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Abstract—We develop several efficient algorithms for
the classical Matrix Scaling problem, which is used in
many diverse areas, from preconditioning linear systems to
approximation of the permanent. On an input n X n matrix
A, this problem asks to find diagonal (scaling) matrices
X and Y (if they exist), so that X AY c-approximates a
doubly stochastic matrix, or more generally a matrix with
prescribed row and column sums.

We address the general scaling problem as well as some
important special cases. In particular, if A has m nonzero
entries, and if there exist X and Y with polynomially
large entries such that X AY is doubly stochastic, then we
can solve the problem in total complexity O(m + n*/%).
This greatly improves on the best known previous results,
which were either O(n*) or O(mn'/?/e).

Our algorithms are based on tailor-made first and
second order techniques, combined with other recent
advances in continuous optimization, which may be of
independent interest for solving similar problems.

Keywords-matrix scaling, iterative algorithms, first-
order method, second-order method, doubly stochastic

I. INTRODUCTION

The matrix scaling problem is natural and simple to
describe. Given a non-negative real matrix A, can one
scale its rows and columns (namely multiply each by
a non-negative constant) to yield prescribed row sums
and column sums. Note that the number of constraints is
the same as the number of degrees of freedom; however,
what makes it interesting (beyond the many applications
that we detail below) is that the constraints are additive
while the scalings are multiplicative.

Taking real non-negative entries and computing the
row and column sums actually capture a much more
general problem: one can allow A to have complex
entries and require the £, norms of rows and columns,
after scaling, to equal prescribed values.'

The full (and better formatted) version of this paper is available at
https://arxiv.org/abs/1704.02315.
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The simple reduction replaces any entry o in the matrix by |a|P.
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For a non-negative d X n matrix A, we say A is an
(r,c)-matrix if r and ¢ are respectively the vectors of
row and column sums of A. Given vectors r and ¢, the
problem of matrix (r,c)-scaling is

to find positive diagonal matrices X and Y for
which the matrix X AY is an (r, ¢)-matrix.

When d =n and »r = ¢ = 1 € R™ where 1 is the all-
one vector, the matrix (1, 1)-scaling problem becomes
the doubly stochastic scaling problem.

While the above exact scaling problem is of interest,
its asymptotic version is even more so, both from the
algorithmic viewpoint and from the structural one, as it
captures natural combinatorial problems. We say that A
is asymptotically (r, c)-scalable if the row and column
sums can reach r and c asymptotically: that is, for every
e > 0, there exist positive diagonal matrices X,Y such
that, letting B = X AY, we have ||B1 — r|| < ¢ and
[1TB—c| <e?

The combinatorial essence of asymptotic scal-
ing follows from a well-known characterization (see
Proposition II.2). A matrix A is asymptotically (1,1)-
scalable if and only if the permanent of A is positive,
namely if the bipartite graph defined by the positive
entries in A has a perfect matching. A matrix A is
asymptotically (r, c)-scalable if and only if a natural
flow on the same bipartite graph? has a solution. Duality
(Hall’s theorem and max-flow-min-cut theorem) gives
simple certificates of non-scalability in terms of the
patterns of 0’s in the matrix A.

The main computational problem we study is: given
a matrix A, vectors r,c and € > 0, determine if A is e-
approximately (r, ¢) scalable, and if so, find the scaling
matrices X, Y.

Before diving into the history of matrix scaling, we
explain one of its most basic applications, which also
demonstrates its algorithmic importance.

2The choice of norm in these expressions is not too important, and
can be taken to be £5.

3Connect the source to the row vertex 7 with capacity 7;, and the
column vertex j to the sink with capacity c;.

4We shall formally define e-approximation in Section II. At a high
level, it asks the matrix A, after scaling, to have row and column
sums being e-close to r and c respectively.
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Preconditioning Linear Systems. When solving a
linear system Az b, it is often desirable —for
numerical stability and efficiency purposes— to have
matrix A be well-conditioned. When this is not the case,
one tries to transform A into a “better conditioned” ma-
trix A’. Matrix scaling provides a natural and efficient
reduction to do so. For instance, one would hope that
a scaled matrix A’, in which e.g. all row and column
p-norms are (say) 1, is better conditioned.’ For this
reason, we can use a matrix scaling algorithm to obtain
diagonal matrices X,Y, and define A’ = X AY . Now,
the solution to Az = b can be obtained by solving
the (hopefully more numerically stable) linear system
A’z = Xb and setting z = Y ~12’. We stress here that
A’ and A have the same sparsity.

A. History and Prior Work

The matrix (r,c)-scaling problem is so natural and
important that it was discovered independently by many
different scientific communities, starting in 1937 with
the work of Kruithof (6) in telephone forecasting,
Deming and Stephan (7) in transportation science,
Brown (8) in engineering, Stone (9) in economics,
Wilkinson (10) in numerical analysis, and Friedlan-
der (11) and Sinkhorn (12) in statistics. It has been
applied in image reconstruction (13), operations re-
search (14; 15), decision and control (16), theoretical
computer science (17), and other scientific disciplines.
For more references, we refer the reader to the sur-
vey (18), the paper (15) and references therein.

Perhaps the most famous algorithm for solving ma-
trix (r,c)-scaling is the RAS method (12). SThe RAS
method alternatively applies row and column normal-
ization, where in a row (resp. column) normalization
we multiply each A;; by r; - (Zj Aij)fl (resp. by
¢ (X Aij) D,

In the original paper, Sinkhorn (12) only proved the
convergence of the RAS method when A has only
strictly positive entries and when r c 1. The
best known complexity result for the RAS method is
given by Kalantari et al. (19). In particular, they showed
that if the entries of A are polynomially bounded,
then the RAS method converges in O(n/e?) iterations’
for (1, 1)-scaling, or in O(h?/e?) iterations for (r,c)-

. . def
scaling, where r and c are integral vectors and h =

5This indeed is widely use in practice (see (1; 2)), and indeed tends
to numerically stabilize systems (see (1; 3; 4)), although no theoretical
bounds are known (see (5)).

