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Abstract—In this paper we show how to accelerate random-
ized coordinate descent methods and achieve faster convergence
rates without paying per-iteration costs in asymptotic running
time. In particular, we show how to generalize and efficiently
implement a method proposed by Nesterov, giving faster
asymptotic running times for various algorithms that use
standard coordinate descent as a black box. In addition to
providing a proof of convergence for this new general method,
we show that it is numerically stable, efficiently implementable,
and in certain regimes, asymptotically optimal.

To highlight the power of this algorithm, we show how it can
used to create faster linear system solvers in several regimes:

« We show how this method achieves a faster asymptotic
runtime than conjugate gradient for solving a broad class
of symmetric positive definite systems of equations.

« We improve the convergence guarantees for Kaczmarz
methods, a popular technique for image reconstruction
and solving overdetermined systems of equations, by
accelerating an algorithm of Strohmer and Vershynin.

« We achieve the best known running time for solving Sym-
metric Diagonally Dominant (SDD) system of equations
in the unit-cost RAM model, obtaining a running time
of O(m log™{3/2}n (log log n)"{1/2} log((log n)/eps)) by
accelerating a recent solver by Kelner et al.

Beyond the independent interest of these solvers, we believe
they highlight the versatility of the approach of this paper and
we hope that they will open the door for further algorithmic
improvements in the future.

Keywords-convex optimization; coordinate descent; Kacz-
marz method; symmetric diagonally dominant matrix

I. INTRODUCTION

In recent years iterative methods for convex optimization
that make progress in sublinear time using only partial
information about the function and its gradient have become
of increased importance to computer science. Beyond the
hope for performance gains in practice, rapidly converging
algorithms with sublinear time update steps create hope for
new provable asymptotic running times for old problems and
stronger guarantees for efficient algorithms in distributed and
asynchronous settings.

The idea of using simple sublinear-time iterative steps
to solve convex optimization problems is an old one [1],
[2], [3]. It is an algorithmic design principle that has seen
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great practical success [4], [5], [3] but has been notoriously
difficult to analyze. In the past few years great strides have
been taken towards developing a theoretical understanding
of randomized variants of these approaches. Of particular
relevance to this paper, in 2006 Strohmer and Vershynin
[6] showed that a particular sublinear update algorithm
for solving overconstrained linear systems called random-
ized Kaczmarz converges exponentially, in 2010 Nesterov
[7] analyzed randomized analog of gradient descent that
updates only a single coordinate in each iteration, called
coordinate gradient descent method, and provided a com-
putationally inefficient but theoretically interesting acceler-
ated variant, called accelerated coordinate gradient descent
method (ACDM), and in 2013 Kelner et al. [8] presented a
simple combinatorial iterative algorithm with sublinear-time
update steps that can be used to solve symmetric diagonally
dominant (SDD) linear systems, a broad class of linear
systems with numerous applications.

In this paper we provide a framework that both strength-
ens and unifies these results. We present a more general
version of Nesterov’s ACDM and show how to implement
it so that each iteration has the same asymptotic runtime
as its non-accelerated variants. We show that this method is
numerically stable and optimal under certain assumptions.
Then we show how to use this method to outperform
conjugate gradient in solving a general class of symmetric
positive definite systems of equations. Furthermore, we show
how to cast both randomized Kaczmarz and the SDD solver
of Kelner et al. in this framework and achieve faster running
times through the use of ACDM.

Due to the success of the Kaczmarz method in practice
[4], [5] and the wide array of theoretical problems for which
the fastest running time is obtained through a SDD solver
[9], [10], [11], we hope that the ideas in this paper can be
used to make advancements on both fronts.

A. Previous Work

Given a convex differentiable function the gradient de-
scent method is a simple greedy iterative method that
computes the gradient at the current point and uses that
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information to perform an update and make progress. This
method is central to much of scientific computing and from
a theoretical perspective the standard method is well under-
stood [12]. There are multiple more sophisticated variants
of this method [13], but many of them have only estimates
of local convergence rates which makes them difficult to be
applied to theoretical problems and be compared in general.

In 1983, Nesterov [14] proposed a way to accelerate the
gradient descent method by iteratively developing an approx-
imation to the function through what he calls an estimate
sequence. This accelerated gradient descent method has the
same worst case running time as conjugate gradient method
and it is applicable to general convex functions. Recently,
this method has been used to improve the fastest known
running time of some fundamental problems in computer
science, such as compressive sensing [15], [16], undirected
maximum flow [17], linear programming [18], [19].

The accelerated gradient descent method is known to
achieve an optimal convergence rate among all first order
methods, that is algorithm that only have access to the
function’s value and gradient [12]. Therefore, to further
improve accelerated gradient descent one must either assume
more information about the function or find a way to reduce
the cost of each iteration. Using the idea of fast but crude
iteration steps, Nesterov proposed a randomized coordinate
descent method [7], which minimizes convex functions by
updating one randomly chosen coordinate in each iteration.

Coordinate descent methods, which use gradient informa-
tion about a single coordinate to update a single coordinate
in each iteration, have been around for a long time [2].
Various update schemes have been considered, such as cyclic
coordinate update and the best coordinate update, however
these schemes are either hard to estimate [20] or difficult
to be implemented efficiently. Both the recent work of
Strohmer and Vershynin [6] and Nesterov [7] overcame
these obstacles by showing that by performing particular
randomized updates one can produce methods with provable
global convergence rate with small costs.

