £ — 1 intermediate points should not
be in A. We can now perform an analogous calculations to
that of (3) as follows.

E.[log X;(s,)]

- iE,, llog X;(s,7) : L(i,m) = €] - Pr[L(i, ) = (]
(=0
< o(1) +/01E[logNz] dz
+ /01 > (logk) Pr[N, = k] dx
k
/01 Z(logk kx ) dx
)+ Z k+211;)gkk—|— 5 < 1:2038 ©)

Because of the o(1), this gives a slightly weaker bound
TG(n) < 11.11" + O(1).

IV. IMPROVED BOUND FOR SM (n)

In this section we bound the number of downsets in the
rotation poset which, by Theorem 8, will give a bound on
SM(n). Our approach is similar to that in Section III, but
now instead of using the tangled grid poset, will focus on
the rotation poset directly. Moreover, as in Section III we
will estimate a random variable X (s, 7) by investigating the
number of w-chains revealed before a fixed m-chain M = M;.
However, we will also use intersections of some m-chains
revealed before M.

223

A. Properties of the rotation poset

First we derive some further properties of the rotation poset.

Claim 20. The number of m-chains containing rotation p € R
is equal to the number of w-chains containing p, and is at least
2.

Proof. By  Proposition 9, a rotation p
(upvo, u1v1, ..., Uk—1Vk—1) 1is contained in m-chains
M (u;) and w-chains W(v;) for 0 < ¢ < k — 1 where
k> 2. L

For a rotation p = (ugvg, w11, ..., Up_1Vk—1), let us pair
up those m-chains and w-chains that contain p, in two ways:

(1) M(u;) and W (v;) are paired for every ¢, and
(2) M(u;) and W (v; 1) are paired for every ¢ (where the
indices are modulo k).

Claim 21. Suppose that an m-chain M (u) and a w-chain
W (v) are paired for some rotation p. Then either M (u) and
W (v) are paired at exactly one other rotation p' which is
consecutive to p on both M (u) and W (v), or p is at the top
or at the bottom of both M (u) and W (v). Moreover, neither
M (u) or W (v) is paired with another chain at both p and p'.

Proof. By Proposition 10, there is at most one rotation where
uv appears as an edge. On the other hand, there is at most one
rotation p = (ugug, u1v1,...,Ug—1Vk—1) such that u = w;
and v = v;4;. Indeed, after p is eliminated, v and v will be
matched, so any rotation p’ immediately above p on M (u) or
W (v) has uv appearing as an edge.

The ‘moreover’ part of the statement follows from the fact
that each applicant gets matched to a higher ranked job in its
list of preferences after the elimination of a rotation. O

Remark 22. In order to avoid the case in Claim 21 where
M(u) and W (v) are paired at only one rotation we could
extend the poset R as follows. We add two new elements a
and b that are greater than and less than all other elements
in R, respectively. Then add a and b to the top and bottom,
respectively, of each m-chain and w-chain in R. If M (u) and
W (v) are paired only at the top of both chains, then we also
pair them at a and if the chains are paired only at the bottom
of both chains, then we also pair them at b. Because of this,
from now on we will assume that the m-chains and w-chains
are paired twice to avoid technicalities in later arguments. Note
that this is somewhat similar to how ag and by were added in
Section III-B to the tangled grid. This time, however, we will
ignore the slight increase in the length of the chains, as our
goal will only be to prove an asymptotic upper bound.

Let us begin with definitions similar to those in Sec-
tion III-B. Let My, M>, ..., M, be the m-chains in R and let
Wht1, Whio, ..., Ws, be the w-chains in R. Let D be the
family of downsets in R. For a downset D € D, let top, (M;)



and topp (W;) be the maximum element of D on chain M;
and W}, respectively. Define

sp = (topp(Mi),. .., topp(My),
tOpD(Wn+1)7 s 7tOpD(W2n))'

As in Section III-B, sp uniquely determines D, so we will
bound the cardinality of S = {sp : D € D}. Clearly, S C
]\/[1 Xoee- XMn XWn+1 Xoee- XWQn.

Reveal the components My, ..., M,, Wyi1,...,Wa, of S
in order according to a random permutation 7 of {1,...,2n}.
Recall that X;(s,n) is the number of options remaining for
the ith component of s € .S right before it is revealed. Suppose
that 7 < n, i.e., we are about to reveal an m-chain (the case
when ¢ > n is similar). So we are counting the number of
options for topp(M;) in the m-chain M = M;.