6Also known as the Sinkhorn process, discovered by Sinkhorn in
1964 (12). The RAS method fits as an instance of the “alternate
minimization” heuristic, of which this is one of the few known
instances in which it converges quickly.

"Each iteration of the RAS method costs complexity O(m), the
number of non-zero entries in A. The necessary word-size is only
polylogarithmic in n and 1/e.
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II7ll1 = |lc||1. Kalantari et al. also analyzed the RAS
method when A is strictly positive in all n? entries, or is
exactly (r, ¢)-scalable with polynomial scaling factors.®
We summarize them in Table I and II.

Other algorithmic approaches were also developed for
matrix scaling. The results (15; 20-22) proved asymp-
totic convergence without giving complexity bounds.
Kalantari and Khachiyan (23) used the ellipsoid method,
obtaining the first poly-logarithmic dependence on
the approximation parameter ¢, with total complexity
O(n*). Balakrishnan (16) used interior point method
and obtained a total complexity O(n%). Rote and
Zachariasen (24) reduced the (r, c)-scaling problem to
running O(n?) instances of mincost maximum flow.
Linial et al. (17) proposed the first strongly polynomial
algorithm with a total complexity O(n").

B. Our Improvements Over Known Results

We propose four algorithms to tackle the general
matrix scaling problem and also some special cases. In
all cases, we have outperformed all relevant previous
results, and in some cases our complexities are close to
linear in terms of the input size.

To state our complexity bounds let us discuss the
input conventions we use. We denote by m the number
of nonzero entries of A, and assume m > n > d.
We assume all entries of A are rational numbers with
polynomial sizes (i.e., at most poly(n) in numerators
and denominators'® ), and both  and ¢ are positive
integral vectors with entries at most poly(n). Let h =
Il = llelly = n.

A complete listing of our results appear in Table I
and Table II.

Our ScalingO can be viewed as an accelerated
version of RAS. Its total complexity is

~ O(mn/e*?) for the (1,1)-scaling, or
O(mn?/3h1/3 [£2/3) for the general (r, c)-scaling.

This improves the best result of RAS by a factor e =%/3
for (1,1)-scaling, and a factor h°/3n=2/3c=4/3 >
ne~4/3 for (r,c)-scaling. We stress that even testing
scalability requires ¢ < 1/n (see (17)) so reducing
the ¢ dependency from £=2 to ¢ 2/3 (and later to
polylog(1/¢)) is very meaningful.

In the polylog(1/e) complexity regimes,
Scalingl and Scaling3 have complexities

our

B O(mn —hn7/3) for (1,1)-scaling, or
O(mn + min{n?,n3 + mn%h%}) for (r, ¢)-scaling.

8That is, A can be (r,c)-scaled with diagonal scaling matrices
X,Y where each X; ; and Y ; are in [Wl(n)’ poly(n)].

9Throughout the paper, we use 6, Q and © notions to hide
polylogarithmic factors in n and 1/e.

10More generally, the complexities scale linearly with the bit-size
of the matrix entries.



Subcase Paper Total Complexity
full RAS method (25, 1993) ?(n2+1/2 /e) b
positive Scaling0 O(n?t1/3/¢2/3)
matrix X i ~
Scalingl or Scaling3 | O(n?)
_ RAS method (19, 2008) | O(mnt/2/e) b
scaling —
factors Scaling0 O(mnl/3/e2/3) b
poly Scalingl O(m +n3/2) b
bounded =
Scaling2+Scaling3 | O(m 4 n*/3)
RAS method (19, 2008) | O(mn/<?) b
Scaling0 O(mn/e2/3)
LSW method (17, 1998) | O(mn5) b
ellipsoid (23, 1996) | O(n*) b
general =
interior point (16, 2004) | O(n5) b
max flow (24, 2007) > Q(mn?) b
Scalingl O(mn +n3/2) b
Scaling0+Scaling3 | O(mn +n"/3)

Table I (1, 1)-scaling.

e We use O to hide log factors in n and 1/e.

e ScalingO is simple, deterministic just like RAS;

e Scalingl, Scaling2, and Scaling3 use SDD linear system
solvers and graph sparsification.

o b indicates the complexity is outperformed.

If A is (r,c)-scalable with polynomially large scaling
factors,!! our complexities reduce to

_ O(m+n*?) for (1,1)-scaling, or
O(m + min{n>/2, h}/2n%/6}) for (r, c)-scaling.

Our Approaches. We have four algorithms ScalingO,
Scalingl, Scaling2, and Scaling3, all based on
tailor-made first and second-order techniques in continu-
ous optimization. We also combine graph sparsification,
SDD linear system solvers, and multiplicative weight
updates into the optimization process. We now elaborate
more on how this is done.

Matrix scaling can be written (in several ways) as the
solution to convex optimization problems. We focus on
a specific convex objective in this paper, which is the
log of the capacity function (26):

f(x) = E?:l r; log ( Zje[n] Ai,jerj) —c'z . (L)

If A is asymptotically scalable, then the (approximate)
minimizer of f(z) corresponds to scaling matrices X, Y
such that X AY is an e-approximate (r,c)-matrix (see
Proposition I1.3). A similar objective was also studied
by Kalantari et al. (19).

At a high level, ScalingO uses first-order optimiza-
tion techniques to minimize f(z), and all other methods

""Namely, when A can be scaled to an (r, ¢) matrix with diagonal
scaling matrices X,Y" that satisfying each X; ; and Yj ; are within
[m, poly(n)] . This condition is satisfied at least when all entries
of A are within [m, poly(n)].