Applying the similar ideas of accelerated gradient descent,
Nesterov also proposed an accelerated variant called the ac-
celerated coordinate descent method (ACDM) that achieves
a faster convergence rate. However, in both Nesterov’s
paper [7] and later work [21], this method was considered
inefficient as the naive implementation of each iteration of
ACDM requires ©(n) time to update every coordinate of
the input, at which point the accelerated gradient descent
method would seem preferable.

B. Our Contributions
In this paper, we generalize Nesterov’s ACDM and present
a simple technique to implement update steps efficiently. Our
contributions are as follows:
o Generalization: A generalization of ACDM to a
broader class of sampling probabilities, overcoming
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technical challenges due to skewed sampling proba-
bilities, so that any convergence rate achieved through
Nesterov’s coordinate descent method can be improved
by ACDM. This generalization was essential for appli-
cations considered later in the paper.

« Efficiency: A proof that under mild assumptions about
the oracle for querying function and gradient values,
each iteration of ACDM can be implemented with the
same asymptotic cost as a coordinate descent step.

« Numerical Stability: A proof that ACDM is numer-
ically stable and can be implemented with finite pre-
cision arithmetic and no overhead in the standard unit
cost RAM model.

o Lower Bound: A lower bound argument showing that
ACDM achieves an optimal convergence rate among a
certain class of coordinate descent algorithms.

In some sense, the principle difference between the
asymptotic running time of ACDM and accelerated gradi-
ent descent (or conjugate gradient for linear case) is that
as accelerated gradient descent depends on the maximum
eigenvalue of the Hessian of the function being minimized,
ACDM instead depends on the trace of the Hessian and has
the possibility of each iteration costing a small fraction of the
cost a single iteration of of accelerated gradient descent. As
a result, any nontrivial bound on the trace of the Hessian
and the computational complexity of performing a single
coordinate update creates the opportunity for ACDM to yield
improved running times. To emphasize this point, we focus
on applications of our method to solving linear systems and
we use three different cases to illustrate the flexibility and
competitiveness of our method.

« Symmetric Positive Definite Systems: We show that
under mild assumptions ACDM solves positive definite
systems with a faster asymptotic running time than
conjugate gradient (and even milder assumptions for
Chebyshev method), and it is an optimal algorithm for
solving general systems in certain regimes.

¢ Overdetermined Systems: For over-constrained sys-
tems of equations the randomized Kaczmarz method
of Strohmer and Vershynin [6], which iteratively picks
a random constraint and projects the current solution
onto the plane corresponding to a random constraint,
has been shown to have strong convergence guarantees
and appealing practical performance. We show how
to cast this method in the framework of coordinate
descent and accelerate it using ACDM yielding im-
proved asymptotic performance. Given the appeal of
Kaczmarz methods for practical applications such as
image reconstructions [5] , there is hope that this could
yield improved performance in practice.

o Symmetric Diagonally Dominant (SDD) Systems:
Since a breakthrough result in 2004 by Spielman and
Teng [22] showed that such systems can be solved



in nearly-linear time, such systems have been used to
create the fastest algorithm for a variety of problems
ranging from max flow [23] to sampling random span-
ning trees [9] and much more. The fastest known solver
for these systems in the standard unit-cost RAM model
is due to Kelner er. al. [8] is O(mlog® nlog 1) where
m is the number of nonzero entries in the n X n matrix,
and we use O to hide O(poly(loglogn)) terms. We
show how direct application of ACDM to a simple
algorithm in [8] yields a faster SDD solver with an
asymptotic runtime of O(mlog'®nlogl) in the unit-
cost RAM model, getting closer to the fastest known
running time of O(m log nlog %) by Koutis, Miller, and
Peng [24] in a less restrictive computational model.
Just as the accelerated gradient descent method has im-
proved the theoretical and empirical running time of various
gradient descent algorithms [25], [15], we hope that ACDM
will improve the running time of various algorithms for
which coordinate descent based approaches have proven
effective. Given the generality of our analysis and the
previous difficulty in analyzing such methods, we hope that
this is just the next step towards a new class of provably
efficient algorithms with good empirical performance.

II. PRELIMINARIES

In this paper, we consider the unconstrained minimiza-
tion problem mingeg~ f(&) where the objective function
f : R™ = R is continuously differentiable and convex. We
let f* = mingegn f(&) denote the minimum value of this
optimization problem and we let #* = argming.g. f(7)
denote an arbitrary point that achieves this value.

To minimize f, we restrict our attention to first-order
iterative methods, that is algorithms that generate a sequence
of points Zy, such that lim f(Z) = f*, while only evaluating
the objective function and its gradient at points. To compare
such algorithms, we say an iterative method has convergence
rate v if f(Z)) — f* < O((1 — r)*) for this method.

