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learning mixtures of distributions [6], [7], and has numerous
other applications.
A large body of recent work has looked at relative-error
low-rank approximation, whereby given an n × n matrix A,
an accuracy parameter  > 0, and a rank parameter k, one
seeks to output a rank-k matrix B for which

Abstract—Recently, Musco and Woodruff (FOCS, 2017)
showed that given an n × n positive semideﬁnite (PSD) matrix
A, it is possible to compute a (1 + )-approximate relative2.5

error low-rank approximation to A by querying O(nk/
)
2.5
ω−1 2(ω−1)

entries of A in time O(nk/ + nk
/
). They also
showed that any relative-error low-rank approximation algorithm must query Ω(nk/) entries of A, this gap has since
remained open. Our main result is to resolve this question by

obtaining an optimal algorithm that queries O(nk/)
entries
of A and outputs a relative-error low-rank approximation in
 · (k/)ω−1 ) time. Note, our running time improves that of
O(n
Musco and Woodruff, and matches the information-theoretic
lower bound if the matrix-multiplication exponent ω is 2.
We then extend our techniques to negative-type distance
matrices. Here, our input is a pair-wise distance matrix A
corresponding to a point set P = {x1 , x2 , . . . , xn } such that
Ai,j = xi − xj 22 . Bakshi and Woodruff (NeurIPS, 2018)
showed a bi-criteria, relative-error low-rank approximation
2.5

)
for negative-type metrics. Their algorithm queries O(nk/
entries and outputs a rank-(k + 4) matrix. We show that the

bi-criteria guarantee is not necessary and obtain an O(nk/)
query algorithm, which is optimal. Our algorithm applies
to all distance matrices that arise from metrics satisfying
negative-type inequalities, including 1 , 2 , spherical metrics,
hypermetrics and effective resistances on a graph. We also
obtain faster algorithms for ridge regression.
Next, we introduce a new robust low-rank approximation
model which captures PSD matrices that have been corrupted
with noise. We assume that the Frobenius norm of the corruption is bounded. Here, we relax the notion of approximation to
additive-error, since it is information-theoretically impossible
to obtain a relative-error approximation in this setting. While a
sample complexity lower bound precludes sublinear algorithms
for arbitrary PSD matrices, we provide the ﬁrst sublinear time
and query algorithms when the corruption on the diagonal
entries is bounded. As a special case, we show sampleoptimal sublinear time algorithms for low-rank approximation
of correlation matrices corrupted by noise.

(1)
A − B2F ≤ (1 + )A − Ak 2F ,

where for a matrix C, C2F = i,j C2i,j , and Ak denotes
the best rank-k approximation to A in Frobenius norm.
Ak can be computed exactly using the singular value
decomposition, but takes time O(nω ), where ω is the matrix
multiplication constant. We refer the reader to the survey [8]
and references therein.
For worst-case matrices, it is not hard to see that any

algorithm achieving (1) must spend at least Ω(nnz(A))
time, where nnz(A) denotes the number of non-zero entries
(sparsity) of A. Indeed, without reading most of the nonzero entries of A, one could fail to read a single large
entry, thus making one’s output matrix B an arbitrarily bad
approximation.
A ﬂurry of recent work [9]–[18] has looked at the
possibility of achieving sublinear time algorithms (classical
and quantum) for low-rank approximation. In particular,
Musco and Woodruff [10] consider the important case of
positive-semideﬁnite (PSD) matrices. PSD matrices include
as special cases covariance matrices, correlation matrices,
graph Laplacians, kernel matrices and random dot product
models. Further, the special case where the input itself
is low-rank (PSD Matrix Completion) has applications in
quantum state tomography [19]. Subsequently, Bakshi and
Woodruff [11] considered low-rank approximation of the
closely related family of Negative-type (Euclidean Squared)
distance matrices. Negative-type metrics include as special
cases 1 and 2 metrics, spherical metrics and hypermetrics, as well as effective resistances in graphs [20]–[23].
Negative-type metrics have found various applications in
algorithm design and optimization [24]–[27].
Musco and Woodruff show that it is possible to output a low-rank matrix B in factored form achieving (1)
2.5

+ nk ω−1 /2(ω−1) ) time, while reading only
in O(nk/
2.5

) entries of A. They also showed a lower bound
O(nk/

that any algorithm achieving (1) must read Ω(nk/)
entries,
and closing the gap between these bounds has remained

Keywords-low rank approximation, psd matrices, regression,
sublinear algorithms, randomized numerical linear algebra

I. I NTRODUCTION
Low-rank approximation is one of the most common
dimensionality reduction techniques, whereby one replaces
a large matrix A with a low-rank factorization U · V ≈ A.
Such a factorization provides a compact way of storing
A and allows one to multiply A quickly by a vector.
It is used as an algorithmic primitive in clustering [1],
[2], recommendation systems [3], web search [4], [5], and
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if we relax to additive-error guarantees and allow for corruption. In particular, can we obtain additive-error low-rank
approximation algorithms for PSD matrices that achieve
sublinear time and sample complexity in the presence of
noise? We characterize when such robust algorithms are
achievable in sublinear time.

an open question. Similarly, Bakshi and Woodruff exploit
the structure of Negative-type metrics to reduce to the
PSD case and obtain a bi-criteria algorithm that requires
2.5