Subcase Paper Total Complexity
fall | RAS method (19, 2008) (?(n%l/ 2 /¢) b
positive Scaling0 O(n2n1/3 /e2/3) b
matrix Scalingl O(n?)
, RAS method (19, 2008) | O(mh1/2/e) b
scaling = - -
factors Scaling0 O(mhl/d /52/3) b
poly Scalingl O(m + n3/2)
bounded — -
Scaling2+Scaling3 | O(m + h!'/2n5/6)
RAS method (19, 2008) | O(mh?2/e2) b
Scaling0 O(mn?2/3p1/3 /2/3)
LSW method (17, 1998) | O(mn?) b
ellipsoid (23, 1996) | O(n4) b
general —
interior point (16, 2004) | O(n%) b
max flow (24, 2007) | > Q(mn?) b
Scalingl O(mn + nb/?)
Scaling0+Scaling3 5(mn+n% +mn%h%)

Table II: (r, ¢)-scaling.

o Following (19), we assume 7 and c are positive integral vectors and
h =||7|l1 = ||¢||1. Obviously h > n.

o Since the complexity of maximum flow is at least 2(m), we present
a complexity lower bound to (24).

Scalingl, Scaling?2, and Scaling3 use a mixture of
first and second order techniques.

FIRST-ORDER FRAMEWORK. It was known that the
RAS method can be viewed as a first-order method (19),
but only with convergence rate 1/¢2. Since f(z) is not
Lipschitz smooth (i.e., V2 f(x) does not have a bounded
spectral norm), one cannot apply generic optimization
methods. We propose first-order building blocks that are
specific to the matrix scaling problem, and then use the
linear coupling framework of (27) to combine gradient
and mirror descent, in order to achieve the 1/¢%/3
convergence rate. We call this method Scaling0 and it
outperforms the RAS method in all relevant parameter
regimes. Note that ScalingO is as simple to implement
as the RAS method.

SECOND-ORDER FRAMEWORK. It turns out the Hes-
sian V2 f(z) is always symmetric diagonally dominant
(SDD), so one can invert it efficiently using modern
SDD linear system solvers and graph sparsification
techniques. This gives hope for designing efficient
second-order methods. Unfortunately, f(x) is not self-
concordant in the entire space (i.e., it does not satisfy the
apologue of |f”(z)| < 2f"(x)>/? in high dimensions),
so we cannot apply standard second-order methods (e.g.
Newton method). Instead, we show f(x) satisfies a
special property: the second-order Taylor approximation
of f(x + ) at point x is accurate for all vector § with



16]0c < 1/8:

f@) +(Vf(x),6) + 6TV f(2)d < f(z+6)
< flx) + (Vf(x),0) + 6TV f(2)d .

This implies if we can repeatedly minimize

f(@) + (Vf(x),0) + §6 TV f(x)d

over an {,, constraint on 6, (I.2)

and update = < z + £4, then we can have an log(1/)
convergence rate as opposed to 1/poly(e).

Our Scalingl algorithm uses multiplicative weight
update to solve (I.2), our Scaling2 algorithm uses
accelerated gradient descent to solve (I.2), and our
final and most involved algorithm Scaling3 uses more
advanced multiplicative weight update in combination
with first-order techniques to solve (I.2). We remark
here that Scaling3 needs a warm-start, that is, a point
x where f(x) — inf, {f(x)} is sufficiently small. We
use ScalingO or Scaling?2 to find such a warm-start.

A Related Problem. In the matrix balancing problem,
a symmetric matrix B € R"*" is /,-balanced if the
¢y,-norm of its i-th row equals that of its ¢-th column,
for every i € [n]. Given any A € R"*", we wish to
find a diagonal matrix D with positive diagonal entries,
such that B = DAD™! is {,-balanced. Our techniques
in this paper can also be extended to matrix balancing.

C. A Parallel Work

When preparing this paper, we found out that Cohen,
Madry, Tsipras, and Vladu also worked on the same
problem. The two works are completely independent,
so the two teams decided to put the results on arXiv on
the same date, see

o https://arxiv.org/abs/1704.02315 (ours), and
o https://arxiv.org/abs/1704.02310 (theirs).

We summarize the main differences between the two
results as follows:

o They worked on a different objective g(x,y) =
>y A et — rTz — ¢’y from our f(x), see
(I.1). However, g(x,y) has the same properties as
f(x), so their algorithms also apply to f(z), and our
algorithms also apply to g(x,y).

o Both results obtained the same second-order frame-
work and reduced matrix scaling to solving (1.2).
However, in this regime, their result solves (I.2)
faster, because they have non-trivially adapted the
SDD linear system techniques from (28). They
obtained a nearly-linear time O(m) algorithm for
(1,1)-scaling, when the scaling factors are polyno-
mially bounded.
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o Our first-order framework is not studied in Cohen
et al. Since our first-order method ScalingO is as
simple to implement as the RAS method, and also
deterministic, it may be of practical and perhaps
other interests. In particular, ScalingO applies to
the problem of deterministic approximation of per-
manent (17).'2

D. Roadmap

In Section II, we discuss preliminaries. In Section III,
we show diameter bounds for the scaling parameters.
In Section IV, we present our first-order framework
and algorithm Scaling0. In Section V, we present our
second-order framework. In Section VI, VII, and VIII
respectively, we introduce our algorithms Scalingl,
Scaling?2, and Scaling3. Throughout this paper, we
assume exact arithmetic operations for presenting the
cleanest proofs; we discuss how to use logarithmic bit-
length to implement our algorithms in the full version.
Most of the proofs are in the appendix.

