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Abstract—Motivated by the need for, and growing interest in,
modeling uncertainty in data, we introduce and study stochastic
minimum-norm optimization. We have an underlying combinato-
rial optimization problem where the costs involved are random
variables with given distributions; each feasible solution induces
a random multidimensional cost vector, and given a certain
objective function, the goal is to find a solution (that does
not depend on the realizations of the costs) that minimizes
the expected objective value. For instance, in stochastic load
balancing, jobs with random processing times need to be assigned
to machines, and the induced cost vector is the machine-load
vector. The choice of objective is typically the maximum- or sum-
of the entries of the cost vector, or in some cases some other �p
norm of the cost vector. Recently, in the deterministic setting,
Chakrabarty and Swamy [7] considered a much broader suite
of objectives, wherein we seek to minimize the f -norm of the
cost vector under a given arbitrary monotone, symmetric norm
f . In stochastic minimum-norm optimization, we work with this
broad class of objectives, and seek a solution that minimizes the
expected f -norm of the induced cost vector.

The class of monotone, symmetric norms is versatile and
includes �p-norms, and Top�-norms (sum of � largest coordinates
in absolute value), and enjoys various closure properties; in
particular, it can be used to incorporate multiple norm budget
constraints, f�(x) ≤ B�, � = 1, . . . , k.

We give a general framework for devising algorithms for
stochastic minimum-norm combinatorial optimization, using
which we obtain approximation algorithms for the stochastic
minimum-norm versions of the load balancing and spanning tree
problems. We obtain the following concrete results.
• An O(1)-approximation for stochastic minimum-norm load

balancing on unrelated machines with: (i) arbitrary monotone
symmetric norms and job sizes that are Bernoulli random vari-
ables; and (ii) Top� norms and arbitrary job-size distributions.

• An O (logm/ log logm)-approximation for the general
stochastic minimum-norm load balancing problem, where m
is the number of machines.

• An O(1)-approximation for stochastic minimum-norm span-
ning tree with arbitrary monotone symmetric norms and
arbitrary edge-weight distributions; this guarantee extends to
the stochastic minimum-norm matroid basis problem.
Two key technical contributions of this work are: (1) a

structural result of independent interest connecting stochastic
minimum-norm optimization to the simultaneous optimization
of a (small) collection of expected Top�-norms; and (2) showing
how to tackle expected Top�-norm minimization by leveraging
techniques used to deal with minimizing the expected maximum,
circumventing the difficulties posed by the non-separable nature
of Top� norms.

A full version of the paper is available on the CS arXiv.

Index Terms—Approximation algorithms; stochastic optimiza-
tion; norm minimization; load balancing; spanning trees

I. INTRODUCTION

Uncertainty is a facet of many real-world decision envi-

ronments, and a thriving and growing area of optimization,

stochastic optimization, deals with optimization under un-

certainty. Stochastic load-balancing and scheduling problems,

where we have uncertain job sizes (a.k.a processing times),

constitute a prominent and well-studied class of stochastic-

optimization problems (see, e.g., [9], [10], [12], [14], [15],

[23], [26]). In stochastic load balancing, we are given job-size

distributions and we need to fix a job-to-machine assignment

without knowing the actual processing-time realizations. This

assignment induces a random load vector, and its quality is

assessed by evaluating the expected objective value of this load

vector, which one seeks to minimize; the objectives typically

considered are: makespan—i.e., maximum load-vector entry—

which leads to the stochastic makespan minimization prob-

lem [9], [10], [15], and the �p-norm of the load vector [24].

More generally, in a generic stochastic-optimization problem,

we have an underlying combinatorial optimization problem

and the costs involved are described by random variables with

given distributions. We need to take decisions, i.e., find a

feasible solution, given only the distributional information,

and without knowing the realizations of the costs. (This is

sometimes called one-stage stochastic optimization.) Each

feasible solution induces a random cost vector, we have an

objective that seeks to quantitatively measure the quality of

the solution by aggregating the entries of the cost vector,

and the goal is to find a feasible solution that minimizes

the expected objective value of the induced cost vector. As

another example in this setup, consider the stochastic spanning
tree problem, which is the following basic stochastic network-

design problem: we have a graph with random edge costs and

we seek a spanning tree of low expected objective value, where

the objective is applied to the cost vector that consists of the

costs of edges in the tree.

The two most-commonly considered objectives in such set-

tings (as also for deterministic problems) are: (a) the maximum
cost-vector entry (which adopts an egalitarian view); and (b)

the sum of the cost-vector entries (i.e., a utilitarian view that

considers the total cost incurred). These objectives give rise to
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various classical problems: besides the makespan minimization

problem in load balancing, other examples include (deter-

ministic/stochastic) bottleneck spanning tree (max- objective),

minimum spanning tree (sum- objective), and the k-center

(max- objective) and k-median (sum- objective) clustering

problems. Recognizing that the max- and sum- objectives tend

to skew solutions in different directions, other �p-norms of

the cost vector (e.g., �2-norm) have also been considered in

certain settings as a means of interpolating between, or trading

off, the max- and sum- objectives. For instance, �p-norms

have been investigated for both deterministic and stochastic

load balancing [3], [4], [22], [24] and for deterministic k-

clustering [11]. Very recently, Chakrabarty and Swamy [7]

introduced a rather general model to unify these various

problems (including minimizing �p-norms), that they call

minimum-norm optimization: given an arbitrary monotone,

symmetric norm f , find a solution that minimizes the f -norm

of the induced cost vector.

A. Our contributions

In this work, we introduce and study stochastic minimum-
norm optimization, which is the stochastic version of min-

norm optimization: given a stochastic-optimization problem

and an arbitrary monotone, symmetric norm f , we seek a

feasible solution that minimizes the expected f -norm of the
induced cost vector. As a model, this combines the versatility

of (deterministic) min-norm optimization with the more realis-

tic setting of uncertain data, thereby giving us a unified way of

dealing with the various objective functions typically consid-

ered for (deterministic and stochastic) optimization problems

in the face of uncertain data. We consider problems where

there is a certain degree of independence in the underlying

costs, so that the components of the underlying cost vector

are always independent (and nonnegative) random variables.

Our chief contribution is a framework that we develop for
designing algorithms for stochastic minimum-norm combina-
torial optimization problems, using which we devise approxi-
mation algorithms for the stochastic minimum-norm versions
of load balancing (Theorems 20 and 19) and spanning trees
(Theorem 22). We only assume that we have a value oracle
for the norm f ; this is weaker than the optimization-oracle or

first-order-oracle access required to f in [7], [8].

Stochastic minimum-norm optimization can be motivated

from two distinct perspectives. The class of monotone, sym-

metric norms is quite rich and broad. In particular, it contains

all �p-norms, as also another fundamental class of norms called

Top�-norms: Top�(x) is the sum of the � largest coordinates of

x (in absolute value). Notice that Top� norms provide another

means of interpolating between the min-max (Top1) and min-

sum (Topm) problems (where m is number of coordinates).

One of the motivating factors for [7] to consider the (far-

reaching) generalization of arbitrary monotone, symmetric

norms (in the deterministic setting) was that it allows one

to capture the optimization problems associated with these

various objectives under one umbrella, and thereby come up

with a unified set of techniques for handling these optimization

problems. These same benefits also apply in the stochastic

setting, making stochastic minimum-norm optimization an

appealing model to study.

Another motivation comes from the fact that the class of

monotone, symmetric norms is closed under various opera-

tions, including taking nonnegative combinations, and taking

the maximum of any finite collection of monotone, symmetric

norms. A noteworthy and non-evident consequence of these

closure properties is that they allow us to incorporate budget

constraints f�(x) ≤ B�, � = 1, . . . , k involving multiple
monotone, symmetric norms f1, . . . , fk using the min-norm

optimization model: we can simply define another (monotone,

symmetric) norm g(x) := max
{
f�(x)/B� : � = 1, . . . , k

}
,

and the (single) budget constraint g(x) ≤ 1 can be captured

by the problem of minimizing g(x). Multiple norm budget

constraints may arise, or be useful, for example, when no

single norm may be a clear choice for assessing the solution

quality. Moreover, such constraints, and, in particular, the

above means of capturing them, can be especially useful in

stochastic settings, as they can provide us with more fine-

grained control of the underlying random cost vector, which

can help offset the risk associated with uncertainty; e.g.,

the constraint E
[
max

{
Top�(Y )/B� : � = 1, . . . , k

}]
≤ 1,

enforces a fair bit of control on the random cost vector Y and

provides safeguards against the costs being too high.

To elaborate on our framework and results, it is useful to

highlight and appreciate two distinct high-level challenges that

arise in dealing with stochastic min-norm optimization. We

delve into more details in Section II. First, how do we reason

about the expectation of an arbitrary monotone, symmetric

norm? A useful structural result proved in [7] is that any mono-

tone symmetric norm f can be expressed as the maximum of a

collection of ordered norms, where an ordered norm is simply

a nonnegative combination of Top�-norms (Theorem 3). While

this does give a more concrete way of thinking about the

expected f -norm, the challenge nevertheless in the stochastic

setting is that one now needs to reason about the expectation of

the maximum of a collection of random variables, where each

random variable is the ordered norm of our cost vector Y . One
of our chief insights is that the expectation of the maximum of
a collection of ordered norms is within an O(1)-factor of the
maximum of the expected ordered norms (Theorem 13), i.e.,

interchanging the expectation and maximum operators only

loses an O(1) factor! The crucial consequence is that this

provides us with a ready means for reasoning about E
[
f(Y )

]
,

namely by controlling E
[
Top�(Y )

]
for all indices � (see

Theorem 14). We believe that this structural result about the

expectation of a monotone, symmetric norm is of independent

interest.