) queries. The gap in the sample complexity and
O(nk/
the requirement of a bi-criteria guarantee remained open.
We resolve these questions here, and describe our novel
technical contributions in Section II.
Next we consider PSD matrices that have been corrupted
by a small amount of noise. A drawback of algorithms
achieving (1) is that they cannot tolerate any amount of
unstructured noise. For instance, if one slightly corrupts
a few off-diagonal entries, making the input matrix A no
longer PSD, then it is impossible to detect such corruptions
in sublinear time, making the relative-error guarantee (1)
information-theoretically impossible. Motivated by this, we
also introduce a new framework where an adversary corrupts
the input by adding a noise matrix N to a psd matrix A. We
assume that the Frobenius norm of the corruption is bounded
relative to the Frobenius norm of A, i.e., N2F ≤ ηA2F .
We also assume the corruption is well-spread, i.e., each row
of N has 22 -norm at most a ﬁxed constant factor larger than
22 -norm of the corresponding row of A.
This model captures small perturbations to PSD matrices
that we may observe in real-world datasets, as a consequence
of round-off or numerical errors in tasks such as computing Laplacian pseudoinverses, and systematic measurement
errors when computing a covariance matrix. One important
application captured by our model is low-rank approximation of corrupted correlation matrices. Finding a low-rank
approximation of such matrices occurs when measured correlations are asynchronous or incomplete, or when models
are stress-tested by adjusting individual correlations. Lowrank approximation of correlation matrices also has many
applications in ﬁnance [28].
Given that it is information-theoretically impossible to
obtain the relative-error guarantee (1) in the robust model,
we relax our notion of approximation to the following wellstudied additive-error guarantee:
A − B2F ≤ A − Ak 2F + ( + η)A2F .

A. Our Results
We begin with stating our results for low-rank approximation for structured matrices. Our main result is an optimal
algorithm for low-rank approximation of PSD matrices:
Theorem I.1 (Informal Sample-Optimal PSD LRA). Given
a PSD matrix A, there exists an algorithm that queries

O(nk/)
entries in A and outputs a rank k matrix B such
that with probability 99/100, A − B2F ≤ (1 + )A −
 · (k/)ω−1 ).
Ak 2F , and the algorithm runs in time O(n
Remark I.2. Our algorithm matches the sample complexity
lower bound of Musco and Woodruff, up to logarithmic
factors, which shows that any randomized algorithm that
outputs a (1+)-relative-error low-rank approximation for a

PSD matrix A must read Ω(nk/)
entries. Our running time
also improves that of Musco and Woodruff and is optimal if
the matrix multiplication exponent ω is 2.
Remark I.3. We can extend our algorithm such that the lowrank matrix B we output is also PSD with the same query
complexity and running time. In comparison, the algorithm
3

of Musco and Woodruff accesses O(nk/
+nk 2 /2 ) entries
ω
ω−1 3(ω−1)

/
).
in A and runs in time O(n(k/) + nk
At the core of our analysis is a sample optimal algorithm
for Spectral Regression: minX DX − E22 . We show that
when D has orthonormal columns and E is arbitrary, we
can sketch the problem by sampling rows proportional to
the leverage scores of D and approximately preserve the
minimum cost. This is particularly surprising since our
sketch only computes sampling probabilities by reading
entries in D, while being completely agnostic to the entries
in E. Here, we also prove a spectral approximate matrix
product guarantee for our one-sided leverage score sketch,
which may be of independent interest. We note that such
a guarantee for leverage score sampling does not appear in
prior work, and we discuss the technical challenges we need
to overcome in the subsequent section.
The techniques we develop for PSD low-rank approximation also extend to computing a low-rank approximation for
distance matrices that arise from negative-type (Euclideansquared) metrics. Here, our input is a pair-wise distance matrix A corresponding to a point set P = {x1 , x2 , . . . , xn } ∈
Rd such that Ai,j = xi − xj 22 . We obtain an optimal
algorithm for computing a low-rank approximation of such
matrices:

(2)

This additive-error guarantee was introduced by the seminal
work of Frieze et. al. [29], and triggered a long line
of work on low-rank approximation from a computational
perspective. Frieze et al. showed that it is possible to achieve
(2) in O(nnz(A)) time. Further, given access to an oracle
for computing row norms of A, 2 is achievable in sublinear
time. More recently, the same notion of approximation was
used to obtain sublinear sample complexity and running
time algorithms for distance matrices [11], [16], and a
quantum algorithm for recommendation systems [9], which
was subsequently dequantized [13].
This raises the question of how robust are our sublinear
low-rank approximation algorithms for structured matrices,

Theorem I.4 (Informal Sample-Optimal LRA for Negative–
Type Metrics). Given a negative-type distance matrix A,
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Table I
C OMPARISON WITH PRIOR WORK . T HE NOTATION O∗ AND O† REPRESENT EXISTENCE OF MATCHING LOWER BOUNDS FOR QUERY COMPLEXITY AND
RUNNING TIME ( ASSUMING THE FAST MATRIX MULTIPLICATION EXPONENT ω IS 2) RESPECTIVELY. T HE NOTATION sλ IS USED TO DENOTE THE
STATISTICAL DIMENSION OF RIDGE REGRESSION . A LL BOUNDS ARE STATED IGNORING POLYLOGARITHMIC FACTORS IN n, k AND .


there exists an algorithm that queries O(nk/)
entries in A
and outputs a rank k matrix B such that with probability
99/100, A−B2F ≤ (1+)A−Ak 2F , and the algorithm
 · (k/)ω−1 ).
runs in time O(n

Robust Low-Rank Approximation Next, we consider a
robust form of low-rank approximation problem, where the
input is a PSD matrix corrupted by noise. In this setting, we
have query access to the corrupted matrix A + N, where A
is PSD and N is such that N2F ≤ ηA2F . Further, for all
i ∈ [n] Ni,∗ 22 ≤ cAi,∗ 22 , for a ﬁxed constant c. The diagonal of a PSD matrix carries crucial information since the
largest diagonal entry upper bounds all off-diagonal entries.
Therefore, a reasonable adversarial strategy is to corrupt the
largest diagonal entries and make them close to the small
diagonal entries, which enables the resulting matrix to have
large off-diagonal entries that are hard to ﬁnd. Capturing this
intuition we parameterize our algorithms and lower bounds
by the largest ratio between a diagonal entry of A and
A + N, denoted by φmax = maxj∈[n] Aj,j /|(A + N)j,j |.

