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Abstract—We present new constructions of pseudorandom
generators (PRGs) for two of the most widely studied non-
uniform circuit classes in complexity theory. Our main result
is a construction of the first non-trivial PRG for linear threshold
(LTF) circuits of arbitrary constant depth and super-linear size.
This PRG fools circuits with depth d ∈ N and n1+δ wires,
where δ = 2−O(d), using seed length O(n1−δ) and with error
2−nδ

. This tightly matches the best known lower bounds for
this circuit class. As a consequence of our result, all the known
hardness for LTF circuits has now effectively been translated
into pseudorandomness. This brings the extensive effort in the
last decade to construct PRGs and deterministic circuit-analysis
algorithms for this class to the point where any subsequent
improvement would yield breakthrough lower bounds.

Our second contribution is a PRG for De Morgan formulas
of size s whose seed length is s1/3+o(1) · polylog(1/ε) for
error ε. In particular, our PRG can fool formulas of sub-
cubic size s = n3−Ω(1) with an exponentially small error
ε = exp(−nΩ(1)). This significantly improves the inverse-
polynomial error of the previous state-of-the-art for such
formulas by Impagliazzo, Meka, and Zuckerman (FOCS 2012,
JACM 2019), and again tightly matches the best currently-
known lower bounds for this class.

In both settings, a key ingredient in our constructions is
a pseudorandom restriction procedure that has tiny failure
probability, but simplifies the function to a non-natural “hybrid
computational model” that combines several computational
models. As part of our proofs we also construct “extremely
low-error” PRGs for related circuit classes; for example, we
construct a PRG for arbitrary functions of s LTFs that can han-
dle even the extreme setting of parameters s = n/polylog(n)
and ε = 2−n/polylog(n).

Keywords-pseudorandom generators; threshold circuits; De
Morgan formulas

I. INTRODUCTION

A pseudorandom generator (PRG) for a class F of

functions {0, 1}n → R is an efficient (deterministic) algo-

rithm that maps a short random seed of length � into a longer

string of length n such that for every f ∈ F ,∣∣∣ E
s∈{0,1}�

[f(G(s)]− E
x∈{0,1}n

[f(x)]
∣∣∣ ≤ ε ,

where ε is called the error of the PRG.

In this work we present new constructions of PRGs for

two of the most widely studied non-uniform circuit classes

in complexity theory. Our main result is a construction of

the first non-trivial PRG for linear threshold (LTF) circuits
of arbitrary constant depth and super-linear size. Prior to

this work no non-trivial PRGs or deterministic satisfiability

algorithms were known for LTF circuits of depth d ≥ 3, and

our result builds on considerable efforts dedicated to this

challenge in the last decade. Moreover, our PRG is not only

the first non-trivial one, but in fact already tightly matches
the best known lower bounds for LTF circuits in terms of

size and of error. Our second result is a PRG for De Morgan

formulas of sub-cubic size that has an exponentially small

error, where this error significantly improves on the previous

state-of-the-art by [1]. In this setting too, the parameters of

our PRG tightly match the best known lower bounds and

correlation bounds for De Morgan formulas. Thus, in both

settings, essentially any improvement in dependency of our

PRGs on the circuit size or on the target error would improve

the best known lower bounds for the corresponding circuit

class.

A common initial technical challenge that underlies both

of our PRGs is that of constructing pseudorandom restriction
procedures that “simplify” the circuit with an exponentially
small failure probability. The obstacle here is that the

natural (and well-known) definitions of simplification do not

yield such small failure probability, even if the restrictions

were completely random. To overcome this obstacle, fol-

lowing [2], [3], [4], [5], we explore hybrid computational
models that, despite being less natural, satisfy the following

two competing properties: (1) They are strong enough so

that the circuits simplify to those hybrid models except

for an exponentially small probability; and (2) They are

weak enough that we can fool them using a PRG with a

suitable seed length. Our proofs hinge on a careful balance

of this trade-off, as well as on PRG constructions for the

corresponding hybrid model, both of which significantly

improve on known technical results.

A. A PRG for super-linear size LTF circuits

Recall that a linear threshold function (LTF) is a Boolean

function of the form Φ(x) = 1 ⇐⇒ ∑
i wi · xi > θ,

where w ∈ R
n and θ ∈ R. The class of constant-depth

linear-threshold circuits (LTF circuits) consists of circuits

of constant depth whose gates can compute arbitrary LTFs.
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This circuit class has been studied since the ‘80s, both since

it serves as a natural simple model of neural networks, and

since it is a natural extension of circuit classes for which

strong lower bounds have already been proved, such as AC0

and AC0[p].

While the common belief is that the class TC0 of

polynomial-sized constant-depth LTF circuits1 is strictly

weaker than the class NC1 (of polynomial-sized De Morgan

formulas), at the moment we do not even know of a function

in EXPNP that is hard for TC0. In fact, we do not even

know lower bounds for LTF circuits of size (say) n1.1: The

best currently-known lower bounds against explicit functions

were proved more than 25 years ago by Impagliazzo, Paturi,

and Saks [8], who showed that the parity function is hard for

LTF circuits of depth d with n1+c−d

wires, for some constant

c > 1.2 Despite the fact that no lower bounds for larger LTF

circuits are known, average-case lower-bounds for circuits

of the same size (up to the constant c) against functions in

P were proved several years ago by Chen, Santhanam, and

Srinivasan [3]. Also, for the special case of d = 2, Kane

and Williams [13] proved that Andreev’s function (which is

in P) is hard for circuits with n2.49 wires.

In the last decade, a line of works pioneered by Williams

(see, e.g. [14], [15], [16], [17]) showed that lower bounds

for a circuit class can be proved by constructing non-trivial

deterministic circuit-analysis algorithms for circuits from

this class; that is, by constructing algorithms for satisfiability

or for CAPP3 that are faster than the trivial brute-force

algorithm. Following Williams’ [18] breakthrough lower

bounds for ACC0 circuits that relied on this approach, the

natural subsequent major challenge in complexity theory is

to try and finally prove better lower bounds for LTF circuits

by constructing circuit-analysis algorithms for such circuits

– see, e.g., the first open problem in [19], and also see [14],

[20], [16], [21]. However, a major shortcoming is that so

far we have not even been able to construct circuit-analysis

algorithms that imply the existing lower bounds for LTF

circuits from 1993, let alone new lower bounds; in other

words, so far we have not even been able to “translate the

known hardness into randomness”.

