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Abstract—Interactive oracle proofs (IOPs) are a hybrid
between interactive proofs and PCPs. In an IOP the prover
is allowed to interact with a verifier (like in an interactive
proof) by sending relatively long messages to the verifier,
who in turn is only allowed to query a few of the bits that
were sent (like in a PCP). Efficient IOPs are at the core of
leading practical implementations of highly efficient proof-
systems.

In this work we construct, for a large class of NP
relations, IOPs in which the communication complexity
approaches the witness length. More precisely, for any
NP relation for which membership can be decided in
polynomial-time and bounded polynomial space (e.g., SAT,
Hamiltonicity, Clique, Vertex-Cover, etc.) and for any
constant γ > 0, we construct an IOP with communication
complexity (1 + γ) · n, where n is the original witness
length. The number of rounds, as well as the number of
queries made by the IOP verifier, are constant.

This result improves over prior works on short
IOPs/PCPs in two ways. First, the communication com-
plexity in these short IOPs is proportional to the complex-
ity of verifying the NP witness, which can be polynomially
larger than the witness size. Second, even ignoring the
difference between witness length and non-deterministic
verification time, prior works incur (at the very least) a
large constant multiplicative overhead to the communica-
tion complexity.

In particular, as a special case, we also obtain an IOP
for CircuitSAT with communication complexity (1+ γ) · t,
for circuits of size t and any constant γ > 0. This improves
upon the prior state-of-the-art work of Ben Sasson et
al. (ICALP, 2017) who construct an IOP for CircuitSAT
with communication length c · t for a large (unspecified)
constant c ≥ 1.

Our proof leverages the local testability and (relaxed)
local correctability of high-rate tensor codes, as well as
their support of a sumcheck-like procedure. In particular,
we bypass the barrier imposed by the low rate of mul-
tiplication codes (e.g., Reed-Solomon, Reed-Muller or AG
codes) - a key building block of all known short PCP/IOP
constructions.

Keywords-computational complexity

I. INTRODUCTION

The celebrated PCP Theorem, established in the

early 90’s [2]–[5], shows that it is possible to encode any

NP witness in such a way that the veracity of the witness

can be verified by reading only a constant number of

bits from the encoding. This foundational result has had

a transformative effect on TCS with diverse applications

in cryptography and complexity theory.

A basic and natural question that has drawn a great

amount of interest is what is the minimal overhead in

encoding that is needed to allow for such local checking

of an NP witness. While the original PCP theorem

only guarantees a polynomial overhead, a beautiful line

of work has culminated in remarkably short PCPs.

More precisely, the works of Ben Sasson and Sudan [6]

combined with that of Dinur [7] yield PCPs of length

t · polylog(t) for any time t non-deterministic compu-

tation.

A central open question in the area is whether

such poly-logarithmic overhead is indeed necessary, or

can one construct truly linear length PCPs. Actually,

since the question is highly dependent on the com-

putational model (since transitions between standard

computational models usually involve at the very least

a logarithmic overhead), a cleaner formalization of this

question is the following:

Does the NP-complete language1 CircuitSAT
have a PCP whose length is linear in the given

circuit?

Beyond its intrinsic interest, this question also has

implications to the construction of efficient proof-

A full version of this paper is available online at ECCC [1].
1Recall that the language CircuitSAT consists of the set of all

satisfiable Boolean circuits, and that there is an O(t · log t)-time
reduction from NTIME(t) to CircuitSAT [8].
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systems that build on PCPs [9]–[11] as well as to the

field of hardness of approximation [12]–[14]. The state-

of-the-art is a result of [15] who construct a linear

length PCP for CircuitSAT albeit with only nε query

complexity, for any desired constant ε > 0. This result

falls well short of the desired goal of constant query

complexity (and has the additional drawback that the

verification is non-uniform).

Motivated by the goal of constructing such short

PCPs and their applications to the construction of

efficient proof-systems, Ben Sasson et al. [11] recently

proposed a natural generalization of PCPs called inter-
active oracle proofs, or IOPs for short.2 An IOP is an

interactive protocol (similarly to an interactive proof),

but at each round the prover can send a long message

from which the verifier is allowed to read only a few

bits (i.e., PCP-style access to the prover messages).

Ben Sasson et al. [17] later constructed an IOP for

CircuitSAT in which the communication complexity

(which we will also refer to as proof length) is O(t),
thereby demonstrating that local proofs with constant

overhead exist, if one allows for interaction.

A recent exciting sequence of works [18]–[21] has

leveraged the efficiency of IOPs to construct highly

efficient succinct argument schemes which are now at

the core of leading practical implementations [19].

A. Our results

In this work we construct IOPs with nearly optimal

proof length. As our first main result, which actually

follows from a more general statement that will be

elaborated on in Section I-A1, we construct an IOP for

CircuitSAT in which the proof length is (1 + γ) · t, for

circuits of size t and for any constant γ > 0.

Theorem 1 (Informally Stated, see Corollary II.3

and Remark I.2). For every constants γ, ε > 0,
CircuitSAT has a constant-round and constant-query
IOP in which the proof-length is (1 + γ) · t, where t
is the circuit size. The IOP has perfect completeness
and soundness error ε. The verifier runs in time Õ(t)
and the prover runs in time poly(t) (given the satisfying
assignment).