Now, we say that f has convexity parameter o with
respect to some norm ||-|| if the following holds

1@ 2 J@+ (V@) 5-3)+ 5 1§ -2 O

and we say f strongly convex if o > 0. We refer to the
right hand side of (1) as the lower envelope of f at & and for
notational convenience when the norm ||-|| is not specified
explicitly we assume it to be the standard Euclidian norm
def —
=l = V22, 7

Furthermore, we say f has L-Lipschitz gradient if

VEgEeR" - V() - Vi@ < L|g- 7|

vz, ¥ e R"™

The definition is related to an upper bound on f as follows:

Lemma 1. [12, Thm 2.1.5] For continuously differentiable
f:R™ = R, it has L-Lipschitz gradient if and only if

n. gl - T T
VI, G ER": f(7) < f(@)HVI@,7-D)+5 1E 31" - @
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We call the right hand side of (2) the upper envelope of f
at Z. The convexity parameter 4 and the Lipschitz constant
of the gradient L provide lower and upper bounds on f.
They serve as the essential characterization of f for first-
order methods. For twice differentiable f, these values can
also be computed by properties of the Hessian of f by the
following well known lemma:

Lemma 2 ([7]). Twice differentiable f : R™ — R has
convexity parameter | and L-Lipschitz gradient with respect
to norm ||-|| if and only if V& € R™ the Hessian of [ at 7,
V2f(Z) € R™*" satisfies

vie R ¢ pllgl®> <" (VEF@)g< L7’

To analyze coordinate-based iterative methods, that is
iterative methods that only consider one component of the
current gradient in each iteration, we need to define several
additional parameters characterizing f. Let &; € R™ denote
the standard basis vector for coordinate i, f;(¥) € R"
denote the partial derivative of f at Z along &;, i.e. fi(Z) =
eTV f(Z), and f;(Z) denote the corresponding vector, i.e
ﬁ(f) < f, - €. We say f has component-wise Lipschitz
continuous gradient with Lipschitz constants {L;} if

VZER™, VtER, Vi€ n]:|fi(@+t-&)—fi(Z)| < Li-|t].

Let S, < 31" | L% denote the total component-wise Lips-
chitz constant . Later we will see that S, has a similar role
for coordinate descent as L has for gradient descent.

We give two examples for convex functions induced by
linear systems and calculate their parameters. Note that even
though one example can be deduced from the other, we
provide both as it allows us to introduce more notation.

Example 1. Ler f(Z) = 1(AZ, Z) — (T, by for symmetric
positive definite matrix A € R"*", Since A = AT clearly
V(%) = AZ—band V2 (&) = A. Therefore, by Lemma 2,
L and o satisfy o ||Z||> < ZTAZ < L||Z||>. Consequently,
o is the the smallest eigenvalue A\pnin, of A and L is the
largest eigenvalue \pax of A. Furthermore, Vi € [n] we see
that f;(¥) = el (Af— 5) and therefore L; satisfies

Since the positive definiteness of A implies that A is positive
on diagonal, we have L; = A,;;, and consequently S
tr(A) = >> Ay = > \; where \; are eigenvalues of A.
Example 2. Let f(Z) = 3 ||AZ — b||* for any matrix A.
Then Vf(%) = AT (Af—z? and V2f(7) = ATA.
Hence, o and L satisfy o ||Z|* < #TATAZ < L|z|°
And we see that o is the the smallest eigenvalue \ni, of
ATA and L is the largest eigenvalue Amax of ATA. As in
the previous example, we therefore have L; = ||as||* where
a; is the i-th column of A and S = 3" ||ai|® = || A 2F the
Frobenius norm of A.




III. REVIEW OF PREVIOUS ITERATIVE METHODS

In this section, we briefly review several iterative first-
order methods for smooth convex minimization. This
overview is by no means all-inclusive, our goal is simply
to familiarize the reader with numerical techniques we will
make use of later and motivate our presentation of the
accelerated coordinate descent method. For a comprehensive
review, there are multiple good references, e.g. [12], [26].

A. Gradient Descent

Given an initial point Zy and step sizes hy, the gradient
descent method applies the following iterative update rule:

Vk Z 0 fk+1 = fk - thf(fk)

For hy, = %, this method simply chooses the minimum point
of the upper envelope of f at Tj:

P = argmin f(74) + (VI (E0),5 - B+ 5 17— 7l
7

Thus, we see that the gradient descent method is a greedy

method that chooses the minimum point based on the worst

case estimate of the function based on the value of f(zy)

and V f(zy). It is well known that it provides the following

guarantee [12, Cor 2.1.2, Thm 2.1.15]

k
@) - <2 (1-2) g -

<< 3)
B. Accelerated Gradient Descent

-2

To speed up the greedy and memory-less gradient descent
method, Nesterov [14], [12] suggested to use a quadratic
function to estimate the function. Formally, we define an
estimate sequence as follows: !

Definition 1 (Estimate Sequence). A ftriple of sequences
{or (), i, T }52 is called an estimate sequence of f if
limg_, o0 M = 0 and for any & € R™ and k > 0 we have

Ok (Z) < (1= mi) f(Z) + o () “4)

and

®

f(Zx) < min ().
TeR™

An estimate sequence of f is an approximate lower bound
of f which is slightly above f*. This relaxed definition
allows us to find a better approximation of f instead of
relying on the worst case upper envelope at each step.

A good estimate sequence gives an efficient algorithm [12,
Lem 2.2.1] by the following

Jim f (@) = f* < lm g (60(F7) — ) = 0.

Since an estimate sequence is an approximate lower bound,
a natural computable candidate is to use the convex combi-
nation of lower envelopes of f at some points.