This brings us to the second challenge: how do we deal with

a specific norm, such as the Top� norm? To our knowledge,

there is no prior work on any stochastic Top�-norm minimiza-

tion problem, and we need to control all expected Top� norms.

Our approach is based on carefully identifying certain statistics

of the random vector Y that provide a convenient handle on
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E
[
Top�(Y )

]
(see Section IV). (These statistics also play a

role in establishing our above result on the expectation of a

monotone, symmetric norm.) For a specific application (e.g.,

stochastic {load balancing, spanning trees}), we formulate

an LP encoding (loosely speaking) that the statistics of our

random cost vector match the statistics of the cost vector of

an optimal solution. The main technical component is then to

devise a rounding algorithm that rounds the LP solution while

losing only a small factor in these statistics, and we utilize

iterative-rounding ideas to achieve this.

Combining the above ingredients leads to our approximation

guarantees for stochastic min-norm {load balancing, spanning

trees}. Our strongest and most-sophisticated results are for

stochastic min-norm load balancing with: (i) arbitrary mono-

tone symmetric norms and Bernoulli job sizes (Theorem 19);

and (ii) Top� norms and arbitrary job-size distributions (Theo-

rem 18); in both cases, we obtain constant-factor approxima-
tions. (We emphasize that we have not attempted to optimize

constants, and instead chosen to keep exposition simple and

clean.) We also obtain an O(logm/ log logm)-approximation

for general stochastic min-norm load balancing (Theorem 20).

We remark that dealing with Bernoulli distributions is often

considered to be a stepping stone towards handling general

distributions (see, e.g., [15]), and so we believe that our

techniques will eventually lead to a constant-factor approxi-

mation for (general) stochastic min-norm load balancing. For

stochastic spanning trees, wherein edge costs are random,

we obtain an O(1)-approximation for arbitrary monotone
symmetric norms and arbitrary distributions (Theorem 22).

Related work. As mentioned earlier, stochastic load balanc-

ing is a prominent combinatorial-optimization problem that

has been investigated in the stochastic setting under various

�p norms. Kleinberg, Rabani, and Tardos [15] investigated

stochastic makesepan minimization (i.e., minimize expected

maximum load) in the setting of identical machines (i.e., the

processing time of a job is the same across all machines),

and were the first to obtain an O(1)-approximation for this

problem. We utilize the tools that they developed to reason

about the expected makespan. Their results were improved

for specific job-size distributions by [9]. Almost two decades

later, Gupta et al. [10] obtained the first O (1)-approximation

for stochastic makespan minimization on unrelated machines,

and an O
(

p
log p

)
-approximation for minimizing the expected

�p-norm of the load vector. Our O(1)-approximation result

for all Top�-norms substantially generalizes the makespan-

minimization (i.e., Top1-norm) result of [10]. The latter guar-

antee was improved to a constant by Molinaro [24] via a

careful and somewhat involved use of the so-called L-function

method of Latala [17].

Our results and techniques are incomparable to those

of [24]. At a high level, Molinaro argues that E
[
‖Y ‖p

]
,

where Y is the m-dimensional machine-load vector, can

be bounded by controlling
(∑

i∈[m] E
[
Y p
i

])1/p
, and uses a

notion of effective size due to Latala [17] to obtain a handle

on E
[
Y p
i

]
in terms of the Xij random variables of the

jobs assigned to machine i. Essentially, “effective size” of a

random variable maps the random variable to a deterministic

quantity that one can work with instead (but its definition

and utility depends on a certain scale parameter). Previously,

for stochastic makespan minimization, Kleinberg et al. [15]

and Gupta et al. [10] utilized a notion of effective size due

to Hui [13], which helps in controlling tail bounds of the

machine loads. Molinaro leverages the full power of Latala’s

notion of effective size by applying it at multiple scales, which

allows him to obtain an O(1)-approximation for �p norms.

A pertinent question that perhaps arises is: given the success

yielded by the various notions of effective sizes for �∞ and

other �p norms, can one come up with a notion of effective size

that one can use for a general monotone symmetric norm f?

This however seems unlikely. A concrete reason for this can

be gleaned from the modeling power of general monotone,

symmetric norms that arises due to their closure properties.

Recall that one can encode multiple monotone, symmetric-

norm budget constraints via one monotone, symmetric norm

f (by taking a maximum of the scaled constituent norms).

A notion of effective size for f would (remarkably) translate

to one deterministic quantity that simultaneously yields some

control for all the norms involved in the budget constraints;

this is unreasonable to expect, even when the constituent

norms are �p norms.

Examples of other well-known combinatorial optimization

problems that have been investigated in the stochastic setting

include stochastic knapsack and bin packing [9], [15], [18],

stochastic shortest paths [18]. The works of [18]–[20] consider

expected-utility-maximization versions of various combinato-

rial optimization problems. In a sense, this can be viewed as a

counterpart of stochastic min-norm optimization, where we

have a concave utility function, and we seek to maximize

the expected utility of the underlying random value vector

induced by our solution. Their results are obtained by a clever

discretization of the probability space; this does not seem to

apply to stochastic minimization problems.

Top�- and ordered-norms have been proposed in the

location-theory literature, as a means of interpolating between

the k-center and k-median clustering problems, and have

been studied in the Operations Research literature [16], [25],

but largely from a modeling perspective. Recently they have

received much interest in the algorithms and optimization

communities—partly, because Top� norms yield an alternative

(to �p norms) natural means of interpolating between the �∞-

and �1- objectives—and this work has led to strong algorithmic

results for Top�-norm- and ordered-norm- minimization in

deterministic settings [1], [2], [5]–[8].

II. TECHNICAL OVERVIEW AND ORGANIZATION

We discuss here the various challenges that arise in stochas-

tic min-norm optimization, and give an overview of the

technical ideas we develop to overcome these challenges with

pointers to the relevant sections for more details.

As noted in [7], even for deterministic min-norm optimiza-

tion, the simple approach of minimizing f(�v), where �v ranges
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over the cost of fractional solutions (e.g., convex combinations

of integer solutions), fails badly since this convex program

often has large integrality gap. In the stochastic setting, a

further problem with this approach is that the random variable

f(Y ) will typically have exponential-size support (note that

Y follows a product distribution) making it computationally

challenging to evaluate E
[
f(Y )

]
.

As noted earlier, we face two types of challenges in tackling

stochastic min-norm optimization. The first is posed by the

generality of an arbitrary monotone, symmetric norm. While

the work of [7] shows that Top�-norms are fundamental build-

ing blocks of monotone symmetric norms, and suggests a way

forward for dealing with stochastic min-norm optimization,

as we elaborate below, the stochastic nature of the problem

throws up various new issues, that create significant difficulties

with leveraging the tools in [7] to reason about the expectation
of a monotone symmetric norm.

Second, stochastic min-norm optimization is complicated

even for various specific norms. As mentioned earlier, O(1)-
approximation algorithms were obtained only quite recently

for stochastic min-norm load balancing under the �∞ norm

(i.e., stochastic makespan-minimization) [10], and other �p
norms [24]; there is no prior work on stochastic Top�-load

balancing (or any other stochastic Top�-norm optimization

problem). The difficulties arise again due to the underlying

stochasticity; even with the �∞ norm, which is the most

specialized of the aforementioned norms, one needs to bound

the expectation of the maximum of a collection of random

variables, a quantity that is not convenient to control. The

importance of Top� norms in the deterministic setting indicates

that stochastic Top�-norm optimization is a key special case

that one needs to understand, but the non-separable nature of

Top� norms adds another layer of difficulty.

Expectation of a monotone, symmetric norm (Section V).
Recall that Chakrabarty and Swamy [7] show that for any

monotone, symmetric norm f : R
m
≥0 → R≥0, there is a

collection C ⊆ R
m
≥0 of weight vectors with non-increasing

coordinates such that f(x) = maxw∈C wTx↓ for any x ∈ R
m
≥0

(see Theorem 3), where x↓ is the vector x with coordinates

sorted in non-increasing order. The quantity wTx↓ is called

an (w-) ordered norm, and can be expressed as a nonnega-

tive combination
∑m

�=1(w� − w�+1)Top�(x) of Top� norms

(where wm+1 := 0). This structural result is quite useful for

deterministic min-norm optimization, since it yields an easier-

to-work-with objective, and more significantly, it immediately
shows that controlling all Top� norms suffices to control f(x);
these properties are leveraged by [7] to devise approximation

algorithms for deterministic min-norm optimization.