Theorem 1 should be contrasted with the main result

of [17], who give an IOP for CircuitSAT with proof

2The same notion was proposed independently by Reingold et
al. [16] (who used the term probabilistically checkable interactive
proof ) but for a different motivation - facilitating the construction of
doubly-efficient interactive proofs.

length c · t, for a constant c ≥ 1 that is left unspecified.3

While the proof length in Theorem 1 is shorter than that

in [17], the round complexity is slightly larger (Indeed,

while we have not attempted to optimize the round

complexity, a naive implementation seems to require 6
rounds, whereas [17] has only 3 rounds).

Remark I.1. The IOP in Theorem 1 can be extended
to sub-constant values of γ = γ(t) > 0 and ε =
ε(t) > 0 (simultaneously) at the cost of increasing
the query complexity to poly

(
1
γ , log(1/ε)

)
(and no

overhead to the round complexity).4 This leads to an
IOP with communication complexity (1 + o(1)) · t and
negligible soundness error, but with poly-logarithmic
query complexity.

1) Approaching the witness length: When consider-

ing a generic NP relation R, the result of Theorem 1,

the main result in [17], and essentially all short PCP
constructions, only yield constructions in which the

communication scales with the verification complexity
of R, rather than with the length of the original NP
witness. Essentially, this is because PCPs — in order

to facilitate local checking — typically encode the entire

computation (rather than just the witness) via a suitable

error correcting code.

For example, consider checking the 3-Colorability
of a (connected) graph G = (V,E). Using any of the

known PCPs or IOPs in the literature would give proof

length Ω(|E|), which can be quadratically larger than

the length of the natural NP witness (which has length

O(|V |)). Alternatively, checking the satisfiability of a

given CNF formula φ with m clauses and n variables is

only known to have PCPs and IOPs of length Ω(m+n),
but has a standard NP witness of length n (which again

can be significantly smaller than m+ n).

This limitation actually turns out to be inherent for

PCPs. Fortnow and Santhanam [22] showed that con-

structing PCPs whose length is a fixed polynomial of the

witness length is impossible, unless NP ⊆ co-NP/poly.

Interestingly however, Kalai and Raz [23] show

that the picture changes drastically if one allows for

interaction. In particular, their work yields IOPs with

proof length that is polynomial in the witness size for a

3We estimate that c is at least 3 · 63 = 648. This is since the
[17] IOP includes three codewords, each of which is a tensor (of
dimension ≥ 3) of an AG code. The AG code has rate 1 − 1

q−1
,

using an alphabet of size q2 (for any prime power q). However, since
they encode binary messages, the effective rate is (1− 1

q−1
)/ log(q2),

which achieves its maximum (over prime powers) at q = 4.
4The fact that the soundness error can be reduced is non-trivial:

straightforward error reduction by repetition can significantly increase
the proof length.
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large class of NP relations, with poly-logarithmic query

complexity.5 We improve upon the result of [23] by

constructing IOPs, also for a large class of NP relations,

in which the proof length is (1 + γ) · n, where n is the

length of the original NP witness, rather than poly(n) as

in [23], and with constant query and round complexities.

The class of relations that we can support consists

of all NP relations that can be verified in polynomial-

time and bounded polynomial space.6 In particular,

we obtain IOPs with communication approaching the

witness length for many natural NP problems, such as:

SAT, Hamiltonicity, TSP, all 21 of Karp’s original NP-

complete problems7 [29], etc.

Theorem 2 (Informally Stated, see Corollary II.3).
Let R be an NP relation which can be verified in
polynomial-time and bounded polynomial space (i.e.,
space nξ for some sufficiently small constant ξ > 0).
Then for any constants γ, ε > 0, the relation R has
a constant-round and constant-query IOP with proof-
length (1+γ)·n, where n is the original witness length.
The IOP has perfect completeness and soundness error
ε. The verifier runs in quasi-linear time and the prover
runs in polynomial-time (given the NP witness).

Remark I.2. It is worth emphasizing that every lan-
guage in NP has a corresponding NP relation which
can be verified in small space. Indeed, this follows di-
rectly from the Cook-Levin theorem. However, the Cook-
Levin transformation incurs a polynomial blowup to
the witness size (corresponding to the non-deterministic
verification time of the relation). The point of Theorem 2
is that for NP relations which a priori can be verified
in small space, we do not need to pay this additional
(potentially large) overhead.

5Kalai and Raz [23] consider a restricted model (in fact a prede-
cessor) of IOPs called interactive PCPs. Their result, combined with
followup works [16], [24], yields IOPs with length that is polynomial
in the witness size for all NP relations that can be verified in either
bounded depth, or bounded space. Jumping ahead, we remark that our
results can also be interpreted as interactive PCPs (see Remark I.3).

6We emphasize that machine verifying the relation is allowed read-
many access to the witness (in contrast to the much more restricted
complexity class NL in which the verifier has read-once access to the
witness). For further discussion, see [25, Section 5.3.1].