II. NOTATIONS AND PRELIMINARIES

Throughout the paper, we denote by ||v||, the p-norm
of vector v if p € [1,400], and |v| the Euclidean
norm of v when it is clear from the context. We
denote by [|v]l, = (X0, wiv?)lﬂ the w-normalized
Euclidean norm of vector v if w is a positive vector. We
denote by |lv||la = (vTAv)'/? the matrix-Euclidean
norm. We denote by e’ = (e¥); = (e",e"2,...),
log(v) = (logv;)i, and v~ = (v; !); the component-
wise exponentiation, logarithm, and inversion for vector
v. Given vectors u, v, we denote by u < v the relation-
ship that u; < v; for all coordinates .

Given symmetric matrices M and N, we write M <
N if N — M is positive semidefinite (PSD). We say
a matrix M is Laplacian if (1) M is symmetric, (2)
Mi,j <0 for ¢ 7é j, and (3) Mi7i = _Zj;éi Mi)j.
It satisfies v’ Mo = Dici 1M j|(v — v;)? for every
vector v. We say a matrix M is symmetric diagonally
dominant (or SDD for short) if (1) M is symmetric and
M, >> i |M;_;|. Obviously, a Laplacian matrix
is SDD; and an SDD matrix is PSD.

Throughout this paper, A € RC%" is non-negative
and of dimensions d X n. We denote by m the number
of non-zero entries of A. Without loss of generality, we
assume d < n < m and the maximum entry of each row
of A is exactly 1. We denote by A; the i-th row vector
of A. We assume all the positive entries of A are in the
range [m, 1} and represented by rational numbers
with numerators and denominators at most poly(n). We
also assume r € R% ) and ¢ € R? are positive integral

121 contrast, due to the randomness in efficient SDD linear system
solvers, the second-order algorithms of both this paper and Cohen et
al. are randomized.



vectors and each 7;,¢; € {1,2,...,poly(n)}.1* We let
def
h=|rlly = [lefls.

Definition IL1. Given r € R, c € R% and A €
R‘%", and denote by v’ € Réo (resp. ¢ € R% ) the
vector of row sums (resp. column sums) of A. We say

e Aisan (r,c)-matrix if r =" and ¢ = .

e A is an e-approximate (r,c)-matrix if ' = r and
e —ell?s = 3 e (e —¢y)? <2

o A is (r,c)-scalable if there exists positive diagonal
matrices X, Y so XAY is an (r,c)-matrix.

o A is asymptotically (r, c)-scalable if for every ¢ >
0, there exist positive diagonal matrices X, Y so that
XAY is an e-approximate (r,c)-matrix.

It is known that the existence of (r, ¢)-scaling can be
characterized by the following proposition.

Proposition IL.2 ((15)). A non-negative matrix A €
R‘éﬁ" is exactly (r,c)-scalable if and only if ||r|1 =
lcll1 and for every zero minor R x C C [d] X [n] of A,

1) Zie[d]\R T > ZjEC cj or equivalently . pr; <

jenr\C i
2) Equality in 1 holds iff the minor ([d]\ R) x ([d]\ C)
is all zero as well.

A nonnegative matrix A is asymptotically (r, c)-scalable
if condition 1 holds.

Proposition IL3. Our objective f(x) in (I.1) is convex
and

d TiAi.j T
e Vif@) = Yic aen e -
o If IVf(x)|?-. < & then (%)” is an e-

approximate (r, c)-matrix.

If A is exactly (r,c)-scalable, then there exists x* so
that f(z*) = min,{f(z)} and V f(z*) = 0.
If A is asymptotically (r,c)-scalable,
inf {f(z)} > —oc.

A is not asymprotically (r, ¢)-scalable if and only if
inf {f(z)} = —ox.

III. NEW BOUNDS ON SCALING PARAMETERS

then

We first recall a few bounds for (r, ¢)-scalable matri-
ces that are essentially from prior work.

Lemma IIL.1 (objective bound). For every x satisfying
lzlloo < N, we have f(0) — f(x) < 2hN.

Proof of Lemma III.1: Denoting 2’ = x+||z||1,
we know that f(z') = f(z) and ||2']|c0 < 2[|2]co-

3This assumption was also made for instance by Kalantari et
al. (19).

1“In certain literature people have also used ||c’ — c||2 < &2 as the
definition of e-approximation (19). However, their performance loses
a factor of ||c||co so we used this || - ||.—1 notation to simplify our
and their statements.

894

On the other hand, since for every ¢ € [d], we have
<Ai7ex > > <Al7 ]]'> > 1’ it satisfies f(O) - f(l’l) <
cla’ <2hN . |

Lemma IIL.2 (diameter bound). If A is exactly (r,
scalable, and all non-zero entries of A are within [v,
for some v > 0. Then, the following holds:

1) If A is full (ie, Yi,j,A;; > 0) then there exists a
minimizer * of f(x) s.t. |2*oc < In 22

2) If A is not full, then there exists a minimizer x* of
f(z) such that ||z* | < (h+1/2)In L.

¢)
1]

In this paper, we improve (the second item of)
Lemma III.2 in two aspects. First, we allow A to be
asymptotically (r,c)-scalable. Second, we improve the
diameter bound from O(h) to O(n) for arbitrary (r, ¢).
(Recall that r and c are integral so h > n.)

Lemma IIL.3 (diameter bounds for the asymptotic
case). If A is asymprotically (r,c)-scalable, and all
non-zero entries of A are within [v,1] for some v > 0,
then, for every € > 0, there exists x> € R™ such that

[#2llc = O (nIn2L) |V f(zD)]e <e
and  f(x}) —ir;f{f(x)} <e.

One can verify that Lemma II.3 is tight (up to
constant factors) for instance when A is a square upper-
triangular matrix and the diagonal of A equals r = c.