Accordingly, in the past decade an extensive research

effort has been devoted to this challenge, resulting in dozens

1The class TC0 is sometimes defined using unweighted majority gates
and sometimes defined using LTF gates. Both definitions are equivalent up
to polynomial overheads (see [6], [7]), but since we will be concerned with
precise size bounds we will use a specific definition. Note that our PRG
fools the stronger class.

2Here, by “explicit” we mean that these lower bounds are against
functions in P. There are also incomparable lower bounds for general
circuits (that in particular hold for LTF circuits) against functions that are
“not very explicit”, and in particular are not even known to be in NP (see,
e.g., [9], [10], [11]). We also note that the precise value of the constant
c > 1 in this expression turns out to be surprisingly important (see [12]).

3Recall that CAPP (the Circuit Acceptance Probability Problem) is the
problem of distinguishing between circuits with acceptance probability at
most 1/3 and circuits with acceptance probability at least 2/3.

of exciting works. For a single LTF (i.e., a single “gate”

in the circuit), a long line-of-works culminated in a PRG

with near-optimal seed length by Gopalan, Kane, and Meka

(see [22], following [23], [24], [25], [26], [27], [28], [29],

[30]). Various works constructed PRGs for “simple func-

tions” of LTFs, for example for AND ◦ LTF (aka polytopes,

see [31], [25], [32], [33], [34], [35], [36]). For LTF circuits

of depth two and subquadratic size, a PRG with seed length

n1−Ω(1) was constructed by Servedio and Tan [4]; and a

satisfiability algorithm with running time 2n−nΩ(1)

was con-

structed by Alman, Chan, and Williams [37] (following [38],

[39], [40]; this algorithm also works for the larger class

AC0[m]◦LTFn2−Ω(1) ◦LTF, see Section III). However, despite

these efforts, for circuits of arbitrary depth d > 2, prior to

this work no non-trivial deterministic satisfiability or CAPP

algorithm was known. The only known deterministic circuit-

analysis algorithm for such circuits was an algorithm for the

relaxed version of CAPP called quantified derandomization
(see [41]), algorithms for which are not known to imply

lower bounds. We defer further discussion of other relevant

works to Section III.

Building on the rich ideas developed in the last decade,

in this paper we construct the first non-trivial PRG for
LTF circuits of arbitrary constant depth. Moreover, as we

explain below, our PRG construction tightly matches the best
currently-known lower bounds for such circuits – both the

size lower bounds of [8] and the average-case lower bounds

of [3]. Thus, our construction brings the extensive research

effort described above to the point where essentially further

improvement would yield new lower bounds for LTF circuits.

Theorem I.1 (PRG for super-linear LTF circuits). For any
d ∈ N and δ ≤ 200−d, there exists a polynomial-time
computable ε-PRG for the class of LTF circuits of depth
d with at most n1+δ wires, whose seed length is O(n1−δ)

and whose error is ε = 2−nδ

.

We comment that Theorem I.1 holds also for super-

constant values of d ∈ N (for details, see the full version

of the paper [42]). Parsing the parameters of our PRG,

the seed length O(n1−δ) is “slightly non-trivial” (yielding

a CAPP algorithm with running time 2O(n1−δ)), yet essen-

tially any improvement to this seed length would yield

new size lower bounds for LTF circuits. Also, the error of

our PRG is exponentially small, and again essentially any

improvement to this error would imply new average-case

lower bounds for LTF circuits (with respect to a natural

polynomial-time-samplable distribution, as we explain in the

full version [42]). It might seem surprising that the first non-

trivial PRG already has such a small error, but this is not a

coincidence: As explained above, a key technical challenge

underlying our techniques is to reduce the error of certain

auxiliary pseudorandom algorithms (i.e., of pseudorandom

restriction procedures and of PRGs for a related class; we
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elaborate on this in Section II-A).

As part of our proof of Theorem I.1 we also construct

an “extremely-low-error” PRG for an arbitrary function of

a bounded number of LTFs. In particular, our PRG fools

any function of s = n.99 LTFs with error ε = 2−n.99

and

seed length n1−Ω(1); this setting of parameters is close to

the maximal possible one (as there does not exist a non-

trivial PRG for an arbitrary function of n variables, or with

error 2−n), and indeed we will use this PRG with such

small error ε ≈ 2−n.99

in our proof of Theorem I.1. This

significantly improves on the previous state-of-the-art, which

could handle functions of o(n2/5) LTFs and whose error

is sub-exponential (see Section III for details). To present

this result, for any n, s ∈ N denote by ANYs ◦ LTFn the

class of functions {0, 1}n → {0, 1} of the form f(x) =
g(Φ1(x), . . . ,Φs(x)), where the Φi’s are LTFs and g is

arbitrary. We prove that:

Theorem I.2 (low-error PRG for ANYs ◦ LTF). There exists
an ε-PRG for ANYs◦LTFn that is computable in time poly(n)
with seed length Õ

(√
n · (s+ log(1/ε))

)
.

One corollary of Theorem I.2 is a PRG with seed length

o(n) and error ε = 2−n/polylog(n) for the class of LTF

circuits with unbounded depth and at most n
polylog(n) gates

[42, Corollary 6.22]. The class of unbounded-depth LTF

circuits has received less attention in recent years, compared

to TC0, and our PRG almost matches the Ω(n) lower bound

that has been known for this class since the early ‘90s

(see [43], [44], [45]).

A stronger efficiency requirement and a new lower
bound: The PRG in Theorem I.1 in fact meets a stronger

efficiency requirement than just being computable in poly-

nomial time. Specifically, we show that the PRG can also be

made strongly explicit (some sources use the term “local”):

Given a seed s and an index i ∈ [n], we can compute the

ith output-bit of the PRG G(s)i in time O(|s|) = O(n1−δ).

The existence of PRGs meeting such a strong efficiency

requirement implies that the fooled circuit class cannot solve

the Minimum Circuit Size Problem (MCSP) [46]. Thus,

our results imply the first unconditional lower bound for

solving MCSP by LTF circuits of super-linear size. (For

context, recall that MCSP is widely believed to be hard

even for P/poly, see [46], [47].) Moreover, our construction

implies that such circuits cannot even solve the relaxed

problem gapMCSP[s1, s2]: In this promise problem we are

given a truth-table f ∈ {0, 1}2� and need to decide whether

the circuit complexity of f is at most s1(�) or at least s2(�).