7For all but 2 of Karp’s 21 problems, it is straightforward to see
that their natural NP relation can be verified in bounded space. The
two exceptions are: feedback vertex set and feedback arc set. In these
two problems, given a graph G one needs to decide whether there is
a small set of vertices (resp., edges) whose removal makes the graph
acyclic. The natural NP witness for these problems is a specification
of the set of vertices (resp., edges) to be removed. While we are
unaware of a deterministic bounded space algorithm for checking
whether a (directed) graph is a-cyclic, it is straightforward to show
that this problem is in co-NL. Using an unpublished extension [26]
of the [16] protocol to NL (and therefore also co-NL [27], [28])
one can obtain short IOPs also for these two problems.

Still, by applying Theorem 2 to CircuitSAT using the
NP relation arising from the Cook-Levin theorem (in
which the witness includes, in addition to the satisfying
assignment, the values of all of the gates in the circuit),
we obtain an IOP for CircuitSAT with proof length (1+
γ)·t, where t is the circuit size. Thus, Theorem 1 follows
as an immediate corollary of Theorem 2.

Similarly to Theorem 1, we can extend Theorem 2

to sub-constant values of γ = γ(n) > 0 and ε =
ε(n) > 0, at the cost of increasing the query complexity

to poly(1/γ, log(1/ε)) (and no overhead to the round

complexity), leading to communication complexity (1+
o(1)) · n and negligible soundness error, but with poly-

logarithmic query complexity.

The communication complexity in Theorem 2 is very

close to optimal, under the following plausible complex-

ity theoretic conjecture. Loosely speaking, the random-
ized strong exponential time hypothesis (RSETH) states

that SAT is not contained in BPTIME
(
2(1−γ)·n) for any

constant γ > 0 (where n here is the number of variables

in the formula). The work of Goldreich and Håstad [30]

shows that only languages in BPTIME(2b · poly(n))
have constant-round public-coin interactive proofs (let

alone IOPs) in which the prover sends at most b bits.

Put together, these two facts imply that SAT does not

have a (constant-round and public-coin) IOP in which

the prover sends less than (1−γ)·n bits, unless RSETH
is false. For a more precise statement and further details,

see the full version [1].

We also mention that the limitation in Theorem 2

to relations computable in space nξ (for a sufficiently

small constant ξ > 0) is inherited from the work of [16],

on which we build. In this work we have not made an

attempt to optimize the constant ξ. However, we believe

that ξ could potentially be any constant smaller than

1/2 (i.e., leading to a space bound of n0.499). Whether

or not the space bound can be improved or altogether

eliminated is an interesting open problem.

Remark I.3. Our results can also be interpreted as
interactive PCPs (IPCP) [23], a more restricted model
than IOPs in which the prover first sends a single
long message to which the verifier has oracle access
(like a PCP), followed by short interactive protocol
with sublinear communication during which the verifier
reads the prover’s messages in full (like an interactive
proof).

Specifically, Theorem 2 (see Theorem II.1) gives an
IPCP in which the first message has length (1+γ)·n and
constant query complexity, and the rest of the commu-
nication is of length nβ , for arbitrarily small constants
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γ, β > 0. Alternatively, optimizing the communication
complexity, we can obtain an IPCP in which the first
message has length (1 + 2−(logm)1−ε0

) · n and query
complexity 2(logm)1−ε0 , and the rest of the communica-
tion has length 2(logm)1−ε0 , where m is the input length,
n is the witness length, and ε0 > 0 is a small absolute
constant (see Corollary II.4). This should be contrasted
with the main result of [23] that gives IPCP in which
the first message has length poly(n) with constant query
complexity (in fact, one query suffices), and the rest of
the communication has length polylog(n).

2) Interactive oracle proofs of proximity with sublin-
ear proof length: Loosely speaking, proofs of proximity

are proof-systems in which the verifier runs in sublinear
time. Since the verifier cannot even read its own input,

we only require that she rejects inputs that are far from

the language. Various models of proofs of proximity

have been considered in the literature, depending on the

type of communication with the prover. In particular,

PCP-style access [31], [32], interactive proofs [33],

[34], non-interactive proofs [35], as well as an IOP
variant [11], [16].

As a technical step toward proving Theorem 2,

we also construct short interactive oracle proofs of
proximity (IOPP). In an IOPP, the verifier is given

oracle access to an implicit input w and is allowed to

communicate with an all powerful but untrusted prover

(who sees all of w). In each round of the interaction

the prover sends a long message and the verifier can

choose to read a few of the bits of the message, as well

as a few bits of w. At the end of the interaction the

verifier should accept if w belongs to the language and

should reject (with high probability) if w is far from

the language (no matter what the prover does).

Theorem 3 (Informally Stated, see Corollary II.6).
Let L be a language computable in polynomial-time
and bounded-polynomial space. Then, for any constant
β, γ > 0 there exists an IOPP for L with communi-
cation complexity γ · n and constant query and round
complexities. The verifier’s running time is nβ , and the
prover’s running time is poly(n).

We remark that the communication complexity in

Theorem 3 is strictly less than the input length n. At

first glance this may seem quite surprising as, by the

aforementioned work [30] (see also [36]), we do not

expect IOPs for NP with communication that is shorter

than the witness length. Indeed, the key difference

which enables such short communication is the fact that

Theorem 3 is for deterministic languages.

We remark that Theorem 3 is optimal in several ways.