However, it is rather unclear how this structural result helps

with the stochastic setting. If Y is the random cost vector

of our solution (with independently-distributed coordinates)

one can now rewrite the objective function E
[
f(Y )

]
as

E
[
supw∈C w

TY ↓
]

but dealing with the latter quantity entails

reasoning about the expectation of the maximum of a col-

lection of (positively correlated) random variables, which is

a potentially onerous task. Taking cue from the deterministic

setting, a natural result to aim for in the stochastic setting is

that, bounding all expected Top� norms enables one to bound
E
[
f(Y )

]
. But unlike the deterministic setting, reformulating

the objective as E
[
supw∈C w

TY ↓
]

does not yield any apparent

dividends, and it is not at all clear that such a result is

actually true. The issue again is that it is difficult to reason

about E
[
sup . . .

]
, and interchanging the expectation and sup

terms is not usually a viable option (it is not hard to see

that E
[
max{Z1, . . . , Zk}

]
may in general be Ω(k) times

max{E
[
Z1

]
, . . . ,E

[
Zk

]
}).

One of our chief contributions is to prove that the analogue

mentioned above for the stochastic setting does indeed hold,

i.e., controlling E
[
Top�(Y )

]
for all � ∈ [m] allows one to

control E
[
f(Y )

]
. The key to this, and our main technical

result here, is that, somewhat surprisingly and intriguingly,

E
[
f(Y )

]
= E

[
supw∈C w

TY ↓
]

is at most a constant factor
larger than supw∈C E

[
wTY ↓

]
(Theorem 13). The quantity

supw∈C E
[
wTY ↓

]
= supw∈C w

TE
[
Y ↓

]
has a nice interpre-

tation: it is simply f
(
E
[
Y ↓

])
, and so this can be restated

as E
[
f(Y )

]
= O(1) · f

(
E
[
Y ↓

])
. This result provides us

with the same mileage that [7] obtain in the deterministic

setting. Since E
[
wTY ↓

]
is

∑m
�=1(w� − w�+1)E

[
Top�(Y )

]
,

as in the deterministic setting, this immediately implies that

controlling E
[
Top�(Y )

]
for all � ∈ [m] allows us to control

E
[
f(Y )

]
, thereby providing a foothold for reasoning about

the fairly general stochastic min-norm optimization problem.

In particular, we infer that if E
[
Top�(Y )

]
≤ α ·E

[
Top�(W )

]
for all � ∈ [m] (and we can restrict to �s that are powers of

2 here), then E
[
f(Y )

]
= O(α) · E

[
f(W )

]
(Theorem 14).

We believe that our structural result for the expectation of

a monotone, symmetric norm is of independent interest, and

should also find application in other stochastic settings involv-

ing monotone, symmetric norms.

Our structural result showing that E
[
f(Y )

]
= O(1) ·

f
(
E
[
Y ↓

])
is obtained by carefully exploiting the structure

of monotone, symmetric norms. A key component of this is

identifying suitable statistics of the random vector Y , indexed

by � ∈ [m] such that: (a) the statistics for index � lead to a

convenient proxy function for estimating E
[
Top�(Y )

]
within

O(1) factors; (b) the statistics are related to the expectations

of some random variables that are tightly concentrated around

their means; and (c) Pr
[
f(Y ) > σ ·f

(
E
[
Y ↓

])]
is governed by

the probability that these random variables deviate from their

means. Together these properties imply the desired bound on

E
[
f(Y )

]
. Next, we elaborate on these statistics.

Proxy functions and statistics (Section IV). Since f is a

symmetric function, it is not hard to see that f(Y ) depends

only on the “histogram”
{
N>θ(Y )

}
θ∈R≥0

, where N>θ(Y )

is the number of coordinates of Y larger than θ. But this

dependence is quite non-linear; its precise form is given by

the structural result for monotone, symmetric norms, and by

noting that we can write Top�(Y ) =
∫∞
0

min
{
�,N>θ(Y )

}
dθ.

Despite these non-linearities, we show that the expected his-

togram curve
{
E
[
N>θ(Y )

]}
θ∈R≥0

(see Fig. 1 in Section IV)
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controls E
[
f(Y )

]
.

To show this, and also compress
{
E
[
N>θ(Y )

]}
θ∈R≥0

to a finite, manageable number of statistics, we

consider first the Top�-norm. While E
[
Top�(Y )

]
=∫∞

0
E
[
min{�,N>θ(Y )}

]
dθ, interestingly, we prove

that this is only a constant-factor smaller than
γ�(Y ) :=

∫∞
0

min{�,E
[
N>θ(Y )

]
}dθ (Theorem 10);

i.e., interchanging E and min only leads to an O(1)-
factor loss. Defining τ�(Y ) to be the smallest θ such that

E
[
N>θ(Y )

]
< �, which can be viewed as an estimate of

the �-th largest entry of Y , we can more compactly write

γ�(Y ) = �τ�(Y ) +
∫∞
τ�(Y )

E
[
N>θ(Y )

]
dθ. The statistics of

interest to us are the quantities τ� = τ�(Y ) (and implicitly

E
[
N>τ�(Y )

]
) for � = 1, . . . ,m. They enable us to bound the

tail probability Pr[f(Y ) > σ · f(E
[
Y ↓

]
)] by exp(−Ω(σ))

which implies that E
[
f(Y )

]
= O(1) · f(E

[
Y ↓

]
). Roughly

speaking, this follows because we show (by exploiting

the proxy function γ�(Y )) that Pr[f(Y ) > σ · f(E
[
Y ↓

]
)]

is at most the probability that N>τ�(Y ) > Ω(σ) · �
for some � ∈ [m], and Chernoff bounds show that

N>τ�(Y ) =
∑m

i=1 Pr[Yi > τ�] is tightly concentrated

around E
[
N>τ�(Y )

]
< �.

Approximation algorithms for stochastic minimum-norm
optimization. In Sections VI and VII, we apply our framework

to design the first approximation algorithms for the stochastic

minimum-norm versions of load balancing, and spanning tree

(and matroid basis) problems respectively. These sections can

be read independently of each other.

Let O∗ denote the random cost vector resulting from an

optimal solution. Applying our framework entails bounding

E
[
Top�(Y )

]
in terms of E

[
Top�(O∗)

]
for all � ∈ [m].

For algorithmic tractability, we only work with indices � ∈
POS = POSm := {2i : i = 0, 1, . . . , �log2 m�}: since

Top�(�v) ≤ Top�′(�v) ≤ 2Top�(�v) holds for any �v ∈ R
m
≥0

and any � ≤ �′ ≤ 2�, it is easy to see that with a factor-2 loss,

this still yields a bound on E
[
Top�(Y )

]
/E

[
Top�(O∗)

]
for all

� ∈ [m]. At a high level, we “guess” within, say a factor of 2,

E
[
Top�(O∗)

]
or certain associated quantities such as τ�(O∗),

for all � ∈ POS. This guessing takes polynomial time since it

involves enumerating a vector with O(logm) monotone (i.e.,

non-increasing or non-decreasing) coordinates, each of which

lies in a logarithmically bounded range. We then write an LP

to obtain a fractional solution whose associated cost-vector Y
roughly speaking satisfies E

[
Top�(Y )

]
≤ O

(
E
[
Top�(O∗)

])
for all � ∈ POS. The chief technical ingredient is to devise

a rounding procedure to obtain an integer solution while

preserving the E
[
Top�(.)

]
-costs (up to some factor) for all

� ∈ POS. We exploit iterative rounding to achieve this, by

capitalizing on the fact that (loosely speaking) our matrix of

tight constraints has bounded column sums (see Theorem 5).

For spanning trees (Section VII)—edge costs are random

and we seek to minimize the expected norm of the edge-cost

vector of the spanning tree—the implementation of the above

plan is quite direct. We guess τ∗� := τ�(O∗) for all � ∈ POS,

and our LP imposes the constraints E
[
N
(
Y

>τ∗� )] ≤ � for all

� ∈ POS. Since the coordinates of Y correspond to individual

edge costs, and we know their distributions, it is easy to

impose the above constraint (see (Tree(�t))). Iterative rounding

works out quite nicely here since after normalizing the above

constraints to obtain unit right-hand-sides, each column sum is

O(1). Thus, we obtain a constant-factor approximation; also,

everything extends to the setting of general matroids.

Our results for load balancing (Section VI) are the most

technically sophisticated results in the paper. We obtain

constant-factor approximations for: (i) arbitrary monotone,

symmetric norms with Bernoulli job processing times; and

(ii) Top�-norm with arbitrary distributions. We also obtain

an O(logm/ log logm)-approximation for the most general

setting, where both the norm and the job-processing-time

distributions may be arbitrary.
The cost-vector Y in load balancing corresponds to the

(random) loads on the machines. Each component Yi is thus an

aggregate of some random variables: Yi =
∑

j assigned to i Xij ,

where Xij is the (random) processing time of job j on machine

i. The complication that this creates is that we do not have

direct access to (the distribution for) the random variable

Yi, making it difficult to calculate (or estimate) Pr[Yi > θ]
(and hence E

[
N(Y >θ)

]
). in fact (This is #P-hard, even for

Bernoulli Xijs [15], but if we know the jobs assigned to i,
then we can use a dynamic program can to obtain a (1 + ε)-
approximation to Pr[Yi > θ].)