Corollary I.3 (MCSP lower bound for LTF circuits of

super-linear size; see [42, Theorem 6.26] for a more gen-

eral statement). For any constant d ∈ N it holds that
gapMCSP

[
2(1−400−d)·�, 2�−1/�

]
cannot be decided by LTF

circuits of depth d with n1+400−d

wires.

The combination of Corollary I.3 and of recent “hardness

magnification” results reveals a sharp threshold phenomenon

for solving gapMCSP by LTF circuits of super-linear size.

Specifically, improving the unconditional lower bound in

Corollary I.3 to hold against slightly larger circuits would

imply dramatic lower bounds for all of TC0. This follows

from the results of Chen, Jin, and Williams [48], which

imply that for some constant c > 1, if for all β > 0 it

holds that gapMCSP
[
2β·�, 2�−1/�

]
cannot be decided by

LTF circuits of depth d′ = 2d with n1+c−d′
wires, then NP

is not contained in TC0
d[n

k] for any fixed k ∈ N. 4

This sharp threshold phenomenon adds to several very

recent results that demonstrated such a phenomenon for

solving other problems by LTF circuits of super-linear

size [12] (specifically, for solving certain NC1 problems and

for solving the problem of quantified derandomization), and

for solving MCSP (or the closely related problem MKtP) by

other circuit classes, including AC0 circuits, AC0[⊕] circuits,

and polynomial-sized formulas (see [49], [50], [48], [51],

[52], [53]).

B. A low-error PRG for De Morgan formulas

Our second main result is a PRG for the class of De
Morgan formulas, which consists of formulas of fan-in 2
over the De Morgan basis (i.e., with AND, OR, and NOT gates).

This class has been widely studied since the early ‘60s, with

a focus on the sub-class NC1 of polynomial-sized formulas,

which is a non-uniform analogue of computation in parallel

logarithmic time.

A common conjecture is that NC1 cannot compute all

functions in P. However, at the moment, the best lower

bounds that we know for NC1 against explicit functions

hold for De Morgan formulas of size n3

polylog(n) ; these were

proved by Håstad [54] (following [55], [56], [57], [58],

[59]), with subsequent log-factor improvements [60], [61].

These bounds were extended to average-case lower bounds

by Komargodski, Raz, and Tal [62] and Bogdanov [63]

(following [64], [65]; see also [66], [61]), who showed that

for any parameter r ≤ n, De Morgan formulas of size
n3

r2·polylog(n) cannot compute a corresponding function in P

with success probability more than 1/2+2−r; in particular,

for r = nδ , this gives an average-case lower bound of

1/2 + 2−nδ

for De Morgan formulas of size n3−2δ−o(1).

Almost a decade ago, Impagliazzo, Meka, and Zucker-

man [1] were able to essentially match the known formula
size lower bounds with a polynomial-time computable PRG,

which has seed length s1/3+o(1), fooling De Morgan formu-

las of size s. While their PRG matches the known size lower

bounds, it unfortunately supports only inverse-polynomial

4In fact, their result is even stronger, and only requires a lower bound
against the non-gap version of MCSP for circuit-size 2β·� (see [48, Theo-
rem 1.1, Item 7]. Thus, intuitively, the difference between the unconditional
result in Corollary I.3 and a result that would imply lower bounds for all
of TC0 is even smaller.
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error and not exponentially small error,5 and therefore does

not match the known average-case lower bounds, which

assert at most an exponentially small advantage. Later on,

Kabanets, Koroth, Lu, Myrisiotis, and Oliveira [36, Theorem

2] constructed a PRG for De Morgan formulas whose

leaves are labeled by functions with low communication

complexity. Their PRG fools a more general class, and

its seed length has logarithmic dependency on the error

parameter, but unfortunately the seed length is proportional

to
√
s, and therefore this PRG is non-trivial only when the

formulas are of quadratic size rather than of cubic size.

In this work we construct a PRG that nearly matches the

known lower bounds for De Morgan formulas both in terms

of formula size and in terms of the average-case hardness

(i.e., in terms of the error probability of the PRG). In more

detail:

Theorem I.4 (low-error PRG for De Morgan formulas).
There exists a polynomial-time computable ε-PRG for De
Morgan formulas of size s on n variables with seed length(

s1/3 · log2/3(1/ε) + log2(1/ε)
)
· 2O(

√
log s) · polylog(n)

= s1/3+o(1) · polylog(n/ε) .

As one particular setting of the parameters, our PRG

yields a function in NP that cannot be computed by De

Morgan formulas of size n3−2δ−o(1) with success probability

more than 1/2 + 2n
−δ

over a natural polynomial-time-

samplable distribution, for any δ > 0 (see [42, Proposition

4.11]). This essentially matches the best known average-case

lower bounds for De Morgan formulas by [62], [63], which

were mentioned above.

II. HIGH-LEVEL PROOF OVERVIEWS

We now present high-level overviews of our proofs.

First, in Section II-A, we will describe the common high-

level technical challenge underlying both constructions, and

our general approach for handling this challenge. Then in

Section II-B we describe our construction of a PRG for De

Morgan formulas (i.e., Theorem I.4), which is considerably

simpler than our PRG for LTF circuits and nevertheless

showcases our approach. Finally, in Section II-C, we move

on to the more involved construction of a PRG for LTF

circuits (Theorem I.1).

A. The common high-level technical approach

Like most of the known unconditional PRGs for circuit

classes, our constructions are based on pseudorandom re-
strictions that simplify every circuit in the class to a simpler

circuit, with high probability. There are many known frame-

works for obtaining PRGs from pseudorandom restrictions

5More precisely, the result statements in [1] assert an error of s−O(1), but

a careful examination of their analysis shows that an error of 1/so(log s)1/3

is possible with similar seed length s1/3+o(1). Nonetheless, when the error

is 1/sω(log s)1/3 the seed length becomes trivial.

(see, e.g. [67], [1], [68], [69]), yet a common property is

that the error of the PRG crucially depends on the failure
probability of each restriction (i.e., the probability that the

circuit does not simplify under restriction). In particular,

when each restriction fails with probability p or more (where

p is the fraction of variables kept alive by the restriction),

we do not obtain any non-trivial PRG. (This is because

these PRGs typically involve at least p−1 applications of

restrictions.)