Remark I.5. Prior work of Bakshi and Woodruff [11]
2.5

) query algorithm that outputs a rankobtains a O(nk/
(k +4) matrix B such that A−B2F ≤ (1+)A−Ak 2F .
We show that the bi-criteria guarantee is not necessary,
thereby resolving an open question in their paper.
Structured Regression. The sample-optimal algorithm
for PSD Low-Rank Approximation also leads to a faster
algorithm for Ridge Regression, when the design matrix is
PSD. Given a PSD matrix A, a vector y and a regularization parameter λ, we consider the following optimization
problem: minx∈Rn Ax − y22 + λx22 . This problem is
often referred to as Ridge Regression and has been the focus
of numerous theoretical and practical works (see [30] and
references therein).

Theorem I.9 (Informal lower bound). Let  > η > 0.
Given A + N such that A is PSD and N is a corruption
matrix as deﬁned above, any randomized algorithm that with
probability at least 2/3 outputs a rank-k approximation
up

 φ2 nk/
to additive error ( + η)A2F must read Ω
max
entries of A + N.

Theorem I.6 (Informal Ridge Regression.). Given a PSD
matrix A, a regularization
parameter λ and statistical

dimension sλ = Tr (A2 + λI)−1 A2 , there exists an
 λ /2 ) entries of A and with
algorithm that queries O(ns
probability 99/100 outputs a (1+) approximate solution to
2 ω−1

)
the Ridge Regression objective and runs in O(n(s
λ / )
time.

Remark I.10. Any algorithm must incur additive error
ηA2F , since A is not even identiﬁable below additiveerror ηA2F .
Remark I.11. In our hard instance, φ2max can be as large
as n/k, which implies a sample-complexity lower bound
 2 ). While this lower bound precludes sublinear algoof Ω(n
rithms for arbitrary PSD matrices, we observe that in many
applications φmax can be signiﬁcantly smaller. For instance,
if A is a correlation matrix, we know that the true diagonal
entries of A + N are 1 and can ignore any corruption on
them to bound φmax by 1.

Remark I.7. Our result improves on prior work by Musco
and Woodruff [10], who obtain an algorithm that queries
2 ω

 2 /4 ) entries in A and runs in O(n(s
O(ns
λ / ) ) time.
λ
Remark I.8. Since our algorithm works for all y simultaneously, we obtain a low-rank coreset of the design matrix
(in factored form) that preserves the Ridge Regression cost
up to a (1 + ) factor. Further, we prove a matching lower
bound on the query complexity for any coreset construction.

Motivated by the aforementioned observation, we introduce algorithms for robust low-rank approximation, parameterized by the corruption on the diagonal entries. We obtain
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for A such that the projection onto the orthogonal complement of this subspace is comparable to the optimal low-rank
approximation cost, in spectral norm. Note, this guarantee is
stronger than the span of the structured subspace containing
a low-rank approximation comparable to the optimal in
Frobenius norm, and indeed the latter does not sufﬁce. In
the second stage, we show that we can recover a rank-k
matrix in the span of the structured subspace such that it
is a (1 + )-relative-error low-rank approximation for A.
Further, we show that all these steps can be performed in

sublinear time and by reading only O(nk/)
entries in A
(see Theorem I.1 for a precise statement).
We begin by providing a bird’s eye view of the MuscoWoodruff algorithm and how to adapt parts of it to obtain
weak projection-cost preserving sketches (PCPs). For ease of
exposition, we ignore polylogarithmic factors in the subsequent discussion. Their algorithm begins with computing the
so-called ridge leverage scores for A1/2 , whichapproximate
n/k-factor.
the ridge leverage scores of A up to a
The ridge leverage scores of A1/2 can be approximated
efﬁciently since we can compute the row norms of A1/2
by simply reading the diagonal of A. It is well known [31]
that sampling k/20 columns of A proportional to its ridge
leverage scores results in a sketch C that preserves the cost
of all rank-k projections P:

the following theorem:
Theorem I.12 (Informal Robust LRA). Given A+N, which
satisﬁes our noise model, there exists an algorithm that
 2 nk/) entries in A + N and computes a
queries O(φ
max
rank k matrix B such that with probability at least 99/100,
√
A − B2F ≤ A − Ak 2F + ( + η)A2F .
Remark I.13. While the sample complexity of this algorithm
matches the sample complexity in the lower bound, it incurs
√
additive-error ηA2F as opposed to ηA2F . An interesting open question here is whether we can achieve additive√
error o( ηA2F ), though we note that when η 2 ≤ , this
just changes the additive error guarantee of our low-rank
approximation by a constant factor.
Remark I.14. Our techniques extend to low-rank approximation of correlation matrices, and we obtain a sample

complexity of O(nk/),
which is optimal. In fact, the hard

instance in [10] implies an Ω(nk/)
lower bound on the
sample complexity, even in the presence of no noise. Surprisingly, corrupting a correlation matrix does not increase
the sample complexity and only incurs an additive error of
√
ηA2F .
II. T ECHNICAL OVERVIEW
In this section, we provide an overview of our techniques
and supply intuition for our proofs. As a ﬁrst step, it is easy
to see that the Ω(nnz(A)) lower bound for general matrices
does not apply to PSD matrices, since it proceeds by hiding
arbitrarily large entries. Observe that, reading the diagonal
of a PSD matrix certiﬁes an upper bound on all entries
of the matrix and thus off-diagonals cannot be arbitrarily
large. With this intuition in mind, we focus on sublinear
algorithms.