We circumvent these difficulties by leveraging some tools

from the work of [10], [15] on stochastic makespan min-

imization, in conjunction with an alternate proxy that we

develop for E
[
Top�(Y )

]
. We show that, for a suitable choice

of θ,
∑m

i=1 E
[
Y ≥θ
i

]
is a good proxy for E

[
Top�(Y )

]
(see

Theorem 9), where Y ≥θ
i is the random variable that is 0 if the

event {Yi < θ} happens, and Yi otherwise. Complementing

this, the insight we glean from [10], [15] is that we can

estimate E
[
Y ≥θ
i

]
within O(1) factors using quantities that can

be obtained from the distributions of the Xij random variables

(see Section III-A). This involves analyzing the contribution of

job j (to E
[
Y ≥θ
i

]
) differently based on whether Xij is “small”

(truncated) or “large” (exceptional), and utilizing the notion

of effective size of a random variable [13], [15] to bound the

contribution from small jobs. We guess the θ values—call them

t∗�—corresponding to E
[
Top�(O∗)

]
for all � ∈ POS, and write

an LP for finding a fractional assignment where we enforce

constraints encoding that these t∗� values are compatible with

the correct guesses.

III. PRELIMINARIES

For an integer m ≥ 1, we use [m] to denote the set

{1, . . . ,m}. For any integer m ≥ 1, we define POSm = {2i :
i ∈ Z≥0, 2

i ≤ m}; we drop the subscript m when it is clear

from the context. For x ∈ R, define x+ := max{x, 0}. For an

event A we use the indicator random variable �A to denote if

event A happens. For any vector x ∈ R
m
≥0 we use x↓ to denote

the vector x with its coordinates sorted in non-increasing order.
Throughout, we use symbols Y and W to denote random

vectors. The coordinates of these random vectors are always
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independent, nonnegative random variables. We denote this by

saying that the random vector follows a product distribution.

We reserve Z to denote a scalar nonnegative random variable.

Given Z and θ ∈ R≥0, define the truncated random variable

Z<θ := Z · �Z<θ, which has support in [0, θ). Analogously,

define the exceptional random variable Z≥θ := Z · �Z≥θ,

whose support lies in {0} ∪ [θ,∞). The following form of

Chernoff bounds will be useful.

Lemma 1 (Chernoff bound). Let Z1, . . . , Zk be independent
[0, 1] random variables, and μ ≥∑

j∈[k] E
[
Zj

]
. For any ε >

0, we have Pr
[∑

j∈[k] Zj > (1 + ε)μ
]
≤

(
eε

(1+ε)1+ε

)μ
. If

ε > 1, then we also have the simpler bound Pr
[∑

j∈[k] Zj >

(1 + ε)μ
]
≤ e−εμ/3.

Monotone, symmetric norms: A function f : Rm → R≥0

is a norm if it satisfies: (a) f(x) = 0 iff x = 0; (b)

(homogeneity) f(λx) = |λ|f(x), for all λ ∈ R, x ∈ R
m;

and (c) (triangle inequality) f(x + y) ≤ f(x) + f(y) for all

x, y ∈ R
m. Since our cost vectors are always nonnegative, we

only consider nonnegative vectors in the sequel. A monotone,
symmetric norm f is a norm that satisfies: f(x) ≤ f(y) for all

0 ≤ x ≤ y (monotonicity); and f(x) = f(x↓) for all x ∈ R
m
≥0

(symmetry). In the sequel, whenever we say norm, we always

mean a monotone, symmetric norm. We will often assume that

f is normalized, i.e., f(1, 0, . . . , 0) = 1.

The following two types of monotone, symmetric norms

will be especially important to us.

Definition 2. For any � ∈ [m], the Top� norm is defined as

follows: for x ∈ R
m
≥0, Top�(x) is the sum of the � largest

coordinates of x, i.e., Top�(x) =
∑�

i=1 x
↓
i .

More generally, for any w ∈ R
m
≥0 satisfying w1 ≥ w2 ≥

· · · ≥ wm ≥ 0—we call such a w a non-increasing vector—

the w-ordered norm (or simply ordered norm) of a vector

x ∈ R
m
≥0 is defined as ‖x‖w := wTx↓. Observe that

‖x‖w =
∑m

�=1(w�−w�+1)Top�(x), where w� := 0 for � > m.

Top�-norm minimization yields a natural way of interpo-

lating between the min-max (Top1) and min-sum (Topm)

problems. The following result by [7], which gives a foothold

for working with an arbitrary monotone, symmetric norm,

further highlights their importance.

Theorem 3 (Structural result for monotone, symmetric

norms [7]). Let f : Rm → R≥0 be a monotone, symmetric
norm.
(a) There is a collection C ⊆ R

m
≥0 of non-increasing vectors

such that f(x) = supw∈C w
Tx↓ for all x ∈ R

m
≥0. If f is

normalized, we have supw∈C w1 = 1.
(b) Hence, if x, y ∈ R

m
≥0 are such that Top�(x) ≤

αTop�(y) + β for all � ∈ [m], where α ≥ 0, then
f(x) ≤ αf(y) + βf(1, 0, . . . , 0).

We will often need to enumerate vectors with monotone

integer coordinates. We use the following standard result, lifted

from [7], to obtain a polynomial bound on the number of

vectors that need to be enumerated.

Claim 4. There are at most (2e)max{M,k} non-increasing
sequences of k integers chosen from {0, . . . ,M}.

Iterative rounding: Our algorithms are based on rounding

fractional solutions to LP-relaxations that we formulate for the

stochastic min-norm versions of load balancing and spanning

trees. The rounding algorithm needs to ensure that the various

budget constraints that we include in our LP to control

quantities associated with expected Top� norms (for multiple

indices �) are roughly preserved. The main technical tool

involved in achieving this is iterative rounding, as expressed

by the following theorem, which follows from a result in [21].

Theorem 5 (Follows from Corollary 11 in [21]). Let M =
(U , I) be a matroid with rank function r, andQ := {z ∈ R

U
≥0 :

z(U) = r(U), z(F ) ≤ r(F ) ∀F ⊆ U} be its base polytope.
Let z be a feasible solution to the following multi-budgeted
matroid LP:

min cT z s.t. Az ≤ b, z ∈ Q
where A ∈ R

k×U
≥0 . Suppose that for any e ∈ supp(z), we have∑

i∈[k] Ai,e ≤ ν for some parameter ν. We can round z in
polynomial time to obtain a basis B of M satisfying:
(a) c(B) ≤ cT z; (b) AχB ≤ b+ ν1, where 1 is the vector of
all 1s; and (c) B is contained in the support of z.

A. Bounding E
[
S≥θ

]
when S is a sum of independent

random variables

In stochastic load balancing, each coordinate of the random

cost vector is a “composite” random variable that is the sum of

independent random variables. In such settings, where we do

not have direct access to the distributions of individual coordi-

nates, we develop a proxy function for estimating E
[
Top�(Y )

]
that involves computing E

[
Y ≥θ
i

]
for i ∈ [m]. We discuss

here to compute E
[
S≥θ

]
for a composite random variable

S =
∑

j∈[k] Zj , where Z1, . . . , Zk ≥ 0 are independent

random variables. By gleaning suitable insights from [10],

[15], we show how to estimate this quantity given access to

the distributions of the Zj random variables. First, observe

that for any j ∈ [k] if the event {Zj ≥ θ} happens, then the

event {S ≥ θ} happens. So after some simple manipulations,

we can show that

E
[
S≥θ

]
= Θ

(∑
j∈[k]

E
[
Z≥θ
j

]
+ E

[(∑
j∈[k]

Z<θ
j

)≥θ
])

.

The first term above is easily computed from the Zj-

distributions. So to get a handle on E
[
S≥θ

]
it suffices to

control the second term, which measures the contribution from

the sum of the truncated random variables Z<θ
j to E

[
S≥θ

]
.

This requires a nuanced notion called effective size, a concept

that originated in queuing theory [13].

Definition 6 (Effective size). For a nonnegative random vari-

able Z and a parameter λ > 1, the λ-effective size βλ(Z) of

Z is defined as logλ E
[
λZ

]
. Also, define β1(Z) := E

[
Z
]
.

The usefulness of effective sizes follows from Lemmas 7

and 8, which indicate that E
[(∑

j Z
<θ
j

)≥θ]
can be estimated
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by controlling the effective sizes of some random variables

related to the Z<θ
j random variables.

Lemma 7. Let Z be a nonnegative random variable and λ ≥
1. If βλ(Z) ≤ b, then Pr

[
Z ≥ b + c

]
≤ λ−c, for any c ≥ 0.

Furthermore, if λ ≥ 2, then E
[
Z≥βλ(Z)+1

]
≤ βλ(Z)+3

λ .

If Z and Z ′ are independent, then βλ(Z + Z ′) =
βλ(Z) + βλ(Z

′). So by Lemma 7, if
∑

j∈[k] βλ(Z
<θ
j /θ) =

O(1), then E
[(∑

j∈[k] Z
<θ
j /θ)>Ω(1)

]
= O(1)/λ, or equiva-

lently E
[(∑

j∈[k] Z
<θ
j )>Ω(θ)

]
is O(θ)/λ.

A key contribution of Kleinberg et al. [15] is encapsulated

by Lemma 8 below, which is obtained by combining various

results from their work, and complements the above upper

bound. It lower bounds E
[
S≥θ

]
, where S is the sum of in-

dependent, bounded random variables (e.g., truncated random

variables), in terms of the sum of the λ-effective sizes of these

random variables.