IV. A NEwW FIRST-ORDER FRAMEWORK

In this section, we minimize f(x) using a specially
designed first-order optimization method, and finds an
g-approximate (r, ¢)-scaling with a total complexity that
scales with =2/3,

High-Level Intuition. We first illustrate why the con-
vergence rate ¢ 2/3 is reasonable from an optimization
standpoint. Recall that if we are given a convex function
g(z) that is O(1)-Lipschitz smooth —meaning that its
Hessian VZg(x) has a bounded spectral norm— then,
using accelerated gradient descent (29; 30), one can find
a point zp satisfying g(z1) — g(z*) < O(%) in
T iterations, where x* is a minimizer of g(z). At the
same time, also recall that each step of gradient descent
2’ = x — Vg(x) decreases the objective by at least
g(z) — g(z') > 3||Vg(z)||3, so we can apply another
T steps of gradient descent on top of x},Qand obtain
a point x5 satisfying [|Vg(z2)||3 < O(HG,ET#) In other
words, we reach x5 with ||Vg(22)||2 < e?in T oc e72/3
iterations.

Unfortunately, the function f(x) we are dealing in
this paper is not Lipschitz smooth, so we cannot apply
the above approach. This is also why previous results
using first-order techniques only achieve 1/£2 rate in



general and 1/¢ rate in some special cases (see Table I
and 1I).1

Instead, we use the linear-coupling framework of (27)
to recover this ¢2/3 convergence rate without using
smoothness. To apply linear coupling, we need to design

« a problem-specific gradient descent step, which is a
direction § to move so that the objective decrease
f(z) — f(x + 0) is sufficiently large;

« a problem-specific mirror descent step, which is an
online update rule which ensures (V f(z),z — u) is
small for “any” vector u; and

« a linear combination of the analysis of the two for a
faster convergence.

Furthermore, due to technical difficulties, we need to
ensure the updates are always inside some infinite-norm
box. This adds some extra difficulty in the proofs.

Roadmap. We introduce our gradient and mirror
descent steps in Section I'V-A and IV-B respectively, and
present our linear coupling method LC in Algorithm 1,
and analyze it in Section IV-C. In Section IV-D we
build our algorithm Scaling0O using LC as a subrou-
tine, and present the final theorems. We introduce the
following notion for convenience:'®

Definition IV.1 (gradient split). At any x € R", define
small and large gradients V*,V' € R" by

Vj€n]: V5 = min {c¢;,V;f(2)} € [~¢j ;] and
VS, EVif(a) - V>0 .
Also, define small and large coordinates A5, \' C [n]

by
A= {jen]:V,€l-c,c)} and
NERI\A={jen:V;,>c} .
(The above definition has used the trivial fact that
V;f(z) € [-¢j,+o0) for any j.)
A. A Specific Gradient Descent

We now introduce a problem-specific gradient de-
scent. Recall that when analyzing a smooth function
g(z), one can show a quadratic lower bound

gz +08) > Q(z,0) = —(Vyg(2),) — 5/|d]l3 ,
and thus choosing § = argmax; {Q(d)} = —Vg(z)
gives a decrease g(z) — g(z + 6) > 1| Vg(2)||3.

For our function f(x), we show a similar quadratic
lower bound:

g(x) —

I5For instance, the RAS method can be viewed as performing a
gradient descent step ' = z — V f(z) (19).

16Recall that each coordinate V; f() is in the interval [—c;, c0).
This gradient splitting technique was earlier introduced to solve
positive linear programming and semidefinite programming (31-33).
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Lemma IV.2. Given x € R", denote by V = V f(z)
and \s,\' C [n] the set of small and large coordinates
(see Def. IV.1). Then, for every § € R™ where ||6||cc <
1/2, we have

e if § > 0, then f
ZjeAS( V 5]

fl@+06) > Q+(x 5) =

¢ 52)+216A|( V 5)

e if 0 < 0, then f(z )>Q( 5 =

ZjeAS( Vj-6j— 403 62)+ZJEA' ( 2V -0; )

(Recall that § > 0 or § < 0 means entry-wise non-
negativity or non-positivity.)

fx) =
4
3
) =

flx

The above quadratic lower bounds distinct from the
classical one Q(z,d) in two aspects. First, for large
coordinates j € Al we only have a linear lower bound.
Second, @1 and Q~ have different forms for § > 0 and
6 < 0. Here is an explanation for such two distinctions.

Consider even a simple univariate function h(z)
e® — 1. First, we do not have h(0) — h(§) > —h'(0)6 —
C6? for any constant C, so we cannot have a quadratic
lower bound. Second, one can try to show inequalities

like
—C1h(0)6 for § >0 and
—C2h'(0)6 for 6 < 0.

However, it must satisfy C; > 1 and Cs < 1, so the
two constants must be distinct for § > 0 and § < 0. We
choose to let C; = % and Cy = =

Lemma IV.2 suggests us to perform gradient descent
as (one of) the minimizer of Q% and Q:

Definition IV.3 (gradient descent). Given x satisfy-
ing ||z|leoc < N, define the projected gradient de-
scent step x' <+ Grad™(z) where GradV(z) =
argminger, .1 {f(y)} where

Yy = sc—l—argmax&€Q+ {Qﬂx,é)} and
O, {020 [lz+ 6o <N, [|0]|c
y2:x+argmaxéeﬂ, {Q7($,5)} and
o E {8 <0 |z +llec < N, |16 < 1/2}

< 1/2}

Obviously, Grad™ (z) can be computed in complexity
O(n +m).