C − PC2F = (1 ± 0 )A − PA2F

(3)

In prior work, C is referred to as a projection-cost
preserving sketch (PCP). PCP constructions are useful since
a low-rank approximation for C translates to a low-rank
approximation for A, while C has much smaller dimension.
Observe that oversampling columns of
A proportional to the
ridge leverage scores of A1/2 , by a n/k factor, sufﬁces
to obtain the guarantee of 3. Note, C may have Ω(n1.5 /20 )
non-zeros but the algorithm need not query any entries in
C at this stage. Musco and
√ Woodruff then construct a row
rows of C proportional
PCP for C by sampling nk/2.5
0
)
ridge
leverage
scores
of A. The resulting
to the rank-(k/
0
√
√
2
matrix R is a nk/2.5
0 × nk/0 matrix such that for any
rank-k projection P,

A. Sample-Optimal Low-Rank Approximation
At a high level, our algorithm consists of two stages:
ﬁrst, we use the existing machinery developed by Musco
and Woodruff [10] to obtain weak projection-cost preserving
sketches for A. Our sketches are smaller than those obtained
by Musco and Woodruff, albeit satisfying a weaker guarantee. Recall that such sketches reduce the dimensionality
of the column (row) space, while ensuring that the norm
of all low-rank projections in the orthogonal complement
of the column (row) space are simultaneously preserved.
Constructing such sketches for both the column and row
spaces of A results in a much smaller matrix, which we can
afford to query.
At this point our approach diverges from that of Musco
and Woodruff, since it is not possible to follow their strategy
and recover a (1 + )-relative-error low-rank approximation
from the weaker sketch we constructed above. However, we
show that our sketch has enough information to extract a
structured subspace (represented by an orthonormal basis)

R − RP2F + O(A − Ak 2F ) = (1 ± 0 )C − CP2F (4)
Since R is a much smaller matrix, they run an inputsparsity time algorithm to compute a low-rank approximation for it [32]. Using standard regression techniques
(described in [10], [11], [31]) along with equations 3 and
4, setting 0 =  results in a (1 + )-low-rank approximation
of A by querying O(nk/4.5 ) entries. Musco and Woodruff
instead use a more complicated algorithm to get a 1/2.5
dependence.
Our starting point is to observe that the PCP construction
above allows to preserve the projection of columns of A
on all (k/)-dimensional subspaces, albeit up to a constant
factor. Therefore, a natural approach is to set the error
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structural property, given that even the dimensions of ZZ
do not match A.
We begin by showing that a Spectral-Frobenius projection for A sufﬁces to obtain a low-rank approximation
with O(nk/) queries. Assuming we are handed a (k/)dimensional structured subspace that contains a relativeerror low-rank approximation for A itself. This is represented as an n × k/ matrix Q with orthonormal columns
such that A − QQ A22 ≤ /k · A − Ak/ 2F . We prove
that given such a structured subspace, we can extract a rankk relative-error approximation by reading only nk/ entries
in A. We provide an overview of the proof here.
The SF projection property implies A −
QQ Ak QQ 2F ≤ (1 + )A − Ak 2F . Therefore,
it sufﬁces to solve the following optimization problem:

parameter 0 in the PCP constructions to be a small ﬁxed
constant, say 0.1, and the rank parameter k to be k/, where
 is the desired input accuracy. Further, we observe that the
guarantee obtained in Equation 3 can be strengthen to a
mixed Spectral-Frobenius PCP guarantee (also introduced
by [10]): for all rank-(k/) projection matrices P, the
column PCP C satisﬁes :

(1 − 0.1)A − PA22 −
A − Ak/ 2F
10k
(5)
≤ C − PC22

2
2
A − Ak/ F
≤ (1 + 0.1)A − PA2 +
10k
Sampling rows of C proportional to the same distribution
results in a row PCP for C such that for all rank-(k/)
projections P,

(1 − 0.1)C − CP22 −
A − Ak/ 2F
10k
(6)
≤ R − RP22

2
2
A − Ak/ F
≤ (1 + 0.1)C − CP2 +
10k
We then use an input-sparsity spectral-low-rank approximation algorithm by [33], 
to obtain a low-dimensional
subspace, represented by a nk/ × k/ matrix Z with
orthonormal columns such that

R − RZZ 22 ≤ R − Rk/ 2F
(7)
k
Following the notation of Clarkson and Woodruff [34], we
refer to the projection matrix ZZ as a Spectral-Frobenius
(SF) projection. A key property of an SF projection is that
it spans a (1 + )-relative-error low-rank approximation to
R, i.e.
R − ZZ Rk/ ZZ 2F
≤ (1 + )R − Rk/ 2F

min

rank(X)≤k

A − QXQ 2F

(10)

since X = Q Ak Q is always feasible. While we are now
optimizing over a k/ × k/ matrix X, with rank at most
k, the problem still seems intractable to solve optimally in
sublinear time and queries to A. The key idea here is that
Q has orthonormal columns and thus the leverage scores
are precomputed for us. We can then sample columns and
rows proportional to the leverage scores of Q and consider a
signiﬁcantly smaller sketched problem. Therefore, we create
sampling matrices S and T that sample poly(k/) rows
proportional to the leverage scores of Q and consider the
resulting optimization problem:
min

rank(X)≤k

SAT − SQXQ T2F

(11)

Here, we are faced with an intriguing phenomenon: our
sketched optimization problem does not have the property
that the minimum cost for Equation 11 is a (1 + )approximation to the minimum cost for Equation 10. The
reason is that our sketch incurs a ﬁxed additive shift term,
which we cannot approximate in sublinear time. We note
that this is the bottleneck in approximating the cost of the
optimal low-rank approximation, and as mentioned in [10],
it is open to estimate this cost in o(n3/2 ) time.
However, we can apply the structural result above twice,
to show that the optimal solution to Equation 11, when
plugged in to Equation 10 obtains a (1 + )-approximation
to the minimum cost. Formally, S and T have the property
that if X = arg minX SAT − SQXQ T2F , then



(8)

Now, using the fact that R is a Spectral-Frobenius PCP,
plugging in P = ZZ in Equation 6, we can bound C −
CZZ 22 as follows :
10

R − RZZ 22 +
R − Rk/ 2F
9
9k


R − Rk 2F +
R − Rk/ 2F
≤
10k
9k

C − Ck 2F
≤O
k
(9)

C − CZZ 22 ≤

A − QXQ 2F ≤ (1 + O())

where the second inequality follows from Equation 7 and
the third follows from the fact that PCPs preserve Frobenius
norm up to a constant factor, i.e., R − Rk/ 2F = Θ(C −
Ck/ 2F ) = Θ(A − Ak/ 2F ). Therefore, ZZ is also a
Spectral-Frobenius projection for C. Here, we are faced
with a few challenges. First, the relative-error approximation
spanned by the subspace has rank k/. Second, it is unclear
how to obtain any reasonable result for A from the above

min

rank(X)≤k

A − QXQ 2F .