Lemma 8. Let S =
∑

j∈[k] Zj be a sum of independent [0, θ]-
bounded random variables. Let λ ≥ 1 be an integer. Then,
E
[
S≥θ

]
≥ θ ·

(∑
j∈[k] βλ (Zj/4θ)− 6

)
/4λ.

IV. PROXY FUNCTIONS AND STATISTICS FOR

CONTROLLING E
[
Top�(Y )

]
AND E

[
f(Y )

]
In this section, we identify various statistics of a random

vector Y following a product distribution on R
m
≥0, which lead

to two proxy functions that provide a convenient handle on

E
[
Top�(Y )

]
within O(1) factors.

The first proxy function uses
∑

i∈[m] E
[
Y ≥θ
i

]
as a means

to control E
[
Top�(Y )

]
. Roughly speaking, if θ is such that∑

i∈[m] E
[
Y ≥θ
i

]
= �θ, then we argue that �θ is a good proxy

for E
[
Top�(Y )

]
; Theorem 9 makes this statement precise.

This proxy is helpful in settings where Yi is a sum of

independent random variables, such as stochastic min-norm

load balancing (Section VI), wherein Yi denotes the load on

machine i. The second proxy function is based on a statistic

that we denote τ�(Y ), which aims to capture the (expected)

�-th largest entry of Y . This statistic is defined using the

expected histogram curve {E
[
N>θ(Y )

]
}θ∈R≥0

(see Fig. 1),

where N>θ(Y ) is the number of coordinates of Y that are

larger than θ, and we show that this leads to an effective

proxy γ�(Y ) for E
[
Top�(Y )

]
(Theorem 10). Collectively,

these statistics and the γ�(Y ) proxies (for all � ∈ [m]) are

instrumental in showing that the expected histogram curve

controls E
[
f(Y )

]
, and hence that E

[
f(Y )

]
can be bounded in

terms of the expected Top� norms of Y (see Section V). Also,

these statistics are quite convenient to work with in designing

algorithms for problems where the Yis are “atomic” random

variables with known distributions, such as stochastic min-

norm spanning trees (see Section VII).

Theorem 9 (Proxy based on E
[
Y

≥θ
i

]
statistics). Let θ ≥ 0.

(a) If
∑

i∈[m] E
[
Y ≥θ
i

]
≤ �θ holds, then E

[
Top�(Y )

]
≤ 2�θ.

(b) If
∑

i∈[m] E
[
Y ≥θ
i

]
> �θ holds, then E

[
Top�(Y )

]
> �θ

2 .

The proof of part (a) follows by writing each Yi as

Y <θ
i + Y ≥θ

i , and noting that E
[
Top�(Y

<θ
1 , . . . , Y <θ

m )
]
≤ �θ

and E
[
Top�(Y

≥θ
1 , . . . , Y ≥θ

m )
]
≤ ∑

i∈[m] E
[
Y ≥θ
i

]
. The proof

of part (b) follows by induction on �+m. We condition on the

event Ym ≥ θ. If Ym ≥ θ, we lower bound E
[
Top�(Y )

]
by

E
[
Ym|Ym ≥ θ

]
+E

[
Top�−1(Y1, . . . , Ym−1)

]
, and otherwise,

we lower bound E
[
Top�(Y )

]
by E

[
Top�(Y1, . . . , Ym−1)

]
; in

both cases, we use the induction hypothesis to lower bound

the E
[
Top�(.)

]
or E

[
Top�−1(.)

]
terms.

Proxy function modeling the �th largest coordinate.
Our second proxy function is derived by the simple, but

quite useful, observation that for any x ∈ R
m
≥0, we

have Top�(x) =
∫∞
0

min
{
�,N>θ(x)

}
dθ, where N>θ(x) is

the number of coordinates of x that are greater than θ.

Noting that E
[
min{�,N>θ(Y )}

]
≤ min

{
�,E

[
N>θ(Y )

]}
,

we therefore obtain that E
[
Top�(Y )

]
≤ γ�(Y ) :=∫∞

0
min{�,E

[
N>θ(Y )

]
}dθ (see Fig. 1). Interestingly, we

show that γ�(Y ) = O(1) ·E
[
Top�(Y )

]
.

θ

E
[
N>θ(Y )

]

0

m
γ�

γ�−1∑
i E

[(
Yi − τ1

)+]

τ1

1

τ�−1

�− 1

τ�

�

. . .

Fig. 1. The expected histogram curve {E[
N>θ(Y )

]}θ∈R≥0
.

Theorem 10. For any � ∈ [m], we have
E
[
Top�(Y )

]
≤ γ�(Y ) ≤ 4 · E

[
Top�(Y )

]
, where

γ�(Y ) :=
∫∞
0

min{�,E
[
N>θ(Y )

]
}dθ.

The proof of the second inequality above relies on a

rephrasing of γ�(Y ) that makes it amenable to relate it to

Theorem 9(b). For any � ∈ [m], define τ�(Y ) := inf
{
θ ∈

R≥0 : E
[
N>θ(Y )

]
< �

}
. This infimum is attained be-

cause Pr
[
Yi ≤ θ

]
is a right-continuous function of θ, and

E
[
N>θ(Y )

]
= m − ∑

i∈[m] Pr
[
Yi ≤ θ

]
. Also, define

τ0(Y ) := ∞ and τ�(Y ) := 0 for � > m. Since E
[
N>θ(Y )

]
is a non-increasing function of θ, we then have γ�(Y ) =
�τ�(Y ) +

∫∞
τ�(Y )

E
[
N>θ

]
dθ. We can further rewrite this in

a way that quite nicely brings out the similarities between

γ�(Y ) and the (exact) proxy function for Top�(x) used by [7]

in the deterministic setting. Claim 11 gives a convenient way

of casting the integral in the second term, which leads to

expression for γ�(Y ) stated in Lemma 12.

Claim 11. For any t ≥ 0, we have
∫∞
t

E
[
N>θ(Y )

]
dθ =∑

i∈[m] E
[
(Yi − t)+

]
.

Lemma 12. Consider any � ∈ [m]. We have
γ�(Y ) = �τ�(Y ) +

∑
i∈[m] E

[
(Yi − τ�(Y ))

+]
and

γ�(Y ) = mint∈R≥0

(
�t+

∑
i∈[m] E

[
(Yi − t)

+])
.
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Proof of Theorem 10: Let ρ := inf{θ :∑
i∈[m] E

[
Y ≥θ
i

]
≤ �θ}. Note that

∑
i∈[m] E

[
Y >ρ
i

]
≤ �ρ. By

Lemma 12, we have γ�(Y ) ≤ �ρ +
∑

i∈[m] E
[
(Yi − ρ)+

]
≤

�ρ +
∑

i∈[m] E
[
Y >ρ
i

]
≤ 2�ρ. For any θ < ρ, Theorem 9(b)

implies that E
[
Top�(Y )

]
> �θ/2. Thus, E

[
Top�(Y )

]
≥ �ρ/2.

V. EXPECTATION OF A MONOTONE, SYMMETRIC NORM

Let Y follow a product distribution on R
m
≥0, and f :

R
m → R≥0 be an arbitrary monotone, symmetric norm. By

Theorem 3 (a), there is a collection C ⊆ R
m
≥0 of weight

vectors with non-increasing coordinates such that f(x) =
supw∈C w

Tx↓ for all x ∈ R
m
≥0. For w ∈ C, recall that we

define w� := 0 whenever � > m. We now prove one of

our main technical results: the expectation of a supremum of
ordered norms is within a constant factor of the supremum
of the expectation of ordered norms. Formally, it is clear

that E
[
f(Y )

]
= E

[
supw∈C w

TY ↓
]
≥ supw∈C E

[
wTY ↓

]
=

supw∈C w
TE

[
Y ↓

]
= f(E

[
Y ↓

]
); we show that an inequality

in the opposite direction also holds.

Theorem 13. Let Y follow a product distribution on R
m
≥0,

and f : Rm → R≥0 be a monotone, symmetric norm. Then
f(E

[
Y ↓

]
) ≤ E

[
f(Y )

]
≤ 28 · f(E

[
Y ↓

]
).

Theorem 13 is the backbone of our framework for

stochastic minimum-norm optimization. Since f(E
[
Y ↓

]
) =

supw∈C
∑

�∈[m](w� − w�+1)E
[
Top�(Y )

]
, Theorem 13 gives

us a concrete way of bounding E
[
f(Y )

]
, namely, by bounding

all expected Top� norms. In particular, we obtain the following

corollary, that we call approximate stochastic majorization.

Recall that POSm = {2i : i ∈ Z≥0, 2
i ≤ m}.

Theorem 14 (Approximate stochastic majorization). Let
Y and W follow product distributions on R

m
≥0. Let f be a

monotone, symmetric norm on R
m.

(a) If E
[
Top�(Y )

]
≤ α · E

[
Top�(W )

]
for all � ∈ [m], then

E
[
f(Y )

]
≤ 28α ·E

[
f(W )

]
.

(b) If E
[
Top�(Y )

]
≤ α · E

[
Top�(W )

]
for all � ∈ POSm,

then E
[
f(Y )

]
≤ 2 · 28α ·E

[
f(W )

]
.