Remark 23. Unlike in the case of tangled grids, we cannot
assume that all the m-chains and w-chains have the same fixed
length. However, Claim 21 does imply that each m-chain and
w-chain has length at most n— 1. Our proof can be adapted in
a straightforward way to work for chains of length less than
n — 1, but to avoid technicalities we assume that all chains
have length exactly n — 1.

Moreover, for our m-chain M, whose elements we denote
by p1 < -+ < pp—1, we will assume that topp(M) = p;
with 2 < t < n — 3. It can be shown that the cases when
t=1,n—2orn—1 give a better bound on X, (s, ), but we
will not discuss these cases in detail.

B. Final calculations

We will follow the argument in Section III-D, as dealing
with complicated sums of binomial coefficients, as in Section
III-C, is very cumbersome and would not improve the base of
the exponent in our upper bound.

Recall that we have fixed m-chain M = M; whose elements
are p; < --- < pp—1 such that top,(M) = p; where we
assume that 2 < ¢ < n — 3. By Claim 21, there is a chain W
paired to M both at p; and at p;4; and W is not paired to M
at any other rotation. Moreover, the elements p; and p;4; are
also consecutive on W.

Denote the number of w-chains different from W that are
revealed before M according to 7 by

Lii,7)=|{j € [n+1,2n] : 77 1(j) <7 1(3), W; # W}|.

By Claim 21, each of these L(i, ) w-chains are paired to M at
exactly two consecutive elements. As before, define X;(s, 7 :
L(i,7) = £) to be the value of X;(s,7) under the assumption
that there are exactly ¢ w-chains different from W that are
revealed before M. We will give an upper bound for X (s, 7 :
L(i,m) = {) by bounding it by a simpler random variable.

Definition 24. Let A be a random subset of the integers such
that Pr[j € A] = z for every j € Z independently. Let B be
a random subset of {—1,0, 1,2} such that Pr[j € B] = z for
every j € {—1,0,1,2} independently. Let N, be a random
variable defined as follows. With probability 1 — x, N, is
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the length of the shortest interval containing O formed by the
elements of A and B, i.e.,

N, = min b— max a
be AUB a€AUB
b>0 a<0

and N, = 1 with probability x.

We also define a family of related random variables as
follows. Let B’ be a random subset of {—1,0, 1,2} such that
the events j € B’ and j + 1 € B’ are independent, and for all
other pairs 7,7’ € {—1,0,1,2} we have either that the events
j € B’ and j/ € B’ are independent, or that 7 € B’ if and
only if j/ € B’. This defines 2% = 8 distinct cases, but in
fact because of the condition that j € B’ and j +1 € B’
are independent, there are only 5 cases, one of which is the
above defined N,. In each of the other cases we can define a
random variable N = N(z) in the same way that we define
N, above for a fixed probability x. Let N, be the family of
these 5 random variables N and note that N, € N,,.

A random variable X = X(n) is asymptotically at most
Y = Y(n) (in the stochastic order) if for all x we have
PriX < z] < Pr[Y < z] + o(1), where o(1) tends to 0
as n — 0o. Denote this by X < (1+0(1))Y.

Claim 25. Pur x = {/n. If 0 < x < 1, then there is an
N € N, such that

Xi(s,m : L(i,m) = ) < (1 + o(1))N

where o(1) — 0 as n — oc.

Proof. The chains and M and W share elements p; and p;y.
Therefore, if top, (M) = p;, then top, (W) = p;. Thus, if W
is revealed before M, we have X;(s,m : L(i,7) = ¢) = 1.
The probability that W is revealed before M is (¢ +1)/(n +
1), since we can generate the permutation 7 by first taking a
random permutation of M and the w-chains that are different
from W, and then inserting W (and the rest of the m-chains).

Otherwise, thus with probability 1 — (¢ + 1)/(n + 1), the
chain M is revealed before W and we proceed by constructing
sets A and B as follows. If the w-chain paired to M at both
Pi+; and pyy iy is revealed before M, then we put j into A
if 7 > 1, and we put j + 1 into A if j < —1. For any integer
—t < j <n—t—1 the probability that the w-chain paired to
M at py1; and pgyji1 is revealed before M is (1 + 0(1))%.