First, the work of Kalai and Rothblum [37] implies that

there exists a language L∗ ∈ Logspace such that any

IOP for L∗ with communication complexity o(n) must

have query complexity ω(1), under a strong but plau-

sible cryptographic assumption (i.e., exponentially hard

cryptographic pseudorandom generators computable in

logarithmic space). Second, a bound on the space

complexity of L is inherent under the widely believed

assumption that P is not contained in SPACE(Õ(n))
(c.f., [38, Theorem 1.4]).

Remark I.4. Interestingly, since the proof length is
strictly less than the input size, Theorem 3 is non-trivial
even if we ignore the fact the verifier only reads a small
part of the proof. Thus, the result can also be viewed as
an interactive proof of proximity (IPP) [33], [34]. As a
point of comparison, note that [16], [34] also construct
IPPs with sublinear communication for bounded-space
computations, but in a different parameter regime: the
result in [16], [34] has much smaller communication
complexity (e.g., O(

√
n)) but on the other hand it does

not support constant query complexity as in Theorem 3.

B. Techniques

Next we give an overview of the proof of Theorem 2

(from which Theorem 1 follows, see Remark I.2). As a

warmup, we focus here on a high level overview of

a short IOP for 3SAT (i.e., rather than all bounded

space relations) and with only some non-trivial query

complexity (i.e., O(
√
n) rather than constant). Later, in

Section I-B1, we discuss the additional steps needed

to generalize to any bounded-space relation and with

constant query complexity.

Let φ : {0, 1}n → {0, 1} be a 3CNF formula and

let γ > 0. We construct an IOP for proving that φ is

satisfiable with communication complexity (1 + γ) · n
and query complexity O(

√
n) (note that the witness here

is the satisfying assignment, and so the witness length

is n). To construct the IOP, our starting point is the

following rough outline shared by most PCP and IOP
constructions:

1) The prover provides an error-corrected encoding

of the computation (either as part of the PCP or

as the first message of the IOP).

2) The error-correcting code is chosen so that there is

way for the verifier to check that the given alleged

codeword is actually a valid codeword. For exam-

ple, this can be done if the above code is locally
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testable and (relaxed) locally correctable,8 or by

providing an auxiliary proof that the codeword is

close to being valid (as in [6]).

3) Lastly, the PCP/IOP is designed to have a mech-

anism for ensuring that the message encoded

within the codeword - an alleged computation -

is indeed a valid and accepting computation.

Our construction also shares this basic schema but

departs significantly in the details. Let us focus first

on Step 1. The first main difference here is that in our

construction we only provide an encoding of the NP wit-
ness (i.e., the satisfying assignment in the case of 3SAT)

rather than the entire computation (which includes also

the values of all the clauses in φ). Intuitively, this makes

our job harder when handling Step 3. The second main

difference, on which we elaborate next, is that the code

that we use in Step 1 is a high rate code which is not

a multiplication code.

Multiplication codes and how to avoid9 them:
Loosely speaking, a multiplication code [39], [40] is a

linear error correcting code C, over a finite field F, so

that the set {c1 � c2 : c1, c2 ∈ C}, where c1 � c2 denotes

entry-wise multiplication (over F), is itself a code (i.e., it

has large relative distance). The archtypical example of

a multiplication code is the Reed-Solomon code (since

the product of two sufficiently low degree polynomials

is a low degree polynomial). As elegantly articulated

in the works of Meir [39], [40], the multiplication

property is leveraged in PCP and IOP constructions

to facilitate checking of non-linear relations that arise

in the computation (e.g., verifying correctness of AND

gates).

Unfortunately, all known multiplications codes (e.g.,

the Reed-Solomon code [41], the Reed-Muller code

[42], [43], low rate tensor codes [39], [40] or AG codes

[15], [44]) have rate less than 1/2, and this is inherent

[45]. Since we are aiming for rate close to 1, we cannot

afford to encode the entire computation using such a

code.

Instead, we encode the satisfying assignment w using

a high rate binary code C : {0, 1}n → {0, 1}(1+γ/2)·n

8Informally, a code is said to be locally testable if, given a string w,
it is possible to determine whether w is a codeword of C, or far from
all codewords in C, by reading only a small part of w. A code is said
to be locally correctable if, given a codeword c that has been partially
corrupted by some errors, it is possible to recover any coordinate of
c by reading only a small part of the corrupted version of c. Finally,
in relaxed local correction, the local corrector is additionally allowed
to abort whenever a corruption is detected.

9Actually, our construction does use multiplication codes (specifi-
cally the Reed-Muller or Low Degree Extension code). What we avoid
is explicitly sending an encoding of the computation (or witness) via
a multiplication code.

with constant relative distance (which is not a multi-

plication code). Beyond having high rate and constant

relative distance, we will also need for C to be (1)

locally testable, (2) (relaxed) locally correctable, and (3)

support a certain “sumcheck-like property”, elaborated

on below.

It turns out that the tensor product of a high-rate

binary code of constant relative distance satisfies all the

aforementioned properties. Given a linear code C0 :
{0, 1}k → {0, 1}m, consider the (two-dimensional)

tensor product code C0⊗C0 : {0, 1}k×k → {0, 1}m×m.

Recall that the codewords of C0⊗C0 are m×m matrices

with the constraints that both the rows and columns are

all codewords of the base code C0.