!Note that our definition deviates slightly from Nesterov’s [12, Def 2.2.1]
in that we include condition 5.
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Since it can be shown that any convex combinations of
lower envelopes at evaluation points {yx } satisfies (4) under
some mild condition, additional points {y;} other than {xy}
can be used to tune the algorithm. Nesterov’s accelerated
gradient descent method can be obtained by tuning the the
free parameters {yx} and {n;} to satisfy (5). Among all
first order methods, this method is optimal up to constants
in terms of number of queries made to f and Vf. The
performance of the accelerated gradient descent method can
be characterized as follows: [12]

f(fk)—f*§L<1—\/§>kl

C. Coordinate Descent

—

The coordinate descent method of Nesterov [7] is a variant
of gradient descent in which only one coordinate of the
current iterate is updated at a time. For a fixed a € R,
each iteration k of coordinate descent consists of picking a
random a random coordinate i, € [n] where

Prliy, = j] = Pa(j) where P.(j) = LY /S,

and then performing a descent step on that coordinate:
" " 1z .
Try1 = T — — fi (Th)-
L;,

To analyze this algorithm’s convergence rate, we define
[ *
dual [}#);_,

def — o = . lef
< VLR, s =
def s —

L;=%%y;

|Z||,_, and the inner product (Z,%)1—a = D,
and we let 01_, denote the convexity parameter of f with
respect to ||-||;_,,. Using the definition of coordinate-wise
Lipschitz constant, each step can be shown to have the
following guarantee on expected improvement [7]

the norm ||Z||,_,,

(@) — E[f(Fas)] > % (I F @)

and further analysis shows the following convergence guar-
antee coordinate descent [7]

Ol—a

=Y (s

IV. GENERAL ACCELERATED COORDINATE DESCENT

E[f@)] - f* < (1 - sy

In this section, we present our general and iteration-
efficient accelerated coordinate descent method (ACDM).
In particular, we show how to improve the asymptotic
convergence rate of any coordinate descent based algorithm
without paying asymptotic cost. We remark that the bulk
of the credit for conceiving of such a method belongs to
Nesterov [7] who provided a different proof of convergence
for such a method for the o« = 0 case, however we note that
changes to the algorithm were necessary to deal with the
o =1 case used in all of our applications.



A. ACDM by Probabilistic Estimate Sequences

Following the spirit of the estimate sequence proof of
accelerated gradient descent [12], here we present a proof of
ACDM convergence through what we call a (probabilistic)
estimation sequence.

Definition 2 ((Probabilistic) Estimate Sequence). A triple
of sequences {¢i(Z), Nk, Tr}rr, where ¢, : R* — R
and Ty, € R™ are chosen according to some probability
distribution is called a (probabilistic) estimate sequence of
f iflimg_onr = 0 and for all k > 0 we have

E (D)) < (1 —nk) f(Z) + mkE [¢0(2)]
E[f(Z%)] < min | (91 (Z)]

@)
®)

A probabilistic estimation sequence gives a randomized
minimization method due to the following

Jim E[f(@)] - J° < Jim e (Eo(a®) = £7) =0 .

Since a probabilistic estimation sequence can be constructed
using random partial derivatives, rather than a full gradient
computations, there is hope that probabilistic estimation
sequences require less information for fast convergence and
therefore outperform their deterministic counterparts.
Similar to the accelerated gradient descent method, in the
following lemma we first show how to combine a sequence
of lower envelopes to satisfy condition (7) and prove that it
preserves a particular structure on the current lower bound.

Lemma 3 ((Probabilistic) Estimate Sequence Construction).
Let ¢o(Z), {k, Ok, k)32 be such that

o ¢o:R™ — R is an arbitrary funcnon Each i, € R™.
o Each 0 € (0,1) and >3~ 0 =
o Each iy, is chosen randomly so that Prlix =] = ga

Then the pair of sequences {¢r(Z), i}, defined by
e o =1and np41 = (1 — 0p)nk
. ¢>k+1() (A = Ok)on(@) + Ouflgh) +
HkL (Fir @) @ = i) 1—a + O 2|7 yk||1 a
satisfies condltlon (7). Furthermore, lf Po(Z) = o +
% |Z — U()||1 o then this process produces a sequence

of quadratic functions of the form ¢i(Z) = ¢f +
S o2
%’“ | & — Tll]_,, where
Cer1 = (1 = Ok)Ck + Oko1-a &)
(]. — ek)gkl_fk 91@01704,% Saek A
— — i 10
Vk+1 Cort Cort Ck+1Likfk(yk) (10)
02 Sa (fir (G))*
1 = (1= 0k) Pk + On f (Gi) — oo ~sthl
Pry1 = ( ©)Pk + O f(Tr) 2rr L’}:a

0r(1 -6 Ola 1o .
s L U NN

Crt1 2
0 ]- - 6 4 Sa e — — —
+ B0 =006 Se 7 () G — i
Ck+1 le

Proof: The proof follows from direct calculations.
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In the following theorem, we show how to choose
¢ and 0 to satisfy the condition (8) and thereby derive a
simple form of the general accelerated coordinate descent
method. We also show that the number of iterations required
for ACDM is O ’;) which is strictly better than the
number of iterations requlred for coordinate descent method,
19) (sia)

Ol—a
optimal up to constant for the type of algorithm considered.
Note that while several of the definitions specifications in
the following theorem statement may at first glance seem
unnatural our proof will show that they are nearly forced in
order to achieve certain algorithm design goals.