In classical analyses of restrictions (e.g., in [70], [54]), one

aims to prove that every circuit simplifies to a circuit from

the same class that is shallower or of significantly smaller

size. The main problem for us is that such statements simply

do not hold with very high probability for LTF circuits or

for De Morgan formulas. For example, a size-n De Morgan

formula might only depend on O(log n) variables. Under

a random restriction, the formula remains completely intact

with probability pO(logn) > 2−O(log(n)2). For LTF circuits

the situation is even worse: Even a single majority gate fails

to simplify with sufficiently high probability; we would like

the gate to become constant under the restriction, or at least

extremely biased, but the probability of that not happening is

at least
√
p� p. This means that we cannot hope to get any

non-trivial PRG for LTF circuits using this approach, and

this has indeed been a main bottleneck prior to the current

work.

Our way to bypass this obstacle in both settings, general-

izing ideas from [2], [3], [4], [5], is to change the definition

of what it means to “simplify”. Instead of trying to claim that

each circuit simplifies to a shallower or smaller circuit, as in

classical results, we will claim that the restricted circuit can

be computed by a hybrid computational model, which is an

artificial combination of several models that is nevertheless

“simpler” in some useful sense. Indeed, in both settings this

relaxation allows us to reduce the failure probability of the

restriction to be exponentially small. The trade-off, though,

is that we will have to deal with restricted functions that

are more complicated than just simpler circuits from the

same class (i.e., they are computable by hybrid models).

Our proofs will hinge on a careful balance of this trade-

off. For example, improving on a previous result of [3], we

will show that with probability 1− exp(−nΩ(1)), restricted

LTF circuits of super-linear size can be approximated by a

decision tree of depth significantly less than p · n whose

nodes query both variables and LTFs, and whose leaves are

labeled by (small sets of) LTFs (see Proposition II.2 and

the preceding explanation); indeed, the precise balance of

parameters here is crucial for our PRG construction.

To be more specific, in each of the two settings we

will need three new technical results to construct our PRG.

First, we will show that a truly random restriction simpli-

fies the circuit to a suitable hybrid model with probabil-

ity 1 − exp(−nΩ(1)). Then, to use a restrictions-to-PRG

framework, we will derandomize the latter result, showing
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that a suitable pseudorandom restriction also simplifies the

circuit to the corresponding hybrid model with probability

1−exp(−nΩ(1)).6 And lastly, we will have to fool the hybrid

model in a way useful for the particular restrictions-to-PRG

framework; for LTF circuits we construct a new PRG for

the hybrid model (which will be a corollary of Theorem I.2),

whereas for De Morgan formulas we will refine an extractor-

based argument of [1] to work for the hybrid model.

We stress that our motivation for undertaking this ap-

proach is different in each of the two settings. For De

Morgan formulas, we want to improve the error of the pre-

vious state-of-the-art PRG of [1]. However, for LTF circuits,

as mentioned above, the failure probability of previously-

known restrictions was a bottleneck toward obtaining any
PRG whatsoever. Our motivation for reducing the failure

probability is in order to construct the first non-trivial PRG

for this class.

We comment that this general approach is also useful for

fooling other circuit classes. For branching programs and for

formulas over an arbitrary basis, it can provide PRGs with

improved dependence on error compared to the previous

state-of-the-art by Impagliazzo, Meka, and Zuckerman [1].

However, for these two classes, it turns out that a more

elementary approach gives even better parameters, as we

explain in the full version of the paper [42, Appendix B].

B. Low-error PRG for De Morgan formulas

For De Morgan formulas we will build on the PRG

framework of Impagliazzo, Meka, and Zuckerman [1], which

they used to construct the previous state-of-the-art PRG.

Loosely speaking, their PRG framework combines t ≈ p−1

restrictions, and the PRG’s error suffers a union-bound over

the failure probability of these t restrictions. It is well-known

that a random restriction shrinks every size-s De Morgan

formula to a formula of expected size O(p2 · s) (see [54],

[60]), and in [1] they showed a concentration bound for this

result that also holds for a pseudorandom restriction: For

p ≥ 1/
√
s, their restriction shrinks every size-s De Morgan

formula to a formula of size p2−o(1) · s with probability

1− s−O(1) (see [1, Lemma 4.8]).

As mentioned in Section II-A, it is impossible to improve

the failure probability in their result to be smaller than

pO(log(n)) > 2− log(n)2 , since a De Morgan formula that

is sensitive only to O(log(n)) input variables does not

simplify at all with such probability. Nevertheless, in this

counterexample, a small number of variables are the ones

responsible for the function’s failure to simplify: In fact, if

we were allowed to make a small number of “queries” to

variables, the function would become trivial.

We show that in general, querying only a small number of

variables helps us avoid almost all possible failure scenarios

6We note in advance that our technical result statements typically already
assert the result for a pseudorandom restriction (which is stronger than the
corresponding result for a random restriction).

for the restriction: For any De Morgan formula of size s,

with probability 1−ε over a random restriction, the restricted

formula can be ε-approximated by a decision tree of depth

so(1) ·polylog(1/ε) whose leaves are labeled by formulas of

size p2−o(1) · s. Moreover, we show that this happens also

for a suitable pseudorandom restriction:

Proposition II.1 (low-error pseudorandom restrictions for

De Morgan formulas, informal). For any n, s ∈ N, p ∈
(1/n, 1/2) and ε > 0, there exists a distribution over
restrictions ρ ∈ {0, 1, �}n keeping each variable alive
with marginal probability p′ ≥ p that is samplable in
time poly(n, s) with so(1) · polylog(n/ε) random bits and
satisfies the following. For every size-s De Morgan for-
mula f , with probability at least 1 − ε the formula f�ρ
can be ε-approximated by a decision tree of depth so(1) ·
polylog(sn/ε) with formulas of size p2−o(1) ·s at its leaves.7

Let us first describe the main idea in the proof of Proposi-

tion II.1. Recall that a De Morgan formula is called read-k
if each variable appears at most k times among the leaves.

In [1] they first showed that read-k formulas shrink with

extremely high probability; specifically, for k = pO(1)

log(s/ε) · s,

they showed that a pseudorandom restriction shrinks any

read-k formula from size s to size O(p2 ·s), with probability

1−ε. This can indeed yield an exponentially small error with

seed length smaller than n, and the main part in their analysis

that increases the error to 1/poly(s) is a subtle reduction

from the case of general De Morgan formulas to the case of

read-k De Morgan formulas. (Similarly, the analyses of [65],

[62], [71] also had to handle the “heavy” variables in a non-

trivial manner.)