Theorem 14 (b) has immediate applicability for a given

stochastic minimum-norm optimization problem such as

stochastic min-norm load balancing. In our algorithms, we

enumerate (say in powers of 2) all possible sequences

{B�}�∈POSm of estimates of
{
E
[
Top�(O∗)

]}
�∈POSm

, where

O∗ is the cost vector arising from an optimal solution, and

find a solution (if one exists) whose cost vector satisfies

(roughly speaking) these expected-Top�-norm estimates. A

final step is to identify which of the solutions so obtained

is a near-optimal solution. While a probabilistic guarantee

follows easily since one can provide a randomized oracle

for evaluating the objective E
[
f(Y )

]
(as f(Y ) enjoys good

concentration properties), one can do better and deterministi-
cally identify a good solution. To this end, we show below

(Lemma 15) that if {B�}�∈POSm is a sequence that term-

by-term well estimates
{
E
[
Top�(Y )

]}
�∈POSm

, either from

below or from above, then we can define a deterministic

vector �b ∈ R
m
≥0 such that f(�b) well-estimates E

[
f(Y )

]
,

from below or above respectively. We will apply parts (a)

and (b) of Lemma 15 with the cost vectors arising from our

solution and an optimal solution respectively, to argue the near-

optimality of our solution. Lemma 15 utilizes the following

definition. Let K := 2�log2 m	 be the largest index in POSm.

Let {B�}�∈POSm be a non-decreasing, nonnegative sequence.

Define B0 := 0, and B� = BK for all � > K. The upper
envelope curve b : [0,m]→ R≥0 of the sequence {B�}�∈POSm

is defined by b(x) := max
{
y : (x, y) ∈ conv(S)

}
, where

S = {(�, B�) : � ∈ {0,m}∪POSm} and conv(S) denotes the

convex hull of S.

Lemma 15. Let Y follow a product distribution on R
m
≥0, and

f be a monotone, symmetric norm on R
m. Let {B�}�∈POSm

be a non-decreasing sequence such that B� ≤ 2B�/2 for all
� ∈ POSm, � > 1. Let b : [0,m] → R≥0 be the upper envelope
curve of {B�}�∈POSm

. Define �b :=
(
b(i)− b(i− 1)

)
i∈[m]

.

(a) If E
[
Top�(Y )

]
≤ αB� for all � ∈ POSm (where α > 0),

then E
[
f(Y )

]
≤ 2 · 28α · f(�b).

(b) If B� ≤ 2 · E
[
Top�(Y )

]
for all � ∈ POSm, then f(�b) ≤

6 ·E
[
f(Y )

]
.

Proof sketch of Theorem 13

We now discuss the proof of the second (and main) in-

equality of Theorem 13. Since Y and f are fixed throughout,

we drop the dependence on these in most items of notation

in the sequel. We may assume without loss of generality

that f is normalized (i.e., f(1, 0, . . . , 0) = 1) as scaling f
to normalize it scales both E

[
f(Y )

]
and f(E

[
Y ↓

]
) by the

same factor. It will be easier to work with the proxy function

γ�(Y ) for E
[
Top�(Y )

]
defined in Section IV. Recall that γ� =

�τ�+
∫∞
τ�

E
[
N>θ(Y )

]
dθ, where τ� is the smallest θ such that

E
[
N>θ(Y )

]
< �. Define τ0 :=∞ and γ0 := 0 for notational

convenience. Define LB′ := supw∈C
∑

�∈[m](w� − w�+1)γ�.

Given Theorem 10, it suffices to show that E
[
f(Y )

]
≤ 7·LB′.

The intuition and the roadmap of the proof are as fol-

lows. We have f(Y ) = supw∈C
∑

�∈[m](w�−w�+1)Top�(Y ).

Plugging in Top�(Y ) =
∫∞
0

min
{
�,N>θ(Y )

}
dθ ≤ �τ� +∫∞

τ�
N>θ(Y )dθ, we obtain that

f(Y ) ≤ sup
w∈C

[ ∑
�∈[m]

(w� − w�+1)
(
�τ� +

∫ ∞

τ�

N>θ(Y )dθ
)]

.

(1)

Comparing (1) and LB′ (after expanding out the γ� terms),

syntactically, the only difference is that the N>θ(Y ) terms

appearing in (1) are replaced by their expectations in LB′;
however the dependence of f(Y ) on the N>θ(Y ) terms is

quite non-linear, due to the sup operator. The chief insight

that the N>θ(Y ) terms that really matter are those for θ = τ�
for � ∈ [m], and that the N>τ�(Y ) quantities are tightly
concentrated around their expectations. This allows us to, in

essence, replace the N>θ(Y ) terms for θ = τ�, � ∈ [m]
with their expectations (roughly speaking) when we consider
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E
[
f(Y )

]
, incurring a constant-factor loss, and thereby argue

that E
[
f(Y )

]
= O(LB′).

To elaborate, since N>θ(Y ) is non-increasing in θ, we

can upper bound each
∫∞
τ�

N>θ(Y )dθ expression in terms

of N>τi(Y ), for i = 2, . . . , �, and
∫∞
τ1

N>θ(Y )dθ. Con-

sequently, the RHS of (1) can be upper bounded in terms

of the N>τ�(Y ) quantities for � = 2, . . . ,m, and a term

that depends on
∫∞
τ1

N>θ(Y )dθ =
∑

i∈[m](Yi − τ1)
+. It

is easy to charge the expectation of the latter term directly

to LB′. We argue that the contribution from the N>τ�(Y )
quantities for � = 2, . . . ,m, can be upper bounded by

f−1(Y ) := supw∈C
(∑

�∈[m](w�−w�+1)�τ�+
∑m

�=2 w�(τ�−1−
τ�)N

>τ�(Y )
)
. We bound E

[
f−1(Y )

]
(and hence E

[
f(Y )

]
)

by O(LB′) by proving that the tail probability Pr[f−1(Y ) >
σ · LB′] decays exponentially with σ. The crucial observation
here is that Pr[f−1(Y ) > σ · LB′] is at most the probability

that N>τ�(Y ) > Ω(σ) · � for some index � = 2, . . . ,m. Each

N>τ�(Y ) is tightly concentrated around its expectation, which

is at most �, and so this probability is O
(
e−Ω(σ)

)
.

A. Controlling E
[
f(Y )

]
using the τ�(Y ) statistics

It is implicit from the proof of Theorem 13 that the τ� statis-

tics control E
[
f(Y )

]
, and we leverage this in settings where

we have direct access to the distributions of the Yi random

variables. Corollary 16 makes this relationship explicit.

Corollary 16. Let �τ(Y ) :=
(
τ�(Y )

)
�∈[m]

. We have that
E
[
f(Y )

]
= Θ

(∑
i∈[m] E

[
(Yi − τ1(Y ))+

]
+ f(�τ(Y ))

)
.

In our applications, we work with estimates {t�}�∈POSm

of the τ∗� values, for � ∈ POSm, of the cost vector arising

from an optimal solution, and seek (and output) a solution

whose cost vector Y minimizes
∑

i∈[m] E
[
(Yi−t1)

+
]

subject

to the constraint that (roughly speaking) τ�(Y ) = O(t�), for

all � ∈ POSm. Two types of approximations arise here, one

in estimating the τ∗� s and the other due to the process of

finding Y . We state a more-robust version of Corollary 16

that incorporates such approximation factors, and is therefore

particularly convenient to utilize in applications. We need

the following definition: given a non-increasing sequence

{v�}�∈POSm
, we define its expansion to be the vector v′ ∈ R

m

given by v′i := v2�log2 i� for all i ∈ [m].

Theorem 17. Let Y follow a product distributions on R
m
≥0.

Let f be a normalized, monotone, symmetric norm on R
m. Let

{t�}�∈POSm be a nonnegative, non-increasing sequence, and
�t′ be its expansion.
(a) Suppose that τβ�(Y ) ≤ αt� for all � ∈ POSm, where

α, β ≥ 1. Then, we have E
[
f(Y )

]
≤ 2 · 7 · (α + 2)β ·(∑

i∈[m] E
[
(Yi − αt1)

+
]
+ f(�t′)

)
.

(b) Suppose that τ�(Y ) ≤ t� ≤ 2τ�(Y )+κ for all � ∈ POSm,
where κ ≥ 0. Then, we have

∑
i∈[m] E

[
(Yi − t1)

+
]
+

f(�t′) ≤ 32 ·E
[
f(Y )

]
+mκ.

VI. LOAD BALANCING

We now apply our framework to devise approximation

algorithms for stochastic minimum norm load balancing on

unrelated machines. We are given n stochastic jobs that need

to be assigned to m unrelated machines. Throughout, we use

[n] and [m] to denote the set of jobs and machines respectively;

we use j to index jobs, and i to index machines. For each

i ∈ [m], j ∈ [n], we have a nonnegative r.v. Xij that denotes

the processing time of job j on machine i, whose distribution

is specified in the input. Jobs are independent, so Xij and

Xi′j′ are independent whenever j �= j′; however, Xij and

Xi′j could be correlated. A feasible solution is an assignment

σ : [n] → [m] of jobs to machines. This induces a random

load vector loadσ where loadσ(i) :=
∑

j:σ(j)=i Xij for each

i ∈ [m]; note that loadσ follows a product distribution on

R
m
≥0. The goal is to find an assignment σ that minimizes

E
[
f(loadσ)

]
for a given monotone symmetric norm f .