Note that in the definition above, we have specified
a parameter N which ensures that the output z’
Grad™(z) is also in the box ||2'||.c < N. One can
also let N +o0 and this means that we put no
constraint on ||z’||. The next two are direct corollaries
of Lemma IV.2:



Corollary IV.4. If 2/ = Grad™ (z), then we have

fl@) = f@') =

%( max {Q*(2,0)} + max {Q(r,0)}) >0 .
5eQy 5eQy ,

Corollary IV.5. If ' = Grad®™(z) and V f(z) = V5 +
V' (see Def. IV.1), we have

2" = 2lloo < 1/2

and

flx) = f(2') >

| o

s 1
19512 + 719"l
> QY2 +19']1) -

[N

2

Remark IV.6. Corollary IV.5 replaces the classical gra-
dient descent statement on smooth functions g(z) that
says g(z) — g(a') > 1| Vg(x)||3. Corollary IV.4 is the
constrained version of Corollary IV.5.

B. A Specific Mirror Descent
The mirror descent step we take is a constrained

minimization with respect to the || - [|> norm:

Definition IV.7 (mirror descent). Given z satisfying
Izl < N, a feedback vector v € R", define the
projected mirror descent step ' <+ Mirr™ (z,v) as

Mirr™(z,v) Lot argmin . <y {(v, z’>+%||z’—z||3} )

Obviously, Mirr™ (z,v) can be computed in complexity

O(n).
The following lemma is classical for mirror descent:

Lemma IV.8. If 2/ = Mirr™(z,v), then for every u
satisfying ||ul|oo < N, we have

(v, 2-u) < (0, 2= 2) =S| a=2/ |24+ 2l =2~/ —ull2.

C. Linear Coupling

We now introduce our linear-coupling algorithm LC
(see Algorithm 1). Starting from two initial vectors g
and zy = 0, in each iteration £k = 0,1,...,T — 1, our
LC chooses a linear combination zj11 = 7z + (1 —
Tr)yr, for some parameter 7, € (0,1), and performs
two updates: yry1 = Grad'®N(zpyi) and 2y =
Mirr® (zx, ap V®). Here, ap > 0 is the learning rate
for mirror descent. The choices of 7, and «; are in
Algorithm 1. From the description:

Fact IV.9. We always have ||zk||cc < N,
15N, and ||yk|lco < 15N.

Proof of Fact IV.9: 1y and zp = 0 both satisfy
norm bounds. y; comes from gradient descent with
range 15N 50 ||yk]looc < 15N zx comes from mirror
descent with range N s0 ||zk||c < N; finally, zy is

|Zklloo <

a convex combination of y;_; and zp_1 so satisfies

l2k]lco < 15N. [ ]
We show the following lemma which describes the

one-iteration behavior of LC:

Lemma IV.10. If Tpay, < 3/64, 73, € (0, 535 ], and u

is any vector satisfying ||ul|eo < N, then

0< 25 (fy) — () = & (1) — f(u))

1 1
+E||Zk —ull2 - m”zkﬂ —ul? .

Lemma IV.10 is the main technical contribution of
this section, and relies on careful applications of
Lemma IV.2 and Lemma IV.8, together with tailor-
made analysis for our f(x). The next theorem is a
corollary of Lemma IV.10 by appropriate choices 75 and
ag, and telescoping £ =0,1,...,7 — 1.

Theorem IV.11 (LC). If yo satisfies ||yolloc < 15N
and T > 1, then the output yr = LC(A,N,T,yo)
(see Algorithm 1) satisfies that for every u € R™ and
[ulloc < N:

lyrlleo < 15N

and

fyr) = fw) < 0(

D. Complexity Statements

The %(f(yo) — f(u)) term in Theorem IV.11

can hurt the performance of LC.!7 For this reason, as a
warm start, one needs to repeatedly apply LC for log N
times, each with 7 = O(N). We summarize this final
algorithm as ScalingO in Algorithm 2 and present the
final theorem:

Nz(f(yo)—f(U)Jrh))
(N +T)2 '

Theorem IV.12 (Scaling0). If N > 1, then (z1,2) =
ScalingO(A, N, T) satisfies

o If T > N, then for every u satisfying ||ullco < N,
we have

|z1lle < 15N and  f(z1) — f(u) < O(25k) .

o IfT > (N?h)'/3 and there exists u so that ||u| s <
N and f(u) —inf {f(x)} <1, then

2
IVF(2)Z- <O(5H") -
The total complexity of Scaling0 is O(m(N log N +

).

(Due to technical reasons, we do not have bound on
l12][00-)

Recall that to obtain an e-approximate (r,c)-
scaling, it suffices to find z with [V f(2)]2, <

"For instance, the general upper bound on f(0) — f(z*) is only

O(Nh) (see Lemma IIL.1).



Algorithm 1 LC(A, N, T, yo)

Input: A € Raxn g non-negative matrix; N > 1, a diameter bound; 7" > 1, number of iterations; yg € R" a

starting vector satisfying ||yol|cc < 15N
zo<—0and70<—32#N;
for k=0to7 —1do

1:
2:
3
4 Tyt — o2k + (1 — ) Yks

5 Y1 + Grad®V(zp4q);

6

7: Zp1 4 Mirr? (2, a, V®) where oy, =
8: end for

9: return yr.

647’k;

2
T) <— the unique positive root of the quadratic equation T;’“

+ 71, —1=0;
k—1
o 1 €(0,1)

& see Def. IV.3

Define V* € R™ where V3 « min {V; f(zx41),1};

O see Def. IV.7

O yr satisfies |lyr|ec < 15N

Algorithm 2 Scaling0(A, N, T)

Input: A € RExn g non-negative matrix; N > 1, a
diameter bound; 7" > 1, number of iterations;
20 < 0;
for £k =0 to log N do
20 < LC(A, N, @(N), Zo);
z1 < LC(A, N, T, 2);
for k =1to T do
Zp+1 < Grad®(zp);

S UIVEGEIE- -

O 21 satisfies ||z1]joo < 15N

Z 4 argmin e,
return (z1, z).