Our key observation here is simple: Using a DT, we can

just query all the “heavy” variables, i.e., variables that

appear more than k times, thereby reducing the case of a

general De Morgan formula to the case of a DT with read-k
De Morgan formulas at its leaves. Since there are at most

s/k heavy variables, the depth of our DT will be at most

s/k = poly(p−1) · log(s/ε). While this does not yet achieve

the parameters stated in Proposition II.1, we follow [1] in

composing less than log(1/p) restrictions that each keep

a q = s−o(1) fraction of live variables such that their

composition keeps a p fraction of live variables; the depth

of our DT is thus less than log(1/p) ·poly(q−1) · log(s/ε) <
so(1) · polylog(sn/ε), as stated in Proposition II.1.

The trade-off, however, is that since we simplify a De

Morgan formula to a hybrid model rather than to a smaller

De Morgan formula, a naive application of the PRG frame-

work of [1] would yield a trivial seed length: This is

because the seed length in their analysis is proportional to

the description length of the restricted function, whereas our

7To use this result in our PRG construction we actually need a stronger
notion of approximation. In our technical result we show that the formula
is approximated with “zero-error” by the hybrid model, but for simplicity
we ignore this in the high-level overview.
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hybrid model requires a very large description (exponential

in its depth). To overcome this we modify their analysis such

that it can handle our hybrid model. Specifically, we show

that if the restricted function can be computed by a DT with

m leaves, each labeled with a function of description length

s0, then we can replace an additive term of Õ(m · s0) in

the seed length (which is too much for us) with an additive

term of Õ(s0 + log(m)), at the (mild) cost of multiplying

the final seed length by log(m/ε). See the full version of

the paper [42] for details.

C. PRG for super-linear LTF circuits

We now describe the proof of Theorem I.1. For simplicity,

in the high-level overview we think of d ∈ N as a constant,

and fix δ = 2−O(d), where the O hides a universal constant.

We want to construct a PRG for LTF circuits of depth d with

at most n1+δ wires, which has seed length n1−δ and error

2−nδ

. As part of this proof we will also describe the proof of

Theorem I.2 (our PRG for ANYs◦LTFn), and a self-contained

description of the latter appears in Section II-C3.

1) Overview: Basic ideas and main challenges: For this

setting we will use the classical restrictions-to-PRG frame-

work of Ajtai and Wigderson [67]. The first component

needed to instantiate this framework is a pseudorandom

restriction, or more specifically a pseudorandom way to

choose ≈ p ·n variables such that for every LTF circuit with

depth d and n1+δ wires, when fixing the rest of the variables

uniformly, with high probability the circuit simplifies to

some class Csimple. The second component that we need

is a PRG for the class Csimple.

Random restrictions for LTF circuits of depth d with

n1+δ wires were previously studied in [72], [3]. In the

most relevant result to our setting, Chen, Santhanam, and

Srinivasan [3, Lemma 39] proved that a random restriction

simplifies any such circuit to a corresponding hybrid model

with exponentially small failure probability (jumping ahead,

the hybrid model that we will use will be a refinement

of their hybrid model). Moreover, even a pseudorandom
restriction procedure for such circuits is already known

(see [41]). The foregoing procedures (as well as all other

procedures that we will mention below) use the parameter

value p = n−α, where α is a small constant. However, these

restriction procedures do not suffice in order to obtain a PRG

via the [67] framework. Concretely, we are faced with three

main challenges:

1) Stronger simplification of the restricted function.
The first challenge is that in previous analyses the
hybrid model to which the restricted LTF circuit sim-
plifies is not “simple enough” to be useful in known

restrictions-to-PRG frameworks. Specifically, to get

a PRG we will need to “fool” the restricted circuit

using significantly less randomness than the remaining

p · n bits. However, in [3], [41] the hybrid model

involves a DT of depth (1 − o(1)) · (p · n), which

requires seed length essentially p · n to “fool”.8 We

need to show that random restrictions (and, later on,

pseudorandom ones) simplify any LTF circuit to a

“sufficiently simple” hybrid model, for which we can

(potentially) construct an unconditional PRG with seed

length o(p · n).
2) Low-error derandomization. The second challenge

is that the error probability of the known pseudoran-
dom restriction procedure is too large to be useful in

the known restrictions-to-PRG frameworks. As men-

tioned in Section II-A, the [67] framework involves a

union-bound over p−1 restrictions, and therefore the

error of each restriction has to be at most p. However,

the analysis of pseudorandom restrictions in [41] only

bounds the error by p1/5, using a naive concentration

bound (i.e., Markov’s inequality); whereas the analysis

of [3] for truly uniform restrictions relies on a read-k
Chernoff bound (i.e., on [73]), which is not known to

hold for a suitable pseudorandom distribution.

3) Constructing a PRG for the hybrid model. Lastly,

after we show that suitable pseudorandom restrictions

simplify any LTF circuit to a “sufficiently simple” hy-

brid model with sufficiently small failure probability,

we need to construct a PRG with seed length o(p · n)
and error smaller than p for the hybrid model. As we

will explain in Section II-C3, previously-known PRG

constructions do not seem to suffice for this purpose.

We now state our two key technical results underlying

Theorem I.1, corresponding to the challenges above. First,

we construct a pseudorandom restriction procedure with seed

length approximately p−1 and failure probability ε = 2−nδ

that simplifies any LTF circuit of super-linear size to a

sufficiently simple hybrid model. In more detail, the hybrid

model that we consider is a DT whose gates query both
LTFs and variables, with no more than pΩ(1) · (p · n)
variables and O(n1/4) LTFs queried in each path, and whose

leaves are labeled by LTFs. Indeed, the precise depth and

number of queries of each type that this DT makes are of

crucial importance to our results. (Our actual hybrid model

is unfortunately slightly more complicated, labelling each

leaf with a small set of LTFs rather than with a single LTF,

since for our PRG we will need to show that any LTF circuit

can be sandwiched with error ε between two functions that

are each computable by such a hybrid model. For simplicity,

we ignore this fact and the more complicated model in the

high-level overview.)

Proposition II.2 (low-error pseudorandom restrictions for

super-linear LTF circuits, informal). For any constant d ∈ N

and δ = 1
2 ·50−d, there is a distribution over subsets I ⊆ [n]

8In [41], the pseudorandom algorithm gets as input an LTF circuit and
queries variables according to that specific circuit, but this argument can
be easily converted to a “black-box” pseudorandom restriction algorithm
that simplifies any circuit to a DT with parameters essentially as in [3].
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of size �pn�, where p = n−(1+δ)/10, that can be sampled
in time poly(n) with n1/10+O(δ) random bits, such that the
following holds. For any depth-d LTF circuit over n bits
and with n1+δ wires, when fixing uniform values for the
variables in [n] \ I, with probability at least 1 − 2−nδ

the
restricted circuit can be 2−nδ

-approximated by a decision
tree in which each path queries at most pΩ(1)·(p·n) variables
and O(n1/4) LTFs, and each leaf is labeled by an LTF.