. Later in Theorem 12, we show that this is

def

Theorem 4 (Simple ACDM). For all i € [n] let Lo
max (L, Sy /n) and let S, = Y27 LY. Furthermore, for

any Ty € R™ and for all k > 0, let 4o = Xy,
Ol—qa
2§an

Then applying Lemma 3 with these parameters, L; as the
coordinate-wise gradient Lipshitz constants, and choosing
i and Ty, such that

01 Cr
Crr1

IZ = Zolli_y» On =

o(Z) = f (o) + =2

(O —Tk)+ T —0k =0, T = Jo1— =—— fu( -1)

Qg—1

yields a probabilistic estimate sequence. This accelerated
coordinate descent method satisfies

( 1
<({1l-=
- 2

Proof: By construction we know that condition (7)
holds. It remains to show that %, satisfies condition (8) and
analyze the convergence rate. To prove (8), we proceed by
induction to prove that E, [f(Z)] < Ey [mingegr ¢x(Z)] =
Ex [¢5] where Ej, indicates the expectation up to iteration k.
The base case f(7o) < ¢o(Z)) is trivial and we proceed by

induction assuming that Ey, [f(Z%)] < Eg [¢;]- By Lemma
(3) and the inductive hypothesis we get

Ol—«

San

k
E [f(5)] — )(%@w—ﬁ»an

(fzk (yk))

T Filta
L}

Ex [¢511] > Ek {(

+9k(1 — 0k )G
Crt1

01— — - 12 5
2 ”yk*vk”17a+ =
2 Lik

(Fir @), gk>1-a>]
where for notational convenience we drop the expectation

in each of the variables. By convexity f(Zx) > f(Jx) +
ﬂv f(@r), Zr. — i) so applying this and the definitions of

|

|y, and (-, )1 we get
. L 0252 fi, (G)?
Sry1 = f(Uk) — W

7o <fzk(yk)7

k

+ (1= 0k) ( k(@ _yk)> (VI(Yk): T —?7k>>



t~

e
i

Using that Vi € [n] we have Pr[i; =] =

we get

W

o

[Ek+1 [¢Z+1] > [Ek+1 [f(gk) -
0
Cht1

From this formula we see that 73, was chosen specifically to
cancel the second term so that
07.5a fi(Gk)

2
[f( 2k+1 L; ]

and it simply remains to choose 0 and Zj,; so that
Ex+1 [f (Zk+1]) is smaller than this quantity.
To meet condltlon (8), we simply need to choose {0;}72

6252 (fiu(G)”
2Ck+1 L}:a

—

-0 <Vf<z7k>, (e — ) + B — gk>

n

Ersr [0 =D

i=1

i) —

SO is = 5. Using L(’ > S@ > S , we have
k+1
- — 1 fz(yk)
Eri1 [Ghia] = [f(yk) T
Pt 2S Li

To compute Zj1, we use the fact that applying Lemma 1
to the formula f (7, — tfi (7)) yields

[i(G)?
2L;

. 1= .
f (yk - E_fi(?/k)) < f() —
and therefore for Zy,1 as defined we have

Errr1 [f(Trs1)] < Z lf(g ) fi(@)

28,0
Recalling that (11 = (1 — 0;)Ck + Oro1-o We see that
choosing (p = 01-q implies Ck = 01—, for all £ and
therefore choosing ), = 2 s the proof that
the chosen parameters produce a probabilistic estimate se-
quence. Furthermore, We see that this choice implies that
Nk (1 — gé, a) Therefore, by the definition of a

probabilistic estimate sequence and the fact that Sa > 28,,
equation (11) follows. [ |

] < Epg1 [Ghy1)

B. Numerical Stability

In the previous section, we provided a simple proof how
to achieve an ACDM with a convergence rate of O(,/ fl%")

While sufficient for many purposes, the algorithm does not
achieve the ideal dependence on initial error. For consistency
with [7] we perform the change of variables

0rCr 1 —60k)Ck e Sabr
Co + O0po1-0’ Cor1

and by better tuning 6, we derive the following algorithm.

def def (

Q =

Ch+1

Accelerated Coordinate Descent Method
1. Define L; = max(L;, (S /n)t/) and S,
2. Define 170 = fo, ag = bo =2

3. For k > 0 iterate:

3a. Find ak,ﬁk,'yk > 5, such that
e~ 3 = (1 - %ql a*) o - 5k
Uk = oxUp + (1 — o) 2y

Choose iy, accordlng to P, (i) = L}/ S,.
$k+1 = yk - fu (yk)
= Bk + (1 — Br)¥i

;ﬁ and Ap4+1 = 'kak—o—l-

=2 L

o

3b.
3c.
3d.

fiw (G-

V41

3e.

b1 =

Theorem 5 (Numerical Stability of ACDM). Suppose that
in each iteration of ACDM step 3d has additive error e,
ie. there exists € ,Ex € R™ with ||€1x]|,_, < € and
ll€2,kll,_,, < € such that step 3 is

:gk - fzk(

ik

=Bk + (1 — Br)

Tpt1 k) + €1k

Ve 7 oo o
= + €9 k.
I ,(yk) 2,k

(2

kg1

If e <
guarantee

O1-aE [[Fe1 = & o | +HE LS @) - £) < 6 (12)

= and k > 4/ 2‘19 L then we have the convergence

: k
where 8, = 3201 _, (1 -3 ?;;) llzo — *[3_o +
k
82010 (1- /%) & (@) = f7) + 24kS,e?
" and the additional  convergence  guarantee  that
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LS IV ()13, < 2000525