It is well-known that the tensor product operation

squares the rate and the relative distance of the base

code. In particular, if the base code has high-rate

and constant relative distance, then so does its tensor

product. Moreover, a recent line of work [46]–[50] has

established the local testability and relaxed local cor-

rectability of high-rate tensor codes.10 Hence, we take

C : {0, 1}n → {0, 1}(1+γ/2)·n to be a tensor product

of some high-rate base code C0. Given a satisfying

assignment w ∈ {0, 1}n for φ, the prover in our IOP
first sends C(w) (which has length (1+γ/2) ·n). Next,

addressing Step 2 in the outline, we observe that C is

indeed locally testable and relaxed locally correctable

with query complexity O(
√
n).

Thus, we are left with the question of how to imple-

ment Step 3, which is the key technical challenge. This

is where we use the “sumcheck-like” property of our

code C. To explain our approach we first take a brief

detour into the classical method for constructing PCPs

due to [2], [53]. Our presentation follows [54].

A quick recap of classical PCP techniques:
Imagine momentarily that the prover can provide an

encoding of the satisfying assignment w under the low
degree extension code (a variant of the Reed Muller

code). This code is very “PCP-friendly” but has very

poor rate.

In more detail, let F be a finite field of size |F| �
log(n) and let ŵ : Flog(n) → F be the unique multilinear

polynomial such that for every i ∈ {0, 1}log(n) it holds

that ŵ(i) = wi, where we identify {0, 1}log(n) with [n]
in the natural way. The existence of such a (unique)

polynomial, referred to as the multilinear extension of
w, basically follows from interpolation, see the full

version [1] for details. Observe that the truth table of

10Local testability actually requires the dimension of the tensor
product to be at least 3 [51], [52]. For simplicity we ignore this fact
in this high-level overview.
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ŵ has super-polynomial length and so we cannot afford

for the prover to send ŵ. Nevertheless, let us assume

for now that the verifier also has oracle access to ŵ.

Consider the polynomial P : (Flog(n))3×F
3 → F of

total degree O(log n) defined as:

P (i1, i2, i3, b1, b2, b3) = Îφ(i1, i2, i3, b1, b2, b3)

·
(
ŵ(i1)− b1

)

·
(
ŵ(i2)− b2

)

·
(
ŵ(i3)− b3

)
, (1)

where Îφ is a multilinear extension of a Boolean

function Iφ that on input (i1, i2, i3, b1, b2, b3) ∈
{0, 1}3 log(n)+3 outputs 1 if the clause (xi1 = b1) ∨
(xi2 = b2) ∨ (xi3 = b3) appears in φ and otherwise

outputs 0. The significance of P is that it has the fol-

lowing easy-to-verify property: P is identically 0 in the

hypercube {0, 1}3 log(n)+3 if and only if ŵ corresponds

to a satisfying assignment for φ.

Thus, we only need to check that indeed

P |{0,1}3 log(n)+3 ≡ 0. This can be done using a

variant of the classical (interactive) sumcheck protocol

[55].11 More specifically, and without getting into the

details, there exists a constant round interactive proof

for checking whether a given low degree polynomial

Q : F
m → F is identically 0 in {0, 1}m. Most

importantly, the verifier in the protocol only needs

oracle access to Q and moreover, only makes a single

query to Q.

It is very instructive to think of the above protocol

as an interactive reduction - a central notion in our

work. Generally speaking, in an interactive reduction

a (computationally) complex claim about an input w
is reduced, by interaction with a prover, to a much

simpler claim about w. Completeness means that if

the original claim was true then the honest prover will

make the verifier generate a true (and simpler) claim,

whereas soundness means that if the original claim was

false, then no matter what the prover does, with high

probability, either the verifier rejects or it generates

a false claim. Since the claim has been simplified,

intuitively, progress has been made.

We emphasize that in an interactive reduction the

verifier doesn’t get any form of access to the input w
- it merely reduces the complexity of claims about w,

without ever seeing it. For example, the above protocol

(for checking whether the polynomial Q vanishes on the

hypercube) can be viewed as an interactive reduction

11Since we aim for query complexity O(
√
n), we can use a

constant-round variant of sumcheck with communication O(
√
n).

from a claim about 2m values of Q to a claim about a

single value.

Using this reduction, applied to the polynomial P ,

the prover and verifier can reduce the satisfiability of

the formula φ to a claim about a single point of the

polynomial P . The verifier can now directly check this

claim, via Eq. (1), by making three queries to ŵ.12

Taking a step back, what we started off with was a

claim that w is a satisfying assignment for φ and we

ended up with claims about three particular values of

ŵ. Thus, we can view this entire process itself as an

interactive reduction from the claim that the assignment

w satisfies the formula φ to claims about three specific

points of its low degree extension ŵ. We emphasize

that in this interactive reduction, which we denote by

Πreduce, the verifier only needs to get φ and doesn’t

need any form of access to w.

Back to our IOP construction: If we could afford

for the prover to send ŵ then at this point we would

be done - after sending ŵ, the prover and verifier run

Πreduce and then the verifier checks the three claims

about ŵ by reading the three corresponding points from

the prover’s first message (using also the local testability

and correctability of the low degree extension).

Alas, in our actual IOP the prover can only send a

high-rate encoding C(w) and cannot afford to send ŵ.

Still, we can use Πreduce to our advantage. In particular,

after the prover sends C(w), the two parties run Πreduce.