.....

A A S i

e? (see Proposition II.3). Therefore, we can combine
Theorem IV.12 with bounds on the scaling parameters:
namely, N < O(n) for the general (r,c)-scaling (see
Lemma I11.3), or N < O(1) if the scaling parameters
are polynomially bounded (see Footnote 11). This gives
us the claimed results of Scaling0 in Table I and
Table II.

V. A NEW SECOND-ORDER FRAMEWORK

In this section, we propose a second-order framework
in order to minimize f(x). Our methods Scalingi,
Scaling?2 and Scaling3 in subsequent sections are all
be based on this framework.

We show that near any point x, the function value
f(x + &) is well approximated by the second-order
Taylor expansion of f(z), as long as ||0]|co < 1/8:

Lemma V.1 (second-order approximation). For every
x,0 € R™ with ||6]|ec < 1/8, we have
1
@)+ (Vf(2),0) + 50"V f(@)d < f(z +0)
< fl@) + (Vf(2),0) + 6TV f(x)d .

Note that if f(x) were an arbitrary convex function,
such a quadratic approximation would only work for
a very small region of §. It is the special property
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of the matrix scaling problem that allows us to prove
Lemma V.1 for all ||d]|o < 1/8. We include the details
in the full version.

Also, one may carefully verify that V2f(z) is a
Laplacian matrix that may contain up to n? non-zero
entries even if the original matrix A is sparse. Using
classical graph sparsification techniques (see full ver-
sion), with total complexity O(m), one can find another
Laplacian matrix H € R™*" satisfying H < V2 f(z) <
1.1H, where H only has O(n) non-zero entries.

High-Level Intuition. Using Lemma V.1, it becomes
natural to study the minimization question (V f(x), §)+
$6THS over all [|6]jc < 1/8. If 6* is such a
minimizer, then one can show f(z) — f(z + 6*) >
Q) (f(2) — f(2*)) where 2* is the min-
imizer of f(z). This sounds like we only needed
O(N log(1/¢)) iterations in total if ||2*|lcc < N.

Unfortunately, this approach fails because ||z —2*|| oo
may increase by 1/8 per iteration, so the convergence
rate may drop to 1/ as opposed to log(1/¢). We fix this
issue by restricting our attention only to the region {x €
R™ | ||z]looc < N}. If this region contains z*, and if we
can minimize (V f(z), )+ 0 " HS over the intersection
of |z4+6]|ec < N and ||d]|c < 1/8, then we can always
have f(z)— f(z+6*) > Q(%)(f(z) — f(z*)) and thus
converge in O(N log(1/¢)) iterations.

For the reason above, we wish to repeatedly solve the
following minimization problem

min

V.1
Sebox™ (x) (V.1)

(V@) )+ 56" H5)

Definition V.2. Given any point x € R" satisfying
|2]loc < N for some N > 1, we define

box¥ (z) = {5 eR"

1
— < —
16— allee < 55}



where

dof (3% N - 3;1) € (O? f%g}? lfxz - % < _N;
a; = (N ZT; ﬁ)e[_ﬁ’())’ l‘f.’L'Z+§>N,
0, otherwise.

Fact V.3. For all§ € box (), we have Hx—|—5||oo <N
and ||| < 15. We also have 0 € box™ ().

Our next Lemma V.4 says that if we can solve (V.1)
up to a small additive error, then we can decrease the
objective distance to f(u) by a factor of 1 —
to the same small additive error.

Lemma V4. Given x with ||z]lcc < N and H with
H < V2f(x) < 1.1H, the following holds:
(a) For any u € R™ with ||u|lcc < N,

1
goon UP

- minEEboxN(z) {<Vf($),5> + %5TH6}
1

(b) If we are given § satisfying ||25\||DO < 1/8 and for
€>0:

(Vf(2),0) +

< min
sebox (x)

16THS

[(Vf(2),8) + ééTHé} +e,

then it satisfies that for every u € R™ with ||ul|s <
N, f(z) = f(z+55) = (f(@) = f(w)) —e.

_1
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VI. SECOND-ORDER METHOD 1: VIA
MULTIPLICATIVE WEIGHT UPDATES

In this section, we propose Scalingl which uses
multiplicative weight update (MWU) and an {5 con-
strained SDD linear system solver to tackle problem
V.D).

High-Level
(Vf(x),0) +

Given any weight vector w € A where A = {w 6
1/2,n]™ | >, wl = n} instead of minimizing h(d
over all § € box™(z) = {6 € R"|[[§ — af|oc < 32}
we can minimize h(é) over a larger set Q, = {6 €
R |6 =l < 185 }."* We would like do so because
{5 constrained minimization is computationally cheap:
minimizing h(J) over €2, can be done using a variant
of SDD linear system solvers in total complexity O(n)
(see full version).

Next, we wish to apply the multiplicative weight
update framework. Starting from some wy € A, in
eachround k =0,1,...,7 — 1, we minimize h(d) over
set €, and let §; € Q,, be an approximate mini-
mizer. Then, we update wg, from wy by penalizing

Intuitions. Denote by h(d)
+6 TH/ for notation simplicity.