Proof: In the full paper, we give a proof of convergence
of this in the unit-cost RAM model by studying the following
potential function [7] for suitable constants ay, by € R,

ar, (E[f(Zx)] = F) + 0 ||T% — 2|7,

|

This theorem provides useful estimates for the error

f(&r41)—f*, the residual || T4 — & ||f_a, and the norm of

gradient ||V f(7;)|]_,- Note how the estimate depends on

the initial error f(Zo) — f* mildly as compared to Theorem

4. We use this fact in creating an efficient SDD solver in
Section V-C.

C. Efficient Iteration

In both Nesterov’s paper [7] and later work [21] the
original ACDM proposed by Nesterov was not recommend
since a naive implementation takes O(n) time to update the
vector vy, and therefore is likely slower than accelerated
gradient descent. However, if we make the mild assumption
that we can compute V f (tZ+sy) for s,t € Rand ¢/, ¥ € R in
the same asymptotic runtime as it takes to compute V f(Z)



(i.e. we do not need to compute the sum explicitly), then
we can implement ACDM without additional asymptotic
computational costs per iteration as compared to the cost
of the coordinate descent method performing an update on
the given coordinate.

Lemma 6 (Efficient ACDM lIteration). For S, =
O(poly(n)) and o1_4 Q(poly(L)) each iteration of
ACDM can be implemented in O(1) time plus the time to
make one oracle call of the form f:k (tZ + sy) for s,t € R
and T, € R™, using at most an additional O(logn) bits of
precision so long as the number of iterations of ACDM is

0 (\/glog(n))

Proof: In the full paper, we give a lazy update scheme
to achieve same iteration and prove its stability. [ ]

V. FASTER LINEAR SYSTEM SOLVERS

In this section, we show how ACDM can be used to
achieve asymptotic runtimes that outperform various state-
of-the-art methods for solving linear systems in a variety of
settings.

A. Comparison to Conjugate Gradient Method

Here we compare the performance of ACDM to conjugate
gradient (CG) and show that under mild assumptions about
the linear system being solved ACDM achieves a better
asymptotic running time.

For symmetric positive definite (SPD) matrix A € R™**"
and vector b € R™, we solve the linear system of equa-
tions A% = b via the following equivalence unconstrained
quadratic minimization problem:

der 1

2

Let m denote the number of nonzero entries in A, let
nnz; denote the number of nonzero entries in the ith row
of A. To make the analysis simpler, we assume that the
nonzero entries is somewhat uniform, namely nnz; = O(%)
This assumption is trivially met for dense matrices, finite
difference matrices, etc. Letting 0 < \; < ... < )\, denote
the eigenvalues of A, we get the following:

Theorem 7 (ACDM on SPD Systems). Assume A is a SPD
matrix with nnz; = O("). Let the numerical rank r(A) =
> 1 Ai/An. ACDM applied to (13) with a = 1 produces

r(A) 1) time
n €

Proof: The running time of ACDM with o« = 1 depends
on oy and S;. From Example 1, the total component-wise
Lipschitz constant Sy is the trace of A, which is > \; and
the convexity parameter o is A1, therefore by Theorem 5

min

FERn 1@

(AZ,T) — (b, (13)

an approximate solution in o] <m

with € error in A norm in expectation.

the convergence rate of ACDM is n>‘n71)\ as desired.
i=1 T

Furthermore, the running time of each step depends on the
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running time of the oracle, i.e. computing f;(z) = (Az), ,
which by our assumption on nnz; takes time O (%) ]

To compare with conjugate gradient, we know that one
crude bound for the rate of convergence of conjugate gradi-

ent is O (. / f\‘—:) Hence the total running time of CG to pro-

duce an epsilon approximate solution is O (m ’;—; log %)
Therefore, with this bound ACDM is always faster or
matches the running time since the numerical rank of A
is always less than or equals to n. Thus, we see that when
the numerical rank of A is o(n), ACDM will likely 2 have
a faster asymptotic running time.

To be more fair in our comparison to conjugate gradient,
we note that in [27] tighter bound on the performance of CG
was derived and they showed that in fact CG has a running

time of O <Z nnz; (

is faster than CG when Y. | A; < n)\; and it is usually
satisfied. In the extreme cases that the condition is false, CG
will need to run for O(n) iterations at which point an exact
answer could be computed.

n
i=1

A\ 173
T) > implying that ACDM

B. Accelerating Randomized Kaczmarz

The Kaczmarz method [1] is an iterative algorithm to
solve AZ = b for any full row rank matrix A € R™*™.
Letting @; € R™ denote the i-th row of the matrix A, we
know that the solution of AZ = b is the intersection of
the hyperplanes H; % {x : (d@;,#1,) = b;}. The Kaczmarz
method simply iteratively picks one of these hyperplanes
and projects onto it by the following formula:

—

b — (a;, , T
Tkt1 = Projp, (F) & ——— 2 (i T

lasc”

There are many schemes that can be chosen to pick
the hyperplane ¢;, many of which are difficult to ana-
lyze and compare, but in a breakthrough result, Strohmer
and Vershynin in 2008 analyzed the randomized schemes
which sample the hyperplane with probability proportional
to ||a,||§ They proved the following

Theorem 8 (Strohmer and Vershynin [6]). The Kaczmarz
method samples row i with probability proportionally to
||a,||§ at each iteration and yields the following

VE20 (5 - 2 5] < (- n(A) ) o — )

where T* is such that AT* = b, k(A) & |A*1||2 A g is
the relative condition number of A, A~ is the left inverse

of A, ||[A~1 |2 is the smallest non-zero spectral value of A
and |A||§, = > a3 is the Frobenius norm of A .