We often use j → i as a shorthand for denoting σ(j) = i,
when σ is clear from the context. We use σ∗ to denote an

optimal solution, and OPT := E
[
f(loadσ∗)

]
to denote the

optimal value. Let POS = POSm := {1, 2, 4, . . . , 2�log2 m	}.
Overview. Recall that Theorem 14 underlying our framework

shows that in order to obtain an O (α)-approximation for

stochastic f -norm load balancing, it suffices to find an assign-

ment σ that satisfies E
[
Top� (loadσ)

]
≤ αE

[
Top�(loadσ∗)

]
for all � ∈ POS. First, in Section VI-A, we consider the

simpler problem where we only have one expected-Top�
budget constraint, or equivalently, where f is a Top�-norm,

and obtain an O(1)-approximation algorithm in this case.

Theorem 18. There is a constant-factor approximation algo-
rithm for stochastic Top�-norm load balancing on unrelated
machines with arbitrary job size distributions.

Section VI-A introduces many of the techniques that we

build upon and refine in Section VI-B, where we deal with an

arbitrary monotone, symmetric norm. We devise a constant-

factor approximation when job sizes are Bernoulli random
variables, and we give an O(logm/ log logm)-approximation

for the most general setting, (i.e., arbitrary norm and arbitrary

distributions). We remark that when working with an arbitrary

norm f , our algorithms generate a polynomial number of

candidate solutions. This collection of solutions is in fact

independent of the norm f ; the norm f is used only in the final

step to select one of these solutions as the desired near-optimal

solution.

Theorem 19. There is a constant-factor approximation al-
gorithm for stochastic f -norm load balancing on unrelated
machines when job sizes are Bernoulli random variables.

Theorem 20. There is an O (logm/ log logm)-approximation
algorithm for the general stochastic minimum-norm load bal-
ancing problem on unrelated machines, where the underlying
monotone, symmetric norm and job-size distributions are ar-
bitrary.

A. Stochastic Top�-norm load balancing
We now prove Theorem 18. The key to our approach

is Theorem 9, which implies that, for t chosen suit-

ably,
∑

i E
[
loadσ(i)

≥t]
acts as a convenient proxy for
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E
[
Top�(loadσ)

]
. Theorem 9(b) shows that if t ≥ 2OPT

� ,

then
∑

i E
[
loadσ∗(i)

≥t] ≤ �t. We write a linear program,

(LP(�, t)), to find such an assignment (roughly speaking),

and round its solution to obtain an assignment σ such that∑
i E

[
loadσ(i)

≥t]
= O(�t); by Theorem 9(a), this implies

that E
[
Top�(loadσ)

]
= O(�t). Hence, if we work with t =

O
(
OPT
�

)
such that (LP(�, t)) is feasible—which we can find

via binary search—then we obtain an O(1)-approximation.

More precisely, for a given parameter t ≥ 0, our LP seeks

a fractional assignment satisfying
∑

i E
[
load(i)≥t

]
= O(�t).

As usual, we have zij variables indicating if job j is assigned

to machine i, so z belongs to the assignment polytope Q :=
{z ∈ R

m×n
≥0 :

∑
i∈[m] zij = 1 ∀i ∈ [m]}.

As alluded to in Section III-A, E
[
load(i)≥t

]
can be con-

trolled by separately handling the contribution from excep-

tional jobs X≥t
ij and truncated jobs X<t

ij . Our LP enforces that

both these contributions (across all machines) are at most �t,
thereby ensuring that

∑
i E

[
load(i)≥t

]
= O(�t). Constraint

(2) directly encodes that the total contribution from exceptional

jobs is at most �t. To handle the contribution from truncated

jobs, we utilize Lemma 8 here, which uses the notion of

effective sizes. For each machine i, let Li :=
∑

j:j 
→i X
<t
ij /t

denote the scaled load on machine i due to the truncated

jobs assigned to it. We use an auxiliary variable ξi to model

E
[
L≥1
i

]
, so that tξi models E

[
(
∑

j:j 
→i X
<t
ij )≥t

]
. Since Li is

a sum of independent [0, 1]-random variables, Lemma 8 yields

various lower bounds on E
[
L≥1
i

]
; these are incorporated by

constraints (3). Apriori, we do not know which is the right
choice of λ in Lemma 8, so we simply include constraints for

a sufficiently large collection of λ values so that one of them is

close enough to the right choice. Finally, constraint (4) ensures

that
∑

i E
[
(
∑

j:j 
→i X
<t
ij )≥t

]
≤ �t, thereby bounding the

contribution from the truncated jobs. We obtain the following

feasibility program (LP(�, t)).

∑
i∈[m],j∈[n]

E
[
X≥t

ij

]
zij ≤ �t (2)

∑
j∈[n] βλ

(
X<t

ij /4t
)
zij − 6

4λ
≤ ξi ∀i ∈ [m], ∀λ ∈ [100m]

(3)∑
i∈[m]

ξi ≤ � (4)

ξ ≥ 0, z ∈ Q. (5)

Claim 21. (LP(�, t)) is feasible for any t satisfying
E
[
Top� (loadσ∗)

]
≤ �t/2.

Rounding algorithm and analysis sketch. Suppose that

(LP(�, t)) is feasible, and (z, ξ) is a feasible fractional so-

lution. We set up an auxiliary LP, where we carefully choose,

for each machine i, a suitable budget constraint from among

the constraints (3). We round the fractional assignment z to

obtain an assignment σ such that: (i) these budget constraints

for the machines are satisfied approximately; and (ii) the total

contribution from the exceptional jobs (across all machines)

remains at most �t. The rounding step amounts to rounding a

fractional solution to an instance of the generalized assignment
problem (GAP), for which we can utilize the algorithm of [27],

or use the iterative-rounding result from Theorem 5.

The budget constraint that we include for a machine is

tailored to ensure that the total βλ

(
X<t

ij /4t
)
-effective load

on a machine under the assignment σ is not too large; via

Lemma 7, this will imply a suitable bound on E
[
L
≥Ω(1)
i

]
,

where Li =
∑

j:j 
→i X
<t
ij /4t. Ideally, for each machine i we

would like to choose constraint (3) for λi = 1/ξi. This yields∑
j βλi

(
X<t

ij /4t
)
zij ≤ 4λiξi + 6 = 10. So if this budget

constraint is approximately satisfied in the rounded solution,

say with RHS equal to some constant b, then Lemma 7 roughly

gives us E
[
L≥b+1
i

]
≤ (b+ 3) /λi = (b + 3)ξi. This in turn

implies that

∑
i

E
[( ∑

j:j 
→i

X<t
ij

)≥4(b+1)t]

= 4t ·
∑
i

E
[
L≥b+1
i

]
≤ 4t(b+ 3)

∑
i

ξi ≤ 4(b+ 3)�t,

where the last inequality follows due to (4). The up-

shot is that
∑

i E
[
(
∑

j:j 
→i X
<t
ij )≥Ω(t)

]
= O(�t); coupled

with the fact that
∑

j E
[
X≥t

σ(j),j

]
≤ �t, we obtain that∑

i E
[
loadσ(i)

≥Ω(t)
]
= O(�t), and hence E

[
Top�(loadσ)

]
=

O(�t). The slight complication is that 1/ξi need not be an in-

teger in [100m], so we modify the choice of λis appropriately

to deal with this.

Finally, we can find t = O
(
OPT
�

)
such that (LP(�, t)) is

feasible via binary search, since, even for an arbitrary norm

f , it is easy to obtain a (polytime computable) upper bound

UB such that UB
m ≤ OPT ≤ UB.

We remark that, whereas we work with a more general norm

than �∞, our entire approach—polynomial-size LP-relaxation,

rounding algorithm, and analysis—is in fact simpler and

cleaner than the one used in [10] for the special case of

Top1 norm. Our savings can be traced to the fact that we

leverage the notion of effective size in a more powerful way,

by utilizing it at multiple scales to obtain lower bounds on

E
[(∑

j:j 
→i X
<t
ij /t

)≥1]
(Lemma 8).

B. Stochastic f -norm load balancing

We now focus on stochastic load balancing when f is a

general monotone symmetric norm. Recall that σ∗ denotes an

optimal solution, and OPT = OPTf is the optimal value.

As noted earlier, Theorem 14 guides our strategy:

we seek an assignment σ that simultaneously satisfies

E
[
Top� (loadσ)

]
= O

(
αE

[
Top� (loadσ∗)

])
for all � ∈

POSm for some small factor α.

The LP-relaxation (LP(�, t)) generalizes easily. Since we

need to simultaneously work with all Top� norms, we now

work with a guess t� of 2E
[
Top�(loadσ∗)

]
/�, for every

� ∈ POS. We have the usual zij variables encoding a fractional

assignment. For each � ∈ POS, there is a different definition
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of truncated r.v. X<t�
ij and exceptional r.v. X≥t�

ij . Correspond-

ingly, for each index � ∈ POS, we have a separate set of

constraints (2)–(4) involving (the zijs), a variable ξi,� (that

represents ξi for the index �, i.e., E
[
(
∑

j:j 
→i X
<t�
ij /t�)

≥1
]
),

and the guess t�. For technical reasons, we include additional

constraints that enforce that a job j cannot be assigned to a

machine i if E
[
X≥t1

ij

]
> t1; observe that this is valid for the

optimal integral solution whenever t1 ≥ 2E
[
Top1 (loadσ∗)

]
.