Our second key technical result is a low-error PRG for the

hybrid model from Proposition II.2, which has seed length

pΩ(1) · (p · n) (note that this is essentially the best possible

seed length, given that the DT queries pΩ(1) · (p ·n) variables

in each path). This low-error PRG will follow as a special

case of the PRG that was stated in Theorem I.2.

Proposition II.3 (low-error PRG for the hybrid model,

informal). Consider the class of functions over n′ input
bits that are computable by decision trees that in each path
query at most D variables and M LTF functions, and whose
leaves are labeled by LTFs. Then, there exists an ε-PRG for
this class, computable in poly(n′) time, with seed length
Õ
(√

n′ · (D +M + log(1/ε))
)

.

In our application, given the restriction procedure in

Proposition II.2, we will have n′ = �pn� and D =
pΩ(1) · (p · n) and M = O(n1/4), and we will use the

error parameter ε = 2−nδ

. Therefore, the seed length

of the PRG from Proposition II.3 will be dominated by

Õ(
√

(p · n) ·D) ≤ pΩ(1) · (p · n).
In the following Sections II-C2 and II-C3 we will de-

scribe the main ideas behind the proofs of Propositions II.2

and II.3, respectively. We note that these two sections can

be read independently of each other.

2) Low-error pseudorandom restrictions that “sufficiently
simplify” the circuit: We now describe the proof of Propo-

sition II.2, in high-level and while not specifying precise

parameter values for simplicity. We will iteratively restrict

the circuit for d − 1 iterations; in each iteration i we start

with a DT whose leaves are labeled by LTF circuits of depth

i, and our goal is to simplify it to a DT whose leaves are

labeled by LTF circuits of depth i − 1. For simplicity, let

us first ignore the parameters of the DT, and just focus on a

single circuit.

A single iteration: We choose the variables to keep

alive via a k-wise independent distribution, for k ≈ p−1 ·
log(1/ε). Following [3], [41], we partition the graph be-

tween the gates at the bottom layer and the variables into

three parts: The one induced by “heavy” variables, the

one between “light” gates and “light” variables, and the

remaining one between “heavy” gates and “light” gates

(we intentionally avoid precise definitions in this high-level

description). Our goal is to show that after the restriction,

and given appropriate queries of variables and of LTFs by

the DT, all light gates will have fan-in at most one, and all

heavy gates will become extremely biased. In this case we

will replace the heavy gates by the corresponding constant,

and will thus be able to reduce the depth of the circuit by

one (at a cost of a small approximation error).

1. Heavy variables. Analogously to the setting of De Morgan

formulas, our DT first queries all the heavy variables. Recall

that the circuit has only n1+δ wires; we define heavy

variables so that the DT would query at most pΩ(1) · (p · n)
such variables.

2. Light gates and light variables. The subgraph induced

by light gates and light variables was handled in previous

arguments using a simple graph-theoretic argument, which

resulted in a DT that is too deep for our purposes (i.e., the

previous DTs were of depth (1− o(1)) · (p · n) whereas we

need depth o(p · n)). We handle this subgraph using a more

refined graph-theoretic argument. First, we carefully set the

parameters (in all other parts of our proof) such that the

expected number of variable-pairs in this subgraph that both

feed into a common gate and that survive the restriction is

pΩ(1) · (p · n).
Now we prove a concentration bound, showing that with

probability 1− ε under our choice of restrictions, indeed at

most pΩ(1) ·(p ·n) such variable-pairs survive the restriction.

To prove this bound we rely on the fact that the subgraph

between light gates and light variables has small degree: This

allows us to partition the light gates into few large sets that

read disjoint subsets of variables. Given this concentration

bound, with probability 1 − ε, after the restriction our DT

can query all the pΩ(1) · (p ·n) living variables participating

in such pairs, hence reducing the fan-in of all gates in the

subgraph to at most one (which allows us to merge these

gates into the layer above them).

3. Heavy gates and light variables. Lastly, we are left with

the subgraph between heavy gates and light variables, which

is the most interesting part in the argument. The analysis

of [3] for a truly random restriction handled this subgraph

with an exponentially small failure probability; but this

analysis relied on a read-k Chernoff bound [73], which we

do not know how to derandomize in our particular setting

using only p · n random bits. We use a k-wise independent

choice of variables to keep alive, and rely on an analysis

that refers to the particular structure of each LTF function

(computed by a gate in the circuit) to show that with all but

an exponentially small failure probability, we can simplify

this subgraph after at most pΩ(1) · (p ·n) queries to variables

and p−O(1) queries to LTFs. Details follow.

The idea underlying previous results is to rely on a

“restriction lemma” for a single LTF, which shows that

each gate in this subgraph becomes extremely biased with

probability 1 − pΩ(1) when restricted. Thus, we expect the

fan-in of each gate in this subgraph to decrease by a factor

of about p (recall that gates are heavy), and that all but a
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pΩ(1) fraction of the gates will become extremely biased.

When this happens, we can replace the extremely biased

gates by constants, thereby reducing the number of wires in

the subgraph by a p · pΩ(1) factor, and then we can query of

all the p1+Ω(1) ·n1+δ = pΩ(1) · (p ·n) remaining variables in

the subgraph using our DT (hence eliminating the subgraph

completely). However, it is not clear how to show that the

decrease of p1+Ω(1) in the number of wires happens with

high probability, rather than just in expectation.

Recall that our choice of values for fixed variables is

uniform, but that our choice of which variables to keep alive

is only k-wise independent. The key problem is the latter

choice might restrict some gates in a manner such that we

can no longer claim that a uniform choice of values makes

these gates biased with probability 1− pΩ(1). To overcome

this problem, we prove that with all but exponentially small

probability, after choosing the live variables we can use the

DT to query pΩ(1) · (p · n) additional variables in a careful
way, which takes into account the particular structure of
each LTF gate, such that after these queries, each LTF

becomes biased with probability at least 1 − pΩ(1) over a

uniform choice of values for the restricted variables. We

stress that we are considering two different events and

distributions here: We are interested in proving that with

extremely high probability 1−ε, our pseudorandom choice of

variables is “good” for each and every LTF gate (after query-

ing additional variables); whereas the meaning of “good”

here is that with moderately high probability 1− pΩ(1) over

random choice of values for fixed variables, the LTF gate

becomes biased. Conditioned on any successful choice of

live variables, we can now apply the read-k Chernoff bound

to the uniform choice of values for fixed variables, and

deduce that the fraction of unbiased gates is very close to

pΩ(1). One caveat is that during this process, our DT will also

query a small number of LTFs, rather than only variables.