18t is easy to verify that box™¥ (z) C ., and conversely |6 —
alloo < O(y/n) for every § € Q.
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the coordinates 4 in 0, where |0;,; — | is large. A
variant of the MWU theory implies that as long as
T = Q(y/n), the average § = TZk: o 0, satisfies
|0 —allse < O(1). At the same time, since objective Jj
minimizes (V.1) over a larger set €, 2 box™ (x), we
also have h(5) < + 5701 h(0k) < mingepoen (z) (6).
This gives an approximate solution to (V.1), and the
total complexity is O(nT") = O(n®/2) if H is given.
We summarize the above process as MWUbasic (see

Algorithm 3), and show the following lemma:

Lemma VI.1 (MWUbasic). If H € R™ "™ is Lapla-
cian, K > 1, T > Q((n1/2K + K2)logn),

lallo < 1/32, and € > O, then the output 6 =
MWUbasic(A,H, o, T, K, ) satisfies

1 1
16 —allo < 32 + 3K
and
(v S>+13TH5< min ~ {(V 6)+15TH5}+5
’ 6 T I0—allee<1/32 ’ 6 '
With Lemma VI.1, we can repeatedly apply

MWUbasic to minimize (V.1) for O(Nlog(1l/e))
times. We summarize the algorithm as Scalingl (in
Algorithm 4) and have the following final theorem:

Theorem VL2 (Scalingl). If N > 1 and € € (0,1),
the output y = Scalingl(A, N, ¢) satisfies ||y|oo <
2N and

fly) — fu) < e for every u with ||ul|e < N.

Furthermore, if there exists w satisfying f(u) —
inf,{f(z)} < e and ||lul|c < N, then we also have
IV f(y)||>-1 < e. The total complexity is O(N(m +
77,3/2)).

We can combine Theorem VI.2 with bounds on
scaling parameters: namely, N < O(n) for the gen-
eral (r,c)-scaling (see Lemma IIL.3), or N < O(1)
if the scaling parameters are polynomially bounded
(see Footnote 11). This gives us the claimed results of
Scalingl in Table I and Table II.

VII. SECOND-ORDER METHOD 2: VIA
ACCELERATED GRADIENT DESCENT

In this section, we propose Scaling2 (see
Algorithm 5) which directly solves the constrained
minimization problem (V.1) using a constrained version
of accelerated gradient descent (29; 30). We shall not
directly use Scaling2 to solve the matrix scaling
problem; instead, we shall later use Scaling2 as a
warm-start for Scaling3.

We have the following main lemma to estimate the
per-iteration performance of Scaling2:



Algorithm 3 MWUbasic(V,H, o, T, K, ¢)

Input: V € R"; H € R™*” a Laplacian matrix; o € R" satisfying ||a||cc < 1/32; T" > 1 number of rounds;

K > 1 a parameter; ¢ > 0 an accuracy parameter.
A+ {well/2,n]"

: Y, wi=mn}and wy < (1,1,...,

1) € A;

<& a multiplicative weight update with parameter n = 1/(y/n + K), see full version

2: for k=0toT —1do

3: Use SDD solver (see full versmn) to find a vector d; € R” satmfymg ||5k — au_w 1057 and
(Vf(x),0r) + 5 H(5;€ < mln”(; a2, <n/1024{ Vi(z ﬁé}

4; Define loss vector ¢, € R™ by Ek i =0k — al

5: W41 = argmin, g5 {77 U, z) + Zle[n] (zZ log -2 o T Wk — zl)}

6: end for
T—1

7: return 6 <+ £ >, ", 6k

Algorithm 4 Scalingl(A,N,¢)

Input: A € R?*"™ non-negative matrix; N > 1 diameter bound; € € (0, 1) accuracy parameter.

11 29 + 0, K + O(log(1/¢)), and T «+ O(y/n);
:fort=0to NK do
Define box" (z;) and o € [—1/32,1/32]"

8+ MWUbasic(Vf(xt) H,o,T, K
xt+1<—x+66 and N < N +
: end for

: return y < the last xy.

’ 900]\7)

2
3
4
5:
6 5OK’
7

8

using Def. V.2;
H + a matrix with O(n) nonzeros satisfying H < V2 f(z;) < 1.1H;

O 50 T4y satisfies ||Ti41||oo < N for this new N

Algorithm 5 Scaling2(A, N, T)

Input: A € Rxn g non-negative matrix; IV > 1, a diameter bound; 7" > 1, number of iterations;

1: xg < 0; N
2: for t =0 to O(N) do

H <+ a matrix with O(n) nonzeros satisfying H < V2f(z,) < 1.1H;

& see full version for details.

15THS) .

O compute & by applying T steps of constrained accelerated gradient descent. See Lemma VII.1

3:
4: § — approximate minimizer for mingepe ;) {(V.f(21),6) +
5: Tpq1 < Tt + 6;

end for
return y < the last x;.

>

Oy satisfies ||ylloo < N

Lemma VIL1. In each iteration t of Scaling?2, if
|ztllo < N, then we can compute 1 in complexity
O(m + Tn), and it satisfies ||xt+1]|co < N and

Nh

f(u) < O(ﬁ)
1

(2): f(xt) = f(weg1) > Q(N)(f(ﬂ?t) — f(u)) .

either (1): f(xi41) — or

Here, wu is any vector satisfying ||u]ec < N.

The following theorem is a direct corollary of
Lemma VIL1.
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Theorem VIL.2 (Scaling2). If T > 1, the output
y = Scaling2(A, N, T) satisfies ||y|lcc < N and

Fo)=fw) <05

The total complexity O(mN + N nT).

Nh
) Jor every u with ||uljeec < N

Proof of Theorem VII.2 from Lemma VII.1: When-
ever Line 3 is reached, either we have f(zy1)— f(u) <

O(Z%) so we are done, or we have f(z;41) — f(u) <
(1 =Q(5))(f(zt) = f(u)). The latter cannot happen
more than O(N) times. [ |
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VIII. SECOND-ORDER METHOD 3: VIA MORE
ADVANCED MWU

Due to space limitation, we include Scaling3 only

in our arXiv version of the paper.
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