The reduction generates claims about three values of

ŵ. We are now faced with a (potentially) simpler task.

Given oracle access to C(w), we merely need to check

the three claims about ŵ. For simplicity let us focus on

one of these three claims, that is, a claim of the form

ŵ(z) = b (where z ∈ F
log(n) and b ∈ F).

It is natural to wonder at this point whether checking

that ŵ(z) = b, given oracle access to C(w), is any

simpler than checking that φ(w) = 1. We would like

to argue that the answer is affirmative. In particular,

since the low degree extension is a linear code (over

the field F), the claim ŵ(z) = b is linear - i.e., it can

be rephrased as a claim of the form 〈λz, w〉 = b, for

some λz ∈ F
n (that depends only on z ∈ F

log(n)).

Thus, we need a procedure for checking a linear

claim about w, given oracle access to C(w). Observing

that C is a tensor code, a natural approach is to

use the classical sumcheck protocol. Recall that the

sumcheck protocol is an interactive proof for computing∑
i∈[n] wi, given oracle access to C(w). While the

protocol was originally designed specifically for the

12Here we also use the fact that the verifier can compute Îφ by

itself in Õ(n) time, see the full version [1] for details.
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low degree extension code, it was later abstracted by

Meir [39], who showed that it can be applied to any

tensor code.
The discussion so far comes close to resolving our

problem. The difficulty that remains is that we would

like to check that 〈λz, w〉 = b whereas the sumcheck

protocol supports claims of the form 〈1, w〉 = b, where

1 is the all 1’s vector. That is, the sumcheck protocol

seems limited to the particular linear claim in which

all coefficients are equal to 1. Unfortunately, the linear

claim in question (corresponding to the vector λz) does

not have this form.
Before proceeding, we remark that if C were a

multiplication code then we could have easily handled

this difficulty be applying the sumcheck protocol to the

codeword C(w) � C(λz).
Sumcheck for rank 1 tensor coefficients: While

we do not know how to extend the sumcheck protocol

to handle linear claims with arbitrary coefficients, we

show that it is possible to extend it to handle a particular

form of coefficient structure. Luckily, the vector λz has

a suitable form.
More specifically, we show how to extend the sum-

check protocol to computing linear claims of the form

〈λ,w〉 for any λ ∈ F
n which corresponds to a rank

1 matrix of dimension
√
n × √n (or more generally

to any rank 1 tensor). That is, we assume that there

exist λ(1), λ(2) ∈ F
√
n such that λ = λ(1) ⊗ λ(2)

(where ⊗ denotes the tensor product, and we view λ
simultaneously as a vector in F

n and as a matrix in

F
√
n × F

√
n in the natural way). The fact that λz has

this structure follows from the fact that the low degree

extension is itself a tensor code.
Thus, we would like to use the sumcheck protocol to

compute 〈λ(1)⊗λ(2), w〉. Let C0 : {0, 1}n0 → {0, 1}n′0
be a systematic linear code such that C = C0 ⊗ C0.

Thus, n0 =
√
n and n′0 =

√
(1 + γ/2) · n. Let c =

C(w). We view c as an n′0 × n′0 dimensional matrix in

the natural way, and denote its (i, j)-th entry by ci,j .
In our sumcheck variant, the (honest) prover sends

the message π ∈ F
n′0 which is defined as πi =∑

j∈[n0]
λ
(2)
j · ci,j , for every i ∈ [n′0]. In other words,

π is computed by taking a linear combination of the

first n0 columns of c, with coefficients corresponding

to λ(2).
At first glance it may seem as though π is a codeword

of C0. This is actually not true since C0 is linear over

the field GF(2) whereas we are using coefficients in a

different (and larger) field F. Nevertheless, if we choose

F to be an extension field of GF(2), then with some

elementary algebraic manipulations, we can show that

π can be decomposed into log2(|F|) codewords of C0.

The verifier, given a string π̃ which is allegedly equal

to π, first checks that π̃ indeed consists of the afore-

mentioned log(|F|) codewords and rejects otherwise.

Since both π and π̃ are composed of codewords, this

test ensures us that if they differ then they must differ

on a constant fraction of coordinates.

The verifier then chooses a random i∗ ∈ [n′0] and

checks that π̃i∗ =
∑

j∈[n0]
λ
(2)
j · ci∗,j by reading the

i∗-th row of C. Assuming that the prover sent π̃ = π,

with constant probability over the choice of i∗ it holds

that π̃i∗ = πi∗ =
∑

j∈[n0]
λ
(2)
j · ci∗,j and so the verifier

rejects. This probability can be amplified by choosing

a suitably large constant number of random i∗’s. Note

that verifier only reads a constant number of rows from

c and so the number of queries to c is O(n′0) = O(
√
n).

Since we can now assume that the prover actually

sent π, the verifier can simply output
∑

i∈[n0]
λ
(1)
i ·πi =∑

i,j∈[n0]
λ
(1)
i · λ(2)

j · ci,j = 〈λ(1) ⊗ λ(2), w〉 as desired.

This concludes the description of the warmup. Ob-

serve that the communication complexity is (1+ γ/2) ·
n+ Õ(

√
n) ≤ (1 + γ) · n and the query complexity is

O(
√
n) as promised.