The optimization problem in Equation 11 is called Generalized Low-Rank Approximation and admits a closed form
solution [35]. Further, since the problem now has all dimensions independent of n, we can afford to explicitly
compute SAT by querying the corresponding entries in A.
The resulting closed-form solution can also be computed
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such that if W = arg minW CS − WZ S22 , then

in poly(k/) time (and queries) which only contributes a
lower order term. We obtain one factor for the low-rank
approximation for A by simply computing an orthonormal
basis for QX. In order to compute the second factor, we set
up and approximately solve a regression problem Efﬁciently
solving such a regression problem is now standard in lowrank approximation literature [10], [11], [31]. Therefore, we
can output a low-rank approximation to A by querying only

O(nk/)
entries.
We have now reduced our problem to computing an SF
projection for A, while reading only nk/ entries. Recall, in
Equation 9, we obtained a Spectral-Frobenius projection for
C but stopped short since we did not see a natural way to
proceed. Here, we observe that if we had a such a projection
for the column-space of C, by Equation 3, it would also
work for A and we would be done. To this end, we consider
the following optimization problem:
min

W∈Rn×k

C − WZ 22

C − WZ 22 ≤ O(1)

min

W∈Rn×k/

C − WZ 22


+ C − Ck/ 2F
k

(13)

Note, this is a weaker guarantee for the sketch S, since we
only need to preserve the cost of the optimal solution up to
a mixed relative and additive error. First, we observe such a
guarantee sufﬁces, since we can upper bound the cost from
Equation 13 by O(/k) · C − Ck/ 2F and the SpectralFrobenius PCP from Equation 3 incurs this term anyway. We
then show that we can construct such a sketch S satisfying
Equation 13 by sampling k/ columns of C proportional
to the leverage scores of Z .This is surprising since we
completely ignore all information about C and our sketch
is not an oblivious sketch.
The key technical lemma we prove here is a weak approximate matrix product for C∗ and Z where C∗ = C(I −
PZ ) is the projection onto the orthogonal complement of
Z . While approximate matrix product has been extensively
studied [1], [32], [37], even for spectral norm [38], it is
important to emphasize here that all known constructions
are either oblivious sketches or require sketches that are
sampled proportional to both C∗ and Z . Since Z has no
information about the spectrum of C∗ , the main challenge
here is to control the spectrum of C∗ SS Z .
In order to bound C∗ SS Z 2 , we analyze how sampling columns of C∗ proportional to the leverage scores of
Z affects the spectrum of C∗ . An important tool in our
analysis is the following result by Rudelson and Vershynin
on how the spectral norm of a matrix degrades when we
sample a uniformly random subset of rows [39]. They show
that sampling q rows of a matrix M uniformly at random,
indexed by the set Q, results in a matrix M|Q such that




 
q


M2 + log(q)M(n/q)
E M|Q 2 = O
n

(12)

We show that an orthonormal basis Q for an approximate
minimizer to Equation 12 is an SF projection for C and
in turn A (since C is a column PCP for A). Therefore,
we focus on optimizing Equation 12 and refer to this
problem as Spectral Regression. We note that unlike standard
regression, here we minimize the Spectral (Operator) norm.
While the corresponding problem for minimizing Frobenius
norm is extensively studied and well understood, to the
best of our knowledge the only relevant related work on
Spectral Regression is in the streaming model, by Clarkson
and Woodruff [36]. They construct an oblivious sketch,
consisting of random entries in {−1, 1}, for Equation 12
that preserves the optimal solution up to a (1 ± ) factor.
Unfortunately, we cannot use oblivious sketching here, since
C may be a dense matrix and we cannot afford to read all
of it.
Here, we emphasize that obtaining a sample-optimal algorithm for the aforementioned Spectral Regression problem
is crucial
 for our main algorithmic result. Given that C is
an n × nk/ matrix, we cannot query most of it and thus
approximating its leverage scores is infeasible. A natural
approach here would be to follow the Afﬁne Embedding idea
for Frobenius norm and hope a similar guarantee holds for
the spectral norm as well. Here, one might hope to obtain a
small sketch that preserves the spectral norm cost of all W
up to a (1 ± ) factor. While such a guarantee would sufﬁce,
we note that Z could have rank as large as k/ and we can no
longer afford a (1 + )-approximate afﬁne embedding even
for Frobenius norm, without incurring a larger dependence
on . This precludes all known approaches for sketching
Equation 12 to preserve the optimal cost.
Instead, we relax the notion of approximation for our
sketch. We observe that it sufﬁces to construct a sketch S

where A(n/q) is the average of the largest n/q 2 -norms
of columns of A. Here, we prove that expected spectral norm
of C restricted to the columns sampled by S proportional
to the leverage scores of ZT only exceeds that of a random
subset by a polylogarithmic factor. This result may be of
independent interest in applications where we would want
to bound the spectrum of random submatrices, where the
rows or columns are not sampled uniformly.
Intuitively, there are two technical challenges we overcome in order to apply the Rudelson-Vershynin result in
our setting. First, a leverage score sampling matrix S need
not sample columns uniformly at random, since we have no
control over the squared column norms of Z . Given that the
squared column norms of Z may be lopsided, the subset
of columns we select could be far from a uniform sample
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in the worst case. Second, the matrix we apply it to is not
square and  · (n/q) norm only shrinks substantially when
the columns of A have the same 22 norm, up to a constant.
We therefore obtain a variant of Spectral norm decay for
rectangular matrices, i.e. for any n × m matrix M with
roughly the same squared column norms, we show that