Here we show show to cast this algorithm as an instance
of coordinate descent and obtain an improved convergence

2The running time of CG may be asymptotic faster when the eigenvalues
form clusters.



rate by applying ACDM. We remark that accelerated Kacz-
marz will sample rows with a slightly different probability
distribution. As long as this does not increase the expected
computational cost of an iteration, it will yield an algorithm
with a faster asymptotic running time.

Theorem 9 (Accelerated Kaczmarz). The ACDM

method samples row i with probability proportionally
N
m

each iteration. It yields the following
K(A)
2ym
Proof: To cast Strohmer and Vershynin’s randomized
Kaczmarz algorithm in the framework of coordinate descent,
we consider minimizing the objective function of theorem
theorem directly, i.e. mingegn % || 7 — * ||2 Since A has full
row rank, we wrlte Z=ATy and consider the equivalent
problem mingerm 5 HAT y— & H Expanding the objective

tomax{||a7;||27 } and performs extra O(1) work at

VE>0 : [E|j’kf*||§<3<1

function and using Az* = b, we get
|a77-#|l, = A7, - 26.9) + 1713 -

Therefore, we attempt solve the following equivalent prob-
lem using accelerated coordinate descent.

)= S AT, - G -

From Example 2, we know that the <¢-th direction
component-wise Lipschitz constant is L; = ||a;||> where a;
is the i-th row of A and we know that Vf (/) = AATj—b.
Therefore, each step of ACDM consists of the following *

1 - .
Tfik (Uk) = Y 5 (AATyk - b)
(23

min f(y) where f(¥)
FER™

Y1 = Ui —

H_‘

ik || ik

Recalling that we had performed the transformation &
AT/ we see that the corresponding step in Z is
- <dzk ) f k> —

3 (Afk — g) _ fk—szk i

i a2
Therefore, ACDM applied this way yields precisely the
randomized Kaczmarz method of Strohmer and Vershynin.

However, to apply the ACDM method and provide com-
plete theoretical guarantees we need to address the problem
that f as we have constructed it is not strongly convex. This
is clear by the fact that the null space of AT may be non
trivial.

To remedy this problem we let Z C R™ denote the null
space of AT, ie. Z = {# € R™ | ATZ = 0}, and we define
the semi-norm ||-|| ,. on R™ by [|7]| ;. = infzez |y + 2|
Now it is not hard to see that f is strongly convex under
this seminorm with convexity parameter 0. = [[A™!||,".
Furthermore, one can prove similarly to the proof of Lemma
3 and Theorem 4 that the algorithm in this theorem achieves
the desired convergence rate. ]

Th1 = Th— =

[l l

3We ignore the thresholding here for illustration purpose.

k
) 170 — I
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C. Faster SDD Solvers in the Unit-cost RAM Model

A matrix A € R™*" is called Symmetric Diagonally
Dominant (SDD) if AT = A and Vi # j € [n] we have
A, > 4 |A;;]. Solving such systems has had numerous
applications in both theoretical and applied computer sci-
ence. For an overview of such systems of equations, their
applications, and their solvers we refer the reader to [11].

The fastest running times in general for solving such
systems are O(m lognlog%)4 due to Koutis, Miller, and
Peng (cite KMP). However, the numerical stability of this
algorithm is difficult to bound and when analyzed in the
standard unit-cost RAM model, the best known running time
is O(mlog® nlog 1) due to Kelner e al. [8].

Here we show how to cast the simplest solver pre-
sented [8] as an instance of coordinate descent, and by
applying ACDM, we obtain a faster running time of
O(mlog®/? nlog 1) in the unit-cost RAM model. Our pre-
sentation will make heavy use of several insights from [8]

and we refer the reader to that paper for further background.

Following the reasoning in [8], solving SDD systems
can be reduced to solving the Laplacian system L& = X
corresponding to a weighted connected graph G = (V, E, w)

where we call w, the weight of edge e € F and r, = wl the
resistance. For notational convenience, we arbitrarily orient
each edge in £ and using this convention define a gr%ph’s
incidence matrix B € RE*V | resistance matrix R € REXE
and Laplacian matrix, £ € RV*V as follows:

def def

B(a,b),c déf ]la:c_]lb:m Rel,ez = 7’51]1@1 =eq) L= BTRilB‘

Letting £*
following:

be the solution of L& = X, we will prove the

Theorem 10. By applying ACDM to a simple
Laplacian system solver in [8], we can produce an

£ € R" such that |T—&*|, < €||&*||, in time
3/2 1
O(mlog” = ny/loglog nlog(=2%)).

Proof: By the method of Lagrange multipliers, the
minimizer z* of the problem

def

BI;!H#*HHHR where |[Zllg & [ rez?
eclE
is R™!Bz*. Therefore, we can find Z* by minimizing

f(H=1 ||z||R and use a BFS to get & from 2.

Now, let Z be any vector such that BT Z; = ¥. With this,
the problem can be simplified to mingr;_g 3 [|Z0 + §||§{
Now, the {¢ € RF|BT'¢ = 0} is simply the set of circulations
of the graph, called cycle space, and therefore to turn
this constrained problem into an unconstrained problem we

simply require a good basis for cycle space.