A brief digest: Interactive code switching: The

key idea in the above proof is that, using interaction,

we are able to “switch” between different tensor codes

during the protocol. More specifically, we implicitly use

a (low-rate) multiplication code to check correctness

of the computation, but are able to use a high-rate

tensor code for actually encoding the witness. The key

facilitator for switching between these codes is the

power of the sumcheck protocol.

This approach is reminiscent of Meir’s [39] combi-

natorial proof of the IP = PSPACE theorem. In Meir’s

protocol, which is an abstraction of the [24] protocol,

claims about larger tensor codewords are reduced to

claims about smaller tensor codewords via the sumcheck

protocol.

1) Additional steps from warmup to Theorem 2:
Constant query complexity: The approach out-

lined so far only yields an IOP with O(
√
n) query

complexity. To obtain a result with constant query

complexity we follow the usual route - query reduction

via composition [4]. In more detail, rather than actually

performing the queries we will ask the prover to provide

a constant query PCP, or more precisely a PCP of

proximity (PCPP), that the verifier would have accepted

had it read these queries. Since the PCPP is applied

to an input of length O(
√
n) (or more accurately to

a computation of size Õ(
√
n)) we can afford to use

existing constant-query PCPP constructions (e.g., those
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with poly-logarithmic overhead [6], [7]). A similar type

of IOP composition was used also in [17] and as in

their work, we utilize interaction to pay only linearly

in the randomness complexity of the so-called “outer”

IOP (rather than exponentially as in standard PCP
composition).

Actually making this idea go through is somewhat

more technically invloved. For example, we need to en-

sure that our base IOP (with O(
√
n) query complexity)

is robust (i.e., the verifier cannot be made to accept

even if the prover is allowed to flip a constant fraction

of its answers a posteriori). We also need the outer

IOP verifier to run in sublinear time. We achieve this

by making also the outer IOP an IOPP. We defer the

details to the technical sections.

Extending to general bounded-space computa-
tions: When trying to extend our approach past 3SAT,

we observe that the main property that we used is that

3SAT has an interactive reduction to a linear claim about

the witness, where the linear claim has a rank 1 tensor

structure.

Using the doubly-efficient interactive proofs of Rein-

gold et al. [16] we show that a similar statement holds

for any NP relation computable in polynomial-time and

bounded polynomial-space. This basically follows from

the fact that the verifier in [16] runs in sublinear time

given access to the low degree extension of its input.

Plugging in the [16] protocol instead of Πreduce lets

us obtain a high-rate IOP for any non-deterministic

bounded space computation, thereby proving Theo-

rem 2.

Remark I.5. One can replace the [16] protocol with
the doubly efficient interactive proof-system of Gold-
wasser et al. [24] to obtain an IOP approaching the
witness length also for NP relations that can be verified
in small depth (rather than small space). However, the
resulting IOP only has poly-logarithmic query complex-
ity due to the poly-logarithmic number of rounds in
[24].

C. Open problems

Shorter PCPs: As mentioned above, the work

of [22] shows that SAT does not have a PCP with

length that is a fixed polynomial in the witness size

(let alone proof length approaching the witness length),

unless NP ⊆ co-NP/poly. This still leaves open the

possibility that an interesting sub-class of NP relations

has such short proofs. Somewhat along this vein, a

recent work of Ben Eliezer et al. [56] constructs a

PCPP with length n · (log n)o(1) but for a very specific

problem. In particular, while we have constructed nearly

optimal IOPs for CircuitSAT, the question of whether

CircuitSAT has a linear length constant-query PCP
remains wide open.

A major difficulty in trying to adapt our approach

(as well as previous approaches) is that we apply an

interactive version of the sumcheck protocol that has

sub-linear communication. In contrast, the only way in

which we know how to make the sumcheck protocol

non-interactive (i.e., by specifying the answers of all

possible queries of the verifier) leads to super-linear

proof length.

A starting point may be to try to obtain PCPs for

CircuitSAT of proof length approaching t with any
non-trivial query complexity (we note that while [15]

constructed a PCP for CircuitSAT of length O(t) with

non-trivial query complexity, the hidden constant in the

O(·) notation is very large). A positive answer to this

question would have to bypass the use of multiplication

codes in a fundamentally different way than in our pro-

tocol (which capitalizes on interaction). Moreover, we

note that for the case of locally testable and decodable

codes, a key for reducing the query complexity of linear

length locally testable and decodable codes was indeed

to first construct such codes of rate approaching 1 and

non-trivial sublinear query complexity [49].

Hardness of approximation: A major application

of PCPs is showing hardness of approximation for

central optimization problems (see, e.g., [3], [57]). A

fascinating open question, pointed out by [17], [58], is

whether IOPs may have similar implications. In par-

ticular, a major barrier in applying the traditional PCP
methodology for obtaining hardness of approximation

results in fine-grained complexity is the overhead in

the length of existing PCPs. For example, to show that

GapSAT is 2(1−ε)·n hard, one would need a PCP with

overhead 1+ε′. (In particular, note that a PCP of length,

say, 100n would only roughly yield hardness of 2n/100.)

Interestingly, recent breakthrough results bypassed this

barrier by relying on interactive proof machinery [58]–

[60]. It is natural to ask whether short IOPs such as

those constructed in this work can be used to establish

new or improved hardness of approximation results.