 

q
M2 + log(q)/bM(n/q)
E M|Q 2 = O
n
(14)
where b = n/m. To apply the above result, we then
partition the rows of C (since S samples columns of C
as opposed to rows) into log(n) groups such that within
each group, all rows have roughly the same squared norm.
We then analyze leverage score sampling proportional to
the column norms of Z on each group independently.
We show that we can obtain a coupling between the two
random processes, namely uniform sampling and leverage
score sampling, such that we obtain a decay bound similar
to Equation 14, up to log factors. We note that our results
extend to outputting a low-rank PSD matrix as well.
Negative-Type Matrices. We then use the techniques
developed above to obtain an optimal relative-error low-rank
approximation for Negative-Type distance matrices. While
arbitrary metrics do not admit sublinear time algorithms for
relative-error low-rank approximation (see Theorem 7.1 in
[11]) Bakshi and Woodruff provided a sublinear time algorithm for metrics that satisfy negative-type inequalities. They
obtain a (1 + )-relative-error approximation, that queries
2.5

) entries in the input. However, this algorithm
O(nk/
outputs a bi-criteria solution, i.e., given a negative-type
matrix A, it outputs a rank-(k + 4) matrix M such that
A − B2F ≤ (1 + )A − Ak 2F .
The key observation they make is that negative-type
metrics can be realized as the distances corresponding to
a point set P = {x1 , x2 , . . . xn } such that Ai,j = xi −
xj 22 = xi 22 + xj 22 − 2 xi , xj . Therefore, A admits
the following decomposition: A = R1 + R2 − 2B, where
for all j ∈ [n], (R1 )i,j = xi 22 , R2 = R
1 and B is
PSD. Observe that query access to A sufﬁces to obtain
query access to B by simply assuming w.l.o.g. that x1
is centered at the origin and the i-th entry in the ﬁrst
row corresponds to xi 22 . Therefore, any PSD low-rank
approximation algorithm can be simulated on the matrix B
by only having query access to A. Bakshi and Woodruff
show that obtaining the low-rank approximation for B and
appending the column span of R1 and R2 to it results
in a rank-(k + 4) bi-criteria approximation to A. The bicriteria algorithm can be improved to k + 2 using Cauchy’s
Interlacing Theorem [40] and observing R1 , R2 are rank1 updates to B, but this seems to be the limit of such
approaches.
We show here that our SF projection framework can be
used to obtain a sample-optimal algorithm for negative-type

metrics, and the bi-criteria approximation is not necessary.
Recall, from our discussion above, that an SF projection
for A sufﬁces to obtain a low-rank approximation for A.
Our key observation is that we can use the techniques we
developed for PSD matrices to obtain an SF projection,
QQT , for B (in the decomposition above), to which we
append the column span of R1 , R2 to Q, and the resulting
projection (denoted by Ω) is an SF projection for A.
To see this, observe, A − ΩAk Ω2F = A − Ak 2F +
Ak − ΩAk Ω2F + 2Tr ((A − Ak )(I − Ω)Ak Ω). A simple
calculation using Von-Neumann’s trace inequality bounds
the deviation by O(kA(I − Ω)22 ). Since Ω spans R1
and R2 , and is an SF projection for B, we can bound the
above cost by O(/k)B − Bk+2 F . It is easy to see that
A−Ak 2F = O(B−Bk+2 2F ) and therefore, we conclude
A−ΩAk Ω2F ≤ (1+O())A−Ak 2F . Subsequently, we
use the sublinear algorithm we developed for PSD matrices
to obtain a low-rank approximation for A.
Ridge Regression. Our techniques also naturally extend
to ridge regression, when the design matrix is PSD. This
connection was originally outlined by Musco and Woodruff
and they obtain sublinear time algorithms for solving ridge
regression, parametrized by the statistical dimension sλ . At
a high level, we compute a rank-(sλ /2 ) spectral approximation to the input and solve ridge regression on the resulting
matrix, i.e., given a PSD matrix A, we compute a low-rank
matrix B such that A−B22 ≤ O(/k)A−Ak 2F . Further,
we observe that the low-rank matrix is in fact a coreset for
the input as it simultaneously preserves the cost of all x and
y.
We then obtain a matching query lower bound for constructing coresets for ridge regression. Our lower bound
proceeds by showing that a coreset can output a low-rank
approximation on the instance of Musco and Woodruff
with a stronger quadratic, rather than a linear dependence
on . Intuitively, the hard instance has multiple principle
submatrices of all 1s placed randomly over the matrix. Since
a coreset simultaneously preserves the ridge regression cost
for all x, y, it sufﬁces to query the coreset on tuples of
(scaled) eigenvectors and learn the positions of the blocks.
However, a priori, we do not know what the eingenvectors of
A are. Instead, we query the coreset on every vector with a
bounded support, and pick all vectors with small regression
cost. We show that our resulting set only contains vectors
which do not overlap much on the locations of the hidden
blocks and we show this sufﬁces.
B. Robust Low-Rank Approximation
The robustness model we consider is as follows: we begin
with an n × n PSD matrix A. An adversary is then allowed
to arbitrarily corrupt A by adding a perturbation matrix N
such that N2F ≤ ηA2F and for all i ∈ [j], Ni,∗ 22 ≤
cAi,∗ 22 , for a ﬁxed constant c. Note, while the adversary is
unrestricted in the entries of A that it corrupts, the Frobenius
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of A and A + N, denoted by φmax = maxj∈[n] Aj,j /|(A +
N)j,j |. Recall, we obtain the following lower bound:

norm of the corruption is bounded in terms of the Frobenius
norm of A and the corruption is well-spread. The motivation
for considering such a model is that many matrices that we
observe in practice might be close but not exactly PSD, for
instance, small perturbations to PSD matrices.
It is impossible to obtain a relative-error low-rank approximation in this setting, since we cannot even identify
A after querying all n2 entries of Ã = A + N. To see
this, consider the case where A is rank-k, and observe that
a relative-error algorithm requires identifying A exactly.
However, by querying all entries of Ã, we can determine
the row norms exactly. Therefore, we can run the algorithm
of Frieze-Kannan-Vempala [29] to obtain a rank-k matrix
XY (in factored form) such that with probability at least
99/100,