Such a basis can easily be found by a spanning tree. Given
a spanning tree T" of G, for any (a,b) € E\T let ¢(, ;) € R®
be the circulation that corresponds to sending 1 unit on (a, b)
and 1 unit on the unique path from b to a in T. Now, the

4Where we use O to hide O(loglogn) terms.



set {G. | e € E\ T} forms a basis for cycle space and with
this insight we can simplify the problem further to

REXE\T

]. —_ - €
m}gn\ 2 170 + Cy”i{ where C & [cerces -] €

JER
Now, for every off-tree edge, i.e. e € E\ T, there is only
one cycle c, that passes through it. So, if we let Rp\7 be
the diagonal matrix for the resistances of the off tree edges

we have that for any ¥ € E\ T
min 7. | |7 .
e€ E\T 2

Therefore, the convexity parameter of ||Z + C||% is at
least min ¢ g\7 . This could be wasteful if the resistances
vary, so we compensate by rescaling the space, § = R/?7,
to get the following problem:

J'CTRCG > Y rejle)? >
e€E\T

1 2
min_ f(j) where f(g):§HZO+CR‘1/2;jHR.

QERE\T
By the same reasoning as above, the convexity parameter
of f with respect to the Euclidian norm is 1 and we bound
the e-th direction component-wise Lipschitz constant L. as
follows

—

‘T
¢, Re.

L.=1"R"Y2CTRCR'/?1, = =st(e) + 1.

e

where st (e) denotes the stretch of e by the tree T, i.e. the
sum of the resistances of the edges on the path in I" connect-
ing the endpoints of e divided by the resistance of the edge
e. Therefore, the total component-wise Lipschitz constant is
given by S1 = 3 cpp(st(e) +1) <m+3 pst(e).
Now, as in [8], we can using the following result of Abraham
and Neiman to ensure S; = O(mlognloglogn)

Theorem 11. [28] In O(mlognloglogn) time, we can
compute a spanning tree with Y st(e) = O(mlognloglogn).

Now, applying ACDM to f and letting e; denote the off-
tree edge i.e., coordinate, picked in iteration k, we get 5

1

Geiri= G — 7 (RTV2CTR(% + CR7V%p)) -1,
e €k
- 1 R R _1/9~
=Yk — 71/2 Z Cey, (e)rek (ZO +CR 1/2y)(€) ! ﬂﬁk
Le,rer,” 2
5 1 R _1/9~
=Yk — 12 Z (% + CR 1/21/)(6) 1,
Le,rey e€Ce,

Recalling 4 = R~'/2§ and the derivation of L., we have

1 S _,
rten) + 1) Z re(Z0 + C¥)(e)

eGCBk

Yot1 = Yk — 1, .

SWe ignore the thresholding here again for illustration purpose.
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Noting that the 7 with BTZ = ¥ corresponding to ¥ is
Z = 2y + Cy, we write the update equivalently as

1 - 5
e 1) 2 T )]

EECek,

Zpt1 = 2 —

which is precisely the algorithm of the simple solver in [8].
In [8], they also prove that calls to f;k and updates to ¥, can
be implemented in O(log n). Therefore, by applying ACDM
we can obtain a faster algorithm. Note that apply ACDM
efficiently computations of f: , heed to be performed on the
sum of two vector without explicit summing them. However,
since in this case Vf is linear, we can just call the oracle
on the two vectors separately and also use the data structure
for updating coordinates in each vector separately.

In order to actually solve the Laplacian system, we need to
compute & such that Hff CT)ZHL <e¢ HEW’Hi However,
by Lemma 6.2 of [8], it suffices to show that ||Vf(g)||§ <
ef*. Note that

=

Z(e)re

IVF@ls = >

1
eeE\T °©

e’ e,

Now, suppose we choose o 0. T112en, we see that
lo—55 = 15715 = |REG||, < 2 and
using Lemma 6.1 of [8], we have that é(f@o) -
o< &
of spanning tree % = O(lognloglogn), after k
O(m+/log nloglognlog 1"%) iterations of ACDM, by The-
orem 5, we have that ji;l ||Vf(g'k)||§ < ef*. There-
fore, if we stop ACDM at random iteration between k and
2k — 1, we have that E \|Vf(gk)\\§ < ef* as desired. [ |

Beyond obtaining a faster running time, we remark that
this algorithm did not require recursive techniques that were
necessary for Kelner e al. to achieve there fastest running
time. The simple solver that was accelerated actually had a
running time of O(m log® nloglognlog(n/c)) time due to
the potentially large initial error of f(gp). To achieve their
fastest running time, they ran their solver several times to
ultimately remove the » term in log(n/¢). In our case, since
ACDM measures initial error both in terms of f(7y)— f* and
|5 — 7*||” and since ||j — 7*||* is relatively small, ACDM
avoids this issue entirely.

< f*. Furthermore, since by our choice

VI. TOWARDS THE OPTIMALITY OF ACCELERATED
COORDINATE DESCENT

In this section, we prove that the accelerated coordinate
descent is optimal under the assumption that the iterative
method generates a sequence of vectors {x} such that

Trrr € To -+ span {7, (70), £, (7).« o (@)} (14)



This assumption forbids the iterative method from starting
at any other point other than the initial point and forbids the
algorithm from randomly jumping to completely new points.

Theorem 12 (ACDM Lower Bound). Assume the iterative
method satisfies the assumption (14) and further assume the
method randomly picks each iy uniformly at random. Then,
for any S1 > 4on >0, zg € R™ and k < %, there exists a
convex function f with strong convex parameter o and total
component-wise Lipschitz constant S1 such that

k
o 20 e o
(1—2 ) 17 — @l

2 n51
oS (L e\
n 2 51 '

Proof: See full version.

Elf (@) - =
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