Subsequent iterations and approximation errors: The

above procedure transforms a circuit Cd of depth d into

a DT over LTFs and variables whose leaves are labeled by

circuits of depth d− 1 and that approximates Cd with very

small error, where the approximation error comes from the

fact that we replaced biased gates by constants.

Our goal now is to iteratively apply further restrictions,

in order to further reduce the depth of the LTF circuits at

the leaves of the DT, until we reach a DT whose leaves are

labeled with LTF circuits of depth one (i.e., LTFs). For i =
d−1, . . . , 1, we reduce the model to a decision tree querying

at most Di variables and Mi gates, and most importantly,

whose leaves are circuits of depth i. (We index iterations

backwards as they correspond to the depth of the LTF circuits

on the leaves.) Note that when applying a restriction with

value pi to a DT of depth Di, in addition to claiming that the

LTF circuits at the leaves of the DT become shallower, we

also need to claim that the depth of the tree itself decreases

to roughly pi ·Di (to ensure that the final depth of the DT is

sub-linear in the number of alive variables). We show that

in each iteration both statements hold for 1−ε of the leaves.

However, when composing restrictions in this manner we

are faced with a subtle issue, which is the bottleneck in

the proof that necessitates having an exponentially small
error in each restriction (i.e., the argument would not follow

through with larger error). Recall that each leaf contributes

a small error to the global tree, where the source of error

is that the new DT that labels this leafs only approximates

the corresponding function. Also recall that when counting

the global error, the underlying distribution refers to the

errors each leaf makes on inputs that correspond to this leaf,

under a uniform choice of input. The issue arises since the

initial DT queries not only variables but also LTFs: Hence,

a uniform choice of input does not induce a uniform choice

of input in each leaf, since the set of inputs that reach any

particular leaf are the ones who also satisfy the queries of

the LTF gates along the path. In particular, this means that

the weight of errors inside each leaf might be amplified.

The key to resolving this issue is to rely on the fact

there are at most Mi LTFs in each path, and therefore we

intuitively expect the distribution over inputs inside the leaf

to be skewed by a multiplicative factor of at most 2Mi . We

indeed formalize this intuition, and to solve the issue, in each

restriction i we ensure that the number of queried LTFs is at

most Mi = p
−O(1)
i , and we make sure that the error in the

subsequent iteration, εi−1 will be much smaller than 2−Mi .

(This is done by choosing, in each subsequent iteration, a

smaller value for pi−1, i.e., pi−1 � pi.) Hence, the global

in the subsequent restriction will be at most εi−1 ·2Mi � εi.

3) Low-error PRG for the “sufficiently simple” hybrid
model: Our goal in this section is to prove Theorem I.2,

i.e., to construct a PRG for the class ANYs ◦ LTFn of

functions that can be computed as an arbitrary function of s

LTFs, whose seed length is Õ
(√

n · (s+ log(1/ε))
)

. Our

main application of this result is Proposition II.3, which

follows easily as a corollary (see [42, Section 2.3.3] for an

explanation). We note in advance that the crucial thing for

this corollary is that the PRG will be able to handle a tiny

error of ε ≈ 2−n.99

.

Until recently, the seed length of known PRGs, even for

the special case of AND◦LTF, was proportional to log(1/ε)2,

which is too much for us (see [31], [32], [33], [35]).

However, very recently Kabanets, Koroth, Lu, Myrisiotis,

and Oliveira [36] constructed a PRG that has a better

dependency on the error, while simultaneously handling a

larger class of composition functions. Specifically, when the

composition function is a De Morgan formula of size s, their

seed length is Õ
(√

n · s1/4 · log(1/ε)). While this is still not

good enough for our application, their ideas will serve as our

starting point.

Let f(x) = h(g1(x), . . . , gs(x)) for gi’s that are LTFs

and for some composition function h. Informally, the main
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idea underlying [36] is to reduce the problem of ε-fooling

f to the problem of δ-fooling communication protocols for

functions of the form ḡ(x) =
∏

j∈[Δ] gij (x), where Δ ∈ N

is not too large but the error δ is very small. To do so, in the

analysis they first (ε/3)-approximate h by a real polynomial

ph of bounded degree Δ, then replace each of the monomials

ḡ of the polynomial by a corresponding randomized com-

munication protocol with error ε/3s, and finally claim that

our PRG “fools” each of the communication protocols with

sufficiently low error δ � ε/2
˜O(Δ) allowing for a union-

bound over monomials. (See [36, Theorem 25] for details.)

Instantiating the approach above with the trivial degree-s
polynomial representation of h and with efficient random-

ized communication protocols for functions of the form ḡ
and with suitable PRGs for these protocols, the resulting

seed length is Õ
(√

n · s · log(1/ε)). Tracking the parameters

carefully, the multiplicative term of log(1/ε) comes from

computing each ḡ up to error ε/3s.

Our main idea is to avoid the multiplicative overhead of

log(1/ε) by making the polynomial ph “robust to noise”
at each coordinate, which allows us to use communication
protocols with constant error rather than with error ε/3s. To

do so we use a beautiful result of Sherstov [74]: For every

polynomial ph, he constructed a “robust” polynomial p̃h of

degree d = O(deg(ph)+log(1/ε)) such that for every input

x ∈ {0, 1}n and “noise” η ∈ [−1/3, 1/3]n it holds that∣∣∣ph(x) − p̃h(x + η)
∣∣∣ < ε. In high-level, to ε-approximate

h(g1, . . . , gs) by a low-degree polynomial of communication

protocols, we will take a trivial representation of h by a

degree-s polynomial ph, convert ph to the robust polynomial

p̃h guaranteed by [74], and instead of “feeding” p̃h the

functions g1, . . . , gs, we will feed p̃h the expected values
of the communication protocols for each gi, while relying

on the fact that p̃h is robust to the errors of the protocols.