Claim 20 implies that every p € M is contained in at least
one other m-chain. Moreover, Claim 21 implies that for each
—1 < j < 1 there are two distinct m-chains, M’ # M and
M" # M, such that p;y1 € M’ and pyyj11 € M”. This is
because the w-chain W', paired to M at p,; and at pyy 41, is
paired to another m-chain M' at p;; and a different m-chain
M" at pyy ;41 by the ‘moreover’ part of Claim 21. Therefore,
we can define four m-chains M (1 = M (©) £ A1) £ A2,
each different from M, that contain p;_1, pt, Pr+1, Pit2s
respectively. Note that these chains are not necessarily all
distinct, e.g., M = M® is possible.

Knowing top,, (M) for —1 < j < 2 will determine
whether p,y; € D or not, which can decrease the number of



options remaining for top, (M ). For each —1 < j < 2 such
that M) is revealed before M, put j into B. The probability
of that M) is revealed before M is (1 + o(l))%.

Moreover, if n — oo and 0 < x < 1, then any bounded
collection of the above described events is almost independent,
meaning that if we replace them by independent events, then
the probability that we get a different outcome is o(1). This
is because a constant number of these events do not carry
significant additional information compared to L(i,7) = an.

The intersections of M and the previously-revealed w-
chains as well as the previously-revealed m-chains M (1,
MO, M@ @) splits M into intervals. By definition,
Xi(s,m : L(i,m) = £) is at most the length of the interval
containing p;. As in the proof of Claim 14 it is straightforward
to see that X;(s,m : L(i,m) = £) < (14 o(1))N for the
N € N, corresponding to which of the four m-chains M (=1,
MO MO M3 coincide. O

Claim 26. E[log N] < E[log N,| for any N € N.

Before proving Claim 26 we need the following simple
lemma.

Lemma 27. Let ag, a1,as > 0. Suppose that for two indepen-
dent random variables, X; and Xo, we have Pr[X; = 0] =
Pr[X, = 0] = z and Pr[X; = a1] = Pr[Xs = ao] = (1 — z).
Suppose that the random variables X and X!, have the same
distribution as X1 and X, respectively, but they completely
determine each other, i.e., X1 = 0 if and only if X}, = 0. Then

Ellog(ag + X1 + X2)] > E[log(ao + X7 + X3)].

Proof. This follows from the following application of Jensen’s
inequality to the log function.

E[log(ao + X1 + Xg)]
= z2logag + (1 — x)(log(ao + a1) + log(ag + az))
+ (1 —z)?log(ap + a1 + as)
> 2% logag + (1 — x)(log ag + log(ag + a1 + az))
+ (1 — 2)%log(ag + a1 + as)
=zlogag+ (1 — x)log(ag + a1 + az)
= Ellog(ao + X7 + X3)].
Proof of Claim 26. Now we are ready to show E[log N] <
E[log N;] for N € MN,. Suppose that, say, 0 € B’ if and
only if 2 € B/, but —1 € B’ and 1 € B’ are independent
from all other events. (The other cases go similarly.) First,
randomly determine for each j € Z whether j € A or not,
and also whether —1,1 € B’ or not, and let these sets be
Ao and Bjy. Notice that Proposition 27 with ag = 2, a;
MaX4e AgUBy,a<0, @2 = MiNye 4 UB,y,b>0 b gives
E[lOgN A= AQ,B/ \ {—1, 1} = Bo]
< E[lOgNI A= Ao,B \ {—1, 1} = BQ]

O

By averaging over all possible A, By with the appropriate
weights, we get E[log N] < E[log N,|, finishing the proof of
Claim 26. O
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To repeat the calculation similar to (6), we first need to
calculate Pr[N, = k] for k > 2. (We do not need Pr[N, = 1]
because this will be multiplied by log N, = 0.) Let I be
the elements (excluding the largest) of the shortest interval
containing 0 formed by the elements of A and B, ie., [ =
[maxXgeAuB,a<0 @, Milpe auB,p>0 b). By the definition of IV,
for k > 2,

Pr[N, = k] = (1—2) ) Pr[l =[j,j + )]
Jj<0
=(1-2)) Pr[j€ AUB]-Pr[j+ke AUB]
Jj<0
k-1
[ Prli+h¢ AuBl
h=1

We compute Pr[N, = k| for k = 2, k = 3 and k > 4
separately. We show all steps when & = 2. The remaining
calculations are also straightforward, but are kept intentionally
brief here.