II. FORMAL STATEMENT OF OUR RESULTS

We first state our IOP results in Section II-A. Then,

in Section II-B, we state our IOPP results.

A. IOP results

Our main result is an IOP for every NP relation that

can be verified in bounded space. The general statement

is given in Theorem II.1 below, which gives tradeoffs
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depending on parameters β (which offers a tradeoff

between number of rounds and total communication)

and γ (which offers a tradeoff between the rate and

the query, communication and verification complexi-

ties). Since the statement of Theorem II.1 is somewhat

involved, it may be useful for the first reading to skip

directly to Corollary II.3 which considers a particularly

interesting setting of the parameters.

In the following we say that a function α = α(n) ∈
(0, 1) is nice if it is computable in time polylog(n) and

α(Θ(n)) = Θ(α(n)) (e.g., α(n) = 1/ log(n) is nice).

Theorem II.1 (IOP for NP). Let L ∈ NP with cor-
responding relation RL in which the instances have
length m and witnesses have length n, where n and
m are polynomially related, and such that RL can be
decided in time poly(n) and space s ≥ log(n). Also,
we assume that m ≥ n (i.e., instances are not shorter
than their corresponding witnesses).13

Let γ = γ(m) ∈ (0, 1) and β = β(m) ∈ (0, 1)
be nice functions such that poly(1/β) ≤ log(n) and
γ ≥ m−O(β). Then, there exists a β−O(1/β)-round IOP
for L with soundness error 1/2. The query complexity
is (γβ)−O(1/β) and the communication consists of a
first (deterministic) message sent by the prover of length
(1 + γ) · n bits followed by poly

(
mβ , (γβ)−1/β , s

)
additional communication. The IOP verifier runs in time
Õ(m) + poly

(
mβ , (γβ)−1/β , s

)
and the IOP prover

runs in time poly(m).

Remark II.2. The soundness error in Theorem II.1 can
be reduced by parallel repetition, while observing that
since the first prover message is deterministic, it does
not to be repeated (note that in a typical setting of
parameters the first prover message in Theorem II.1 is
by far the largest part of the communication).

A particularly interesting setting of parameters is

when γ > 0 is an arbitrarily small constant, and β > 0
is a sufficiently small constant. In this regime we obtain

the following corollary from Theorem II.1.

Corollary II.3. There exists a fixed constant ξ > 0
such that the following holds. Let L ∈ NP be as in
Theorem II.1 with s = s(n) ≤ nξ. Then, for any
constant γ, ε > 0 there exists an IOP for L with
communication complexity (1 + γ) · n, constant query
complexity, constant round complexity, and soundness
error ε. The verifier runs in time Õ(m) and the prover
runs in time poly(m).

We also state another corollary of Theorem II.1,

13This requirement can be handled by simply padding the input
with 0’s if necessary. This increases the input size by at most n.

focusing on minimizing the communication complexity

following the first prover’s message. Specifically, letting

β(m) = 1
(logm)Θ(ε0 )

and γ(m) = 2−(logm)1−Θ(ε0)

we

obtain the following.

Corollary II.4. There exists an absolute constant ε0 >
0 such that the following holds. Let L ∈ NP be as
in Theorem II.1 with s = s(n) ≤ 2(logm)1−ε0 . Then,
there exists a 2(logm)ε0 -round IOP for L with soundness
error 1/2. The query complexity is 2(logm)1−ε0 , and the
communication consists of a first (deterministic) mes-
sage sent by the prover of length (1+2−(logm)1−ε0

) ·n,
followed by 2(logm)1−ε0 additional communication. The
IOP verifier runs in time Õ(m) and the IOP prover runs
in time poly(m).

B. IOPP results

We next state our IOPP results. Our main result is

an IOPP for bounded space computations in which the

communication complexity is slightly less than n.

Theorem II.5 (IOPP for bounded-space computations).
Let L be a language computable in time poly(n) with
space s = s(n) ≥ log n. Then for every δ = δ(n) ∈
(0, 1), β = β(n) ∈ (0, 1) and γ = γ(n) ∈ (0, 1) such
that poly(1/β) ≤ log(n) and γ = γ(n) ≥ 200·41/β ·logn

nβ/2

the following holds.
There exists a β−O(1/β)-round IOPP for L with re-

spect to proximity parameter δ, and with soundness er-
ror 1/2. The query complexity is poly

(
(γβ)−1/β , 1/δ

)
,

and the communication consists of a first (deter-
ministic) message sent by the prover of length γ ·
n bits followed by poly

(
nβ , (γβ)−1/β , 1/δ, s

)
addi-

tional communication. The IOP verifier runs in time
poly

(
nβ , (γβ)−1/β , 1/δ, s

)
, and the IOP prover runs

in time poly(n).

As in the IOP case, letting δ, γ > 0 be arbitrary

constants and β > 0 be a sufficiently small constant,

we obtain the following constant query IOPP.

Corollary II.6. For any β > 0 there exists a constant
ε0 > 0 such that the following holds. Let L be a
language computable in time poly(n) and space nε0 .
Then, for any constants δ, γ, ε > 0 there exists an IOPP
for L, wrt proximity parameter δ, with communication
complexity γ · n, constant query complexity, constant
round complexity, and soundness error ε. The verifier
runs in time nβ , and the prover runs in time poly(n).
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