Theorem I.9. (Informal lower bound.) Let  > η > 0.
Given A + N such that A is PSD and N is a corruption
matrix as deﬁned above, any randomized algorithm, that
with probability at least 2/3, outputs a rank-k approximation


up to additive error ( + η)A2F must read Ω φ2max nk/
entries of A + N.
In our hard instance, we have a block matrix A, where
we place a random /η × /η, rank-1, non-contiguous
block

B1 such that each entry in the block is η 2 n/ and the
remaining matrix has 1s on the diagonals and 0s everywhere
else. It is easy to see this matrix is PSD. We observe that the
block B1 contributes an -fraction of the Frobenius norm
of A, and the 22 norm of the diagonals is an η-fraction
of the Frobenius norm of A. Therefore, the adversary can
afford to corrupt all the diagonal entries in B1 and set them
to be 1. Such a perturbation is feasible in our model and
successfully obfuscates the large off-diagonal entries. Note,
for this perturbation φ2max = η 2 n/.
Let the resulting matrix be denoted by A + N. Here, we
observe any -additive-error low-rank approximation cannot
ignore the block B1 . Since the diagonals of A + N now
provide no information about the off-diagonal entries, any
algorithm that correctly outputs a low-rank approximation
for both A + N and I must detect at least one entry in B1 .
Since B1 has 2 /η 2 non-zeros, any algorithm must query
Ω(η 2 n2 /2 ) = Ω(φ2max n/) entries to detect one entry.
To obtain a linear dependence on k, we simply create k
independent copies of B1 .

Ã − XY 2F ≤ Ã − (Ã)k 2F + Ã2F
≤ Ã − Ak 2F + Ã2F

≤ A − Ak 2F + N2F + 2 A − Ak , N
+ (3 + η)A2F

≤ A − Ak 2F + O( +

√

η)A2F

(15)

where the second inequality follows from (A + N)k being
the best rank-k approximation to A + N and Ak is any
other rank-k matrix. The third inequality uses A + N2F ≤
2(A2F +N2F ), which follows from 22 distance satisfying
triangle-inequality up to a factor of 2. The last inequaliity
uses Cauchy-Schwarz on 2| A − Ak , N | ≤ 2AF ·
√
NF ≤ 2 ηA2F , which follows from the assumption
on N. Additionally

Robust Algorithm. Next, we focus on a robust, additiveerror low-rank approximation algorithm, where the sample
complexity is parameterized by φmax . We begin by introducing a new sampling procedure to construct projection-cost
preserving sketches. Our construction is simple to state: we
sample each column proportional to the corresponding diagonal entry. Computing these sampling probabilities exactly
requires reading
only n entries
in A + N. We show that


 φ2 √nk 2 /2 columns proportional to this
sampling O
max
distribution preserves the projection of the columns of A
onto the orthogonal complement of any rank-k subspace, up
√
to additive error ( + η)A2F .

Ã − XY 2F = A − XY 2F + N2F

+ 2 A − XY , N
√
≥ A − XY 2F − 2 ηA2F

(16)

Combining Equations 15 and 16, we have A − XY 2F ≤
√
A − Ak 2F + O( + η)A2F . While this algorithm is
far from optimal in terms of sample complexity, it indicates
that relaxing our guarantees to additive-error is amenable to
√
robust algorithms and indicates why we pick up a η term.
The central question we focus on in this section is whether
there exists a robust sublinear time and query algorithm
to obtain an additive-error low-rank approximation for PSD
matrices.
We begin by showing a sample complexity lower bound
if A is an arbitrary PSD matrix. The intuition from the
relative-error setting still applies and the diagonal entries are
crucial for sublinear algorithms. In tune with this intuition,
the adversary corrupts large diagonal entries to decrease their
magnitude and thus obfuscate rows that contain large offdiagonal entries. We therefore parameterize our lower bound
and algorithms by the largest ratio between a diagonal entry

Theorem II.1 (Informal Robust Column PCP). Let A + N
be an n × n matrix following the assumptions of our noise
√
model. Let k ∈ [n] and , η > 0. Let q = {q1 , q2 . . . qn } be
a probability distribution over the columns of A such that
qj = (A + N)j,j /Tr (A + N). Construct C by sampling
 2 √nk 2 /2 ) columns of A + N proportional to q and
O(φ
max
rescaling appropriately. Then, with probability at least 1−c,
for any rank-k orthogonal projection X,
√
C − XC2F = A − XA2F ± ( + η)A2F
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 2 nk/) entries in A+N. Ideally we would
3 t2 /k 3 = O(φ
max
want to estimate the 22 norms of each row of R to then
use a result of Frieze-Kannan-Vempala to obtain a low-rank
approximation for R [29]. It is well known that to recover
a low-rank approximation for R, one can sample rows of R
proportional to row norm estimates, denoted by Yi [29]. As
shown in [16] the following two conditions are a relaxation
of those required in [29], and sufﬁce to obtain an additive
error low-rank approximation :

We note that all prior PCP constructions work in the noiseless setting. As a comparison, the construction of Cohen et.
al. [31] works for arbitrary A, but requires nnz(A) time and
queries to compute the approximate ridge-leverage scores of
A. Musco and Musco [41] describe how to approximately
compute the ridge leverage scores of A1/2 (if A is PSD)
using the Nystrom approximation, where A = A1/2 · A1/2 .
Musco and Woodruff [10] use this method to compute the
1/2
ridge leverage scores of A
 with Θ(nk) queries and show
that the this provides a ( n/k)-approximation to the ridge
leverage scores of A. We note that the guarantees obtained
by [10], [31] are relative error, as opposed to the additive error guarantee in the theorem above. Finally, Bakshi
and Woodruff [11] provide an additive-error sublinear time
construction for distance matrices by sampling proportional
to column norms. In all the aforementioned constructions,
computing the sampling distribution is a non-trivial task,
whereas we simply sample proportional to the diagonal
entries.
We observe that we sample columns of A + N, to obtain
C which is an unbiased estimator for A + N2F . The main
technical challenge in our construction is to relate the cost of
rank-k projections for the column space of A to that of C,
while obtaining an optimal dependence on n and k. Note,
while we do not obtain the correct dependence on , we do
not have to explicitly compute all of C, only a subset of it.
We then extend the diagonal sampling algorithm to construct a robust row PCP for the matrix C. We note that the
construction for A does not immediately give a row PCP
for C since C is no longer a corrupted PSD matrix or even
a square matrix, and thus there is no notion of a diagonal.
Here, all previous approaches to construct a PCP with a
sublinear number of queries hit a roadblock, since the matrix
C need not have any well-deﬁned structure apart from being
a scaled subset of the columns of the original corrupted PSD
matrix A + N. However, we show that sampling rows of C
proportional to the diagonal entries of A + N results in a
row PCP for C.