Pr[N, = 2]

=(1—2a)(Pr[I =[-1,1)] 4+ Pr[I =[0,2)])

=(1—=x)(Pr[-1€ AUB]-Pr[l € AUBJ]-Pr[0 ¢ A, B|
+Pr[0€ AUB]-Pr[2€ AUB]-Pr[l ¢ A, B])

=(1-2)20-1-2))1-(1-2)*)(1-2)*

=2(1—-2)3(1— (1 —2)%)~%

Pr[N, = 3]

= (1 —2)(Pr[l = [-1,2)] + Pr[l = [-2,1)]
+Pr[I = [0,3)])

1—2)1—-01-2)%)%+2(1—-2)°1—(1—x)%).

Pr[N, = k > 4]
= (1= 2)(Pr[l = [0, k)] + Pr[l = [—k +1,1)]
+Pr[l =[-1,k - 1)] + Pr[l = [~k +2,2)]

+ Y PrlI=[hh+k))
—k+3<h<-2

=201 —2)" 21— (1 —2)})x
F2(1— )3 (1 — (1 - 2)?)z + (k — 4)(1 — 2)F 42,

Now we are ready to prove the upper bound for
Eq [log Xi(s, m)].

Claim 28. For any i <n and s € S, as n — 0o

E,[log X;(s,m)] < 0.6331 + o(1).



Proof.
E.[log X;(s, )]

> En[llog Xi(s, ) ¢ L(i,m) =] - Pr[L(i,7) = (]
£=0

0(1)—#—/0 Ellog N,] dx

IN

o(1) +/0 S (log k) Pr[N, = k] dz
k

o(1) + / (log2)2(1 — 2)*(1 — (1 — 2)2)?

+(log3)((1 —2)°(1 — (1 — 2)*)?

+2(1 —2)°(1 — (1 — z)*)x)

+) (logk)(2(1 — )" (1 — (1 — 2)*)
k>4

+2(1—2)*3 (1 - (1 -2))z

+ (k—4)(1 — z)k42?) da

23

=o(1) + (log2) ! + (log 3) 530

12
2k(k +17) + 72
+ g(log k) (k+3)(k+5)(k~+6)(k+7)

< 0.6331 + o(1).

O

As in the previous sections, an analogous argument holds
for n+ 1 <14 < 2n as well. Therefore, applying Lemma 4 to
SCMy X+ x My xWpyy1 X x Wy, gives

2n
log|S|< > max Br [log X;(s,m)] < (0.6331 + o(1)) - 2n
se
=1

= 1.2662n + o(n).

which implies SM(n) < |S]< 126630 + O(1) < 3.55" +
o(1).

V. CONCLUDING REMARKS

Note that in an (untangled) n x n grid with its elements
ordered as a ‘diamond’ (with a unique smallest and largest
element), the number of downsets is exactly (2:) This makes
one think that possibly T'G(n) < 4™ - poly(n) holds, as
was conjectured by the second author. This, however, turned
out to be false; Clay Thomas (personal communication) gave
an example showing T'G(n) = Q(4.17™) by modifying the
construction from [18] showing SM(n) = Q(2.28™).

One approach to improve our bounds would be to somehow
avoid dealing with the m-chains and w-chains separately and
reduce the number of components from 2n to n. This would
imply that the base of the exponent could be reduced to its
square root. Unfortunately, this is too good to be true for
TG(n), as the lower bound is larger than the square root of
our upper bound, 11.11™. Because of this, it appears unlikely
that there is a simple way to estimate SM (n) by investigating
only one type of chain.
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We do not believe our upper bounds to be tight; the truth is
probably closer to the known lower bounds for both T'G(n)
and SM(n). It may be possible to improve our bound on
SM (n) by considering how the other chains intersect a given
chain M. Unfortunately, this appears to involve a very tedious
analysis that is unlikely to match the lower bound. Perhaps
some step-by-step modification of the rotation poset could
give some insight into its structure in the extremal case and
ultimately give a sharp bound.
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