In more detail, for each gi denote by gi a randomized

communication protocol for gi with error 1/3. Then, for

every x ∈ {0, 1}n we have that∣∣∣h(g1(x), ..., gs(x))− p̃h(E[g1(x)], ...,E[gs(x)])
∣∣∣ < ε/3 ,

where we relied on the fact that for each i it holds that

E[gi(x)] is (1/3)-close to gi(x) and that p̃h is (ε/3)-robust

to a noise of up to 1/3 per coordinate. Our goal is to

fool the function f̃(x) = p̃h(E[g1(x)], ...,E[gs(x)]), and

we want to show that it suffices to use a PRG that δ-

fools communication protocols for functions of the form

ḡ =
∏

i gi, where δ is sufficiently small. The final observa-

tion that allows us to do so is that any monomial of f̃ , which

is of the form Πi E[gi] can be thought of as the expected

value of the natural randomized protocol that independently

runs protocols for the gi’s and accepts if all of the protocols

accepts. Since any PRG for communication protocols also

fools the expected value of a randomized protocol, our PRG

fools the monomials of f̃ with low error. Assuming that

the error is sufficiently small to allow for a union-bound

over monomials (taking into account the weights of their

coefficients), our PRG also fools f̃ itself.

The argument above allows us to replace the (ε/3s)-error

of the communication protocols by error ρ = 1/3. We then

instantiate communication protocols (for composition of d
LTFs) and PRGs (for the communication protocols) as above,

and obtain a PRG for ANYs◦LTF with seed length Õ(
√
n · d·

log(1/ρ)) = Õ(
√

n · (s+ log(1/ε))).

III. PREVIOUS WORK ON CIRCUIT-ANALYSIS

ALGORITHMS FOR LTF CIRCUITS

As mentioned in Section I-A, a large number of previous

works focused on circuit-analysis algorithms for LTF cir-

cuits, and we now survey the previously known algorithms

that are deterministic. (We do not survey the many known

randomized algorithms here; see, e.g., [3], [37], [75], [36].)

Single LTFs and simple compositions of LTFs:
For a single LTF, a PRG with near-optimal seed length

Õ(log(n/ε)) was constructed by Gopalan, Kane, and

Meka [22], following [23], [24], [25], [26], [27], [28],

[29], [30]. Concurrently and subsequently, various PRGs

were constructed for “simple compositions” of LTFs, and

in particular for AND ◦ LTF (i.e., for polytopes, see [31],

[25], [32], [33], [34], [35], [36]), for monotone functions of

LTFs [31], and for small De Morgan formulas of LTFs [36].

The class ANYo(n) ◦ LTF: The problem of fooling

ANYs◦LTF with error ε reduces to fooling ANDs◦LTF with er-

ror ε/2s [34, Footnote 1]. Combining this reduction with the

PRG of [36, Theorem 30], one can obtain a PRG for ANYs ◦
LTF with seed length Õ

(√
n · (s5/4 + s1/4 · log(1/ε))),

which is non-trivial for s ≤ n2/5/polylog(n) (note that

this result is superseded by Theorem I.2). Chattopadhyay,

De, and Servedio [34] (following [31]) constructed a deter-

ministic algorithm that approximately counts the fraction of

satisfying assignment for a given ANYs ◦ LTF circuit, up to

error ε, in time poly(n) ·2poly(s,1/ε). Note that their running

time has an optimal dependency on n, but becomes trivial

when s ≥ nΩ(1) or ε ≤ n−Ω(1). In comparison, the PRG

from Theorem I.2 always has seed length at least
√
n, which

is sub-optimal in the parameter n, but its seed length remains

o(n) even for s = n/polylog(n) and ε = 2−n/polylog(n).

Constant-depth LTF circuits: For circuits of depth two

(i.e., LTF◦LTF circuits), Servedio and Tan [4] constructed an

(n−O(1))-PRG with seed length n1−Ω(1) that works when

the number of wires is subquadratic. In an incomparable

result, Alman, Chan, and Williams [37] (following [38],

[39], [40]) constructed a satisfiability algorithm that runs in

time 2n−nΩ(1)

for the larger class of AC0[m] ◦ LTF ◦ LTF
circuits of subexponential size that have a subquadratic

number of LTF gates at their bottom layer.

For LTF circuits of depth d > 2, prior to the current work

the known PRGs and satisfiability algorithms only handled

circuits with at most n.49 gates. However, these works
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extended to the more general model of AC0 circuits that are

augmented by a bounded number LTF gates: Specifically,

Servedio and Tan [76] (following [77]) constructed a PRG

for AC0 circuits of size S with at most 2α·
√
log S LTF gates

(for a universal constant α > 0) whose seed length is

2O(
√
log S) + polylog(1/ε); and Lovett and Srinivasan [78]

constructed an incomparable PRG for AC0 circuits of poly-

nomial size with at most n.49 LTF gates whose seed length

is nδ (for an arbitrarily small δ > 0) and whose error is

2−n.24

. See [79] for another result in this spirit.

The only previously-known algorithm for LTF circuits

of depth d > 2 and super-linear size was an algorithm

for quantified derandomization (i.e., for a relaxed circuit-

analysis task) that runs in time npolyloglog(n) and works

when the circuit has n1+2−O(d)

wires and evaluates to the

same output on all but 2n
1−2−O(d)

of its inputs [41].
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[70] J. Håstad, Computational Limitations of Small-depth Circuits.
MIT Press, 1987.

[71] R. Chen, V. Kabanets, A. Kolokolova, R. Shaltiel, and
D. Zuckerman, “Mining circuit lower bound proofs for meta-
algorithms,” Comput. Complexity, vol. 24, no. 2, pp. 333–392,
2015.

[72] R. Impagliazzo, R. Paturi, and F. Zane, “Which problems
have strongly exponential complexity?” J. Comput. System
Sci., vol. 63, no. 4, pp. 512–530, 2001.

[73] D. Gavinsky, S. Lovett, M. Saks, and S. Srinivasan, “A tail
bound for read-k families of functions,” Random Structures
& Algorithms, vol. 47, no. 1, pp. 99–108, 2015.

[74] A. A. Sherstov, “Making polynomials robust to noise,” Theory
Comput., vol. 9, pp. 593–615, 2013.

[75] V. Kabanets and Z. Lu, “Satisfiability and derandomization
for small polynomial threshold circuits,” in Proc. 22nd In-
ternational Workshop on Randomization and Approximation
Techniques in Computer Science (RANDOM), 2018, pp. Art.
No. 46, 19.

[76] R. A. Servedio and L.-Y. Tan, “Luby-Veličković-Wigderson
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