Let (LP(�t)) denote the resulting LP relaxation. Claim 21

easily generalizes to yield that if �t is such that t� ≥
2E

[
Top� (loadσ∗)

]
/� for all � ∈ POS, then, (LP(�t)) is

feasible.

Designing an LP-rounding algorithm is however substan-

tially more challenging now. In the Top�-norm case, we set

up an auxiliary LP by extracting a single budget constraint for

each machine that served to bound the contribution from the

truncated jobs on that machine. This LP is quite easy to round

(e.g., using Theorem 5) because each zij variable participates

in exactly one constraint (thereby trivially yielding an O(1)
bound on the column sum for each variable). Since we now

have to simultaneously control multiple Top�-norms, for each

machine i, we will now need to include a budget constraint

for every index � ∈ POS so as to bound the contribution from

the truncated jobs for index � (i.e., E
[(∑

j:j 
→i X
<t�
ij

)≥Ω(t�)]
).

Additionally, we will now need, for each � ∈ POS, a

separate constraint to bound the total contribution from the

exceptional jobs for index �. Consequently, every zij variable

now participates in multiple budget constraints, which makes

it difficult to argue a bounded-column-sum property for this

variable and thereby leverage Theorem 5. Thus, while we

can set up an auxiliary LP containing these various budget

constraints, rounding a fractional solution to this LP so as to

approximately satisfy these various budget constraints presents

a significant technical hurdle.

We show how to partly overcome this obstacle in two cases.

When job sizes are Bernoulli random variables, we show that

an auxiliary LP as above yields a constraint matrix with O(1)-
bounded column sums. Consequently, this auxiliary LP can

be rounded with an O(1) violation of all budget constraints

(using Theorem 5), which then (with the right choice of �t)
leads to an O(1)-approximation algorithm (Theorem 19). For

the general case, we argue that we can set up an auxiliary LP

that imposes a weaker form of budget constraints involving

expected truncated job sizes, and does have O(1) column

sums. Via a suitable use of Chernoff bounds, this then leads to

an O(logm/ log logm)-approximation for general stochastic

f -norm load balancing (Theorem 20).

We do not know how to overcome the impediment discussed

above in setting up the auxiliary LP for the general setting.

We leave the question of determining the integrality gap of

(LP(�t)), as also the technical question of setting up a suitable

auxiliary LP, in the general case, as intriguing open problems.

The final step involved is choosing the “right” �t vector.

Using Claim 4, one can argue that there are only a polynomial

number of �t vectors to consider. We now utilize Lemma 15,

which shows that for each �t (for which (LP(�t)) is feasible),

we can define a corresponding vector �b = �b(�t) ∈ R
m
≥0

such that f
(
�b(�t)

)
acts as a good proxy for the objective

value E
[
f(Y )

]
of the solution computed for �t, provided that

E
[
Top�(Y )

]
= O

(
Top�(

�b)
)

for all � ∈ POS. It follows

that the solution corresponding to the smallest f
(
�b(�t)

)
is a

near-optimal solution. Notice that we obtain a deterministic
(algorithm and) approximation guarantee.

VII. SPANNING TREES

We now apply our framework to devise an approximation

algorithm for stochastic minimum norm spanning tree. We are

given an undirected graph G = (V,E) with stochastic edge-

weights and we are interested in connecting the vertices of this

graph to each other. For an edge e ∈ E, we have a nonnegative

r.v. Xe that denotes its weight. Edge weights are independent.

A feasible solution is a spanning tree T ⊆ E of G. This

induces a random weight vector Y T = (Xe)e∈T ; note that Y T

follows a product distribution on R
n−1
≥0 where n := |V |. The

goal is to find a spanning tree T that minimizes E
[
f(Y T )

]
for a given monotone, symmetric norm f .

Theorem 22. There is an O (1)-approximation algorithm for
stochastic f -norm spanning tree with arbitrary edge-weight
distributions.

Algorithm and analysis sketch. Let T ∗, Y ∗, and OPT denote

an optimal solution, its random weight vector, and the optimal

value, respectively. We drop the superscript in Y T when T is

clear from the context. We use Ye to denote the coordinate

in Y corresponding to edge e; we will ensure that Ye is used

only when e ∈ T .

The cost vector Y T is inherently less complex than the load

vector in load balancing, in that each coordinate Y T
e is an

“atomic” random variable whose distribution we can directly

access. Thus, our approach is guided by Corollary 16 and

Theorem 17, which show that to obtain an approximation

guarantee for stochastic f -norm spanning tree, it suffices to

find a spanning tree T such that the τ� statistics of Y T are

“comparable” to those of Y ∗.
Our LP relaxation works with a non-increasing

vector �t ∈ R
POSn−1

≥0 that is intended to be a guess

of
(
τ�(Y

∗)
)
�∈POS

. By Corollary 16, E
[
f(Y )

]
=

Θ
(∑

e E
[
(Ye − τ1(Y ))

+]
+ f(�τ(Y ))

)
. So our LP seeks a

(fractional) spanning tree whose cost vector Y minimizes∑
e E

[
(Xe − t1)

]+
subject to the constraint that τ�(Y ) ≤ t�

for all � ∈ POS. For A ⊆ E, let comp(A) denote the number

of connected components of (V,A).

min
∑
e∈E

E
[
(Xe − t1)

+]
ze (Tree(�t))

s.t.
∑
e∈E

Pr
[
Xe > t�

]
ze ≤ � ∀� ∈ POS (6)

z(A) ≤ n− comp(A) ∀A ⊆ E (7)

z ≥ 0, z(E) = n− 1. (8)

976



It is well known that the polytope defined by (7), (8) is

the spanning-tree polytope, i.e., the convex hull of indicator

vectors of spanning trees of G. (We remark that all our

arguments extend to general matroids, wherein we seek a basis

of minimum expected f -norm; the only change to the LP is

that (7) is replaced by the constraint that z lie in the matroid

base polytope.) The following claim is immediate.

Claim 23. (Tree(�t)) is feasible whenever t� ≥ τ� (Y
∗) for all

� ∈ POS. Moreover, the optimal LP value, Tree-OPT
(
�t
)
, is

at most
∑

e∈T∗ E
[
(Xe − τ1 (Y

∗))+
]
.

Suppose that (Tree(�t)) is feasible, and let z be an optimal

LP solution. We round z to obtain a spanning tree T satisfying

E
[
f(Y )

]
= O

(
value(�t)

)
, where we define value(�t) :=

Tree-OPT
(
�t
)
+ f(�t′), and �t′ ∈ R

n−1
≥0 denotes the expansion

of �t. (Recall that �t′ is defined by setting �t′i := �t2�log2 i� for all

i ∈ [n−1].) Note that scaling constraint (6) by � yields O(1)-
bounded column sums in the resulting constraint matrix, and

an additive O(1) violation of the scaled constraint translates

to an additive O(�) violation of constraint (6) for index �. We

obtain T by invoking Theorem 5 with the (scaled constraint

matrix and) parameter ν :=
∑

�∈POS
1
� < 2 to round z.

Theorem 24. The weight vector Y = Y T satisfies,
(i)

∑
e∈T E

[
(Ye − t1)

+]
≤ Tree-OPT

(
�t
)
;

(ii) for each � ∈ POS, τ3� (Y ) ≤ t�; and
(iii) E

[
f(Y )

]
= O(value(�t)).

Proof: Parts (i) and (ii) follow from parts (a) and (b) of

Theorem 5 respectively. Part (i) is immediate from part (a).

For part (ii), since we invoke Theorem 5 with ν < 2, by part

(b), we have
∑

e∈T Pr
[
Ye > t�

]
< 3�, and hence, τ3� (Y ) ≤

t�. For part (iii), observe that Y,�t satisfy the assumptions of

Theorem 17(a) with α = 1 and β = 3, so we obtain that

E
[
f(Y )

]
≤ 126

(∑
e∈T E

[
(Ye − t1)

+]
+f(�t′)

)
, and the RHS

expression is O(value(�t)) by part (i).

To finish up the proof of Theorem 22, using Claim 4, we

argue that we can obtain a polynomial-size set T ⊆ R
POS
≥0

containing a vector �t∗ such that τ∗� ≤ t∗� ≤ 2τ∗� + UB
m2 , where

UB is such that UB
m ≤ OPT ≤ UB. We return the solution

returned by our algorithm for the vector that minimizes

value(�t) among all vectors �t ∈ T for which (Tree(�t)) is

feasible. Let Y be the cost vector of the resulting solution. By

Claim 23, (Tree(�t∗)) is feasible, and so using Theorem 24, we

have E
[
f(Y )

]
= O

(
value(�t∗)

)
. Finally, given the bounds on

the t∗� values, using Theorem 17(b) and Claim 23, we obtain

that value(�t∗) = O(OPT) + UB
m = O(OPT).
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