1) For all i ∈ [t], the corresponding estimate overestimates the row norm of Ri,∗ , i.e., Yi ≥ Ri,∗ 22 .
2) The sum of the over-estimates is not too much
larger
than the Frobenius norm of the matrix, i.e.,

2
2
i∈[t] Yi ≤ φmax n/tRF
If the two conditions are satisﬁed, Frieze-Kannan-Vempala
implies sampling s rows of R proportional to Yi results in an
s × t matrix S such that the row space of S contains a good
rank-k approximation, where s = O(φ2max nk/t), which
matches our desired sample complexity. We show that,
unfortunately, such a guarantee is not possible even in the
uncorrupted case, where N = 0 and φmax = 1. Intuitively,
R may be a sparse matrix such that many rows have large
norm, and uniform sampling cannot obtain concentration for
all such rows, as required by the aforementioned conditions.
Instead, we settle for a weaker statement, where we show
that the estimator obtained by uniform sampling in each row
is accurate with o(1) probability. At a high level, we show
that we can design a sampling process that is statistically
close to 22 sampling described by Frieze-Kannan-Vempala
[29]. We then open up the analyzes of Frieze-KannanVempala and show that our sampling process sufﬁces to
recover the low-rank approximation guarantee. Given the
ﬂurry of recent work in quantum computing [9], [12]–
[15] that uses Frieze-Kannan-Vempala 22 sampling as a key
algorithmic primitive, our analysis may be of independent
interest.
Lemma II.1 (Informal Estimation of Row Norms). Let
R ∈ Rt×t be the row
 PCP as deﬁned above. For all
i ∈ [t] let Xi =
j∈[3 t/k3 ] Xi,j such that Xi,j =
k 3 R2i,j  /3 with probability 1/t, for all j  ∈ [t]. Then, for
all i ∈ [t], Xi = (1 ± 0.1) Ri,∗ 22 with probability at least
min(Ri,∗ 22 k/n, 1).

Theorem II.2 (Informal Robust Row PCP). Let A + N
be an n × n matrix corresponding to our noise model and
let C be a column PCP for A as deﬁned above. Let p =
{p1 , p2 . . . pn } be a probability distribution over the rows of
C such that pj = (A + N)j,j /Tr (A + N). Construct R
 max √nk 2 /2 ) rows of C proportional to
by sampling O(φ
p and scaling appropriately. With probability at least 1 − c,
for any rank-k orthogonal projection X,
√
R − RX2F = C − CX2F ± ( + η)A2F

We now face two major challenges: ﬁrst, the probability
with which the estimators are accurate is too small to even
detect all rows with norm larger than φ2max nR2F /t2 , and
second, there is no small query certiﬁcate for when an
estimator is accurate in estimating the row norms. Therefore,
we cannot even identify the rows where we obtain an
accurate estimate of norm.
To address the ﬁrst issue, we make the crucial observation that while we cannot estimate the norm of each
row accurately, we can hope to sample the row with the

For our algorithm, we begin by constructing column and
row PCPs of√ A + N, to obtain a t × t matrix R, where
 max nk 2 /2 ). Instead of reading the entire matrix,
t = O(φ
we uniformly sample 3 t/k 3 entries in each row of R,
and query these entries. Note, this corresponds to reading
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same probability as Frieze-Kannan-Vempala [29]. Recall,
their algorithm requires sampling row Ri,∗ with probability
at least Ri,∗ 22 /R2F , which matches the probability in
Lemma II.1. Therefore, we can focus on designing a weaker
notion of identiﬁability, that may potentially include extra
rows.
We begin by
 partitioning the rows of R
 into two sets.
Let H = i  Ri,∗ 22 ≥ φ2max n/t2 R2F be the set of
heavy
rows and
rows. Note, |H| =
 [t] \ H be the remaining


O t2 /φ2max n = O k 4 log4 (n)/4 . We then condition on
our estimator having norm at least φ2max nR2F /t2 . Conditioned on this event, we sample the corresponding row of R
with probability 1. As before, we want to prevent sampling
too many spurious rows, but we show only a subset of the
rows in H satisfy this condition. This ensures we identify
rows in H with the right probability. For all the remaining
rows, we know the norm is at most φ2max n/t2 R2F . We
show that uniformly sampling φ2max n/t such rows sufﬁces
to simulate row norm sampling.
We then open up the analysis of Frieze-Kannan-Vemapala
to show that the above sampling procedure sufﬁces to
bound the overall variance, resulting in a relaxation of the
conditions required to obtain an additive error low-rank
approximation to R. Once we compute a good low-rank
approximation for R we can follow the approach of [10],
[11], [31], where we set up two regression problems, and
use the sketch and solve paradigm to compute a low-rank
approximation for A, culminating in Theorem I.12.
For corrupted correlation matrices, we observe that the
true uncorrupted matrix has all diagonal entries equal to 1.
Therefore, we can discard the diagonal entries of A+N and
assume they are 1. In this case, no matter what the adversary

does to the diagonal, φmax = 1 and we obtain an O(nk/)
query algorithm that satisﬁes the above guarantee. Further,
we show a matching sample complexity lower bound of
Ω(nk/), to obtain -additive-error, even in the presence of
no noise.
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