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Abstract—We give the first outlier-robust efficient algo-
rithm for clustering a mixture of k statistically separated d-
dimensional Gaussians (k-GMMs). Concretely, our algorithm
takes input an ε-corrupted sample from a k-GMM and outputs
an approximate clustering that misclassifies at most kO(k)(ε+η)
fraction of the points whenever every pair of mixture compo-
nents are separated by 1− exp(−poly(k/η)) in total variation
distance. This is the statistically weakest possible notion of
separation and allows, for e.g., clustering of mixtures with
components with the same mean with covariances differing in
a single unknown direction or separated in Frobenius distance.
The running time of our algorithm is dpoly(k/η). Such results
were not known prior to our work, even for k = 2.

More generally, our algorithms succeed for mixtures of
any distribution that satisfies two well-studied analytic as-
sumptions - sum-of-squares certifiable hypercontractivity and
anti-concentration. As an immediate corollary, they extend
to clustering mixtures of arbitrary affine transforms of the
uniform distribution on the d-dimensional unit sphere. Even the
information theoretic clusterability of separated distributions
satisfying our analytic assumptions was not known and is likely
to be of independent interest.

Our algorithms build on the recent flurry of work relying
on certifiable anti-concentration first introduced in [1], [2]. Our
techniques expand the sum-of-squares toolkit to show robust
certifiability of TV-separated Gaussian clusters in data. This
involves giving a low-degree sum-of-squares proof of statements
that relate parameter (i.e. mean and covariances) distance to
total variation distance by relying only on hypercontractivity
and anti-concentration.

Keywords-Robust statistics; Gaussian Mixture Models; Sum
of Squares Method.

Remark .1 (Merging Bakshi and Kothari [3] and Diakoniko-

las, Hopkins, Kane and Karmalkar [4]). This extended

abstract serves as a brief overview of concurrent and in-

dependent works Bakshi and Kothari [3] and Diakonikolas,

Hopkins, Kane and Karmalkar [4]. We point the reader to

the respective full versions of these papers, both available on

arXiv,1 for a comprehensive treatment of the results. In this

overview, we mainly follow the presentation of Bakshi and

Kothari; we note differences to the results and techniques of

1For [3] by Bakshi and Kothari, see https://arxiv.org/abs/2005.02970, and
for [4] by Diakonikolas, Hopkins, Kane, and Karmalkar, see https://arxiv.
org/abs/2005.06417.

Diakonikolas et al. when necessary.

I. INTRODUCTION

A flurry of recent work has focused on designing outlier-

robust efficient algorithms for statistical estimation for basic

tasks such as estimating mean, covariance [5]–[13], moment

tensors [8] of distributions, regression [14]–[19], and clus-

tering of spherical mixtures [14], [20], [21]. This progress

(see [22] for a recent survey) has come via fundamentally

new algorithmic techniques such as agnostic filtering [6]

and robust-learning frameworks based on the sum-of-squares

method in both the strong contamination [8], [20], [21] and

list-decodable learning models [2], [18], [19], [23].

In this paper, we extend this line of work by studying

outlier-robust clustering of mixtures of distributions that

exhibit mean or covariance separation. As a corollary, we

obtain a poly-time outlier-robust algorithm for clustering

mixtures of k-Gaussians (k-GMMs) when each pair of com-

ponents is separated in total variation (TV)2 distance. This

is the information-theoretically weakest notion of separation,

allows components of same mean but variances differing in

an unknown direction3 or covariances separated in relative
Frobenius distance (see Fig 1) and includes well-studied

problems such as mixed linear regression and subspace
clustering as special cases.

The Gaussian Mixture Model has been the subject of a

century-old line of research beginning with Pearson [24]. A

k-GMM
∑

r≤k prN (μ(r),Σ(r)) is a probability distribution

sampled by choosing a component r ∼ [k] with probability

pr and outputting a sample from the Gaussian distribution

with mean μ(r) and covariance Σ(r). In the k-GMM learn-

ing problem, the goal is to output an approximate clustering
of the input sample or estimate the parameters (the mean

and covariances) of the components. Progress on provable

2The TV distance between distributions with PDFs p, q is defined as
1
2

∫∞
−∞ |p(x)− q(x)|dx.

3As an interesting example, consider the case of subspace clustering:
mixture of standard Gaussians restricted to unknown distinct subspaces. The
components have a TV distance of 1 regardless of how close the subspaces
are and thus satisfy our assumptions.
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algorithms for learning k-GMMs began with the influential

work of Dasgupta [25] followed up by [26]–[29] yielding

clustering algorithms that succeed under various separation

assumptions. These assumptions, however, do not capture

natural separated instances of Gaussians (e.g., see (b) or (c)

in Fig 1). A more general approach [30]–[32] circumvents

clustering altogether by giving an efficient algorithm ( time

∼ dpoly(k)) for parameter estimation without any separation

assumptions.

In this work, we focus on the important special case of

this problem where the mixture components are “separated”.

Various notions of separation have been used in the litera-

ture. Here we focus on the following definition: We say

that a k-mixture of Gaussians is separated if the overlap
between any pair of components P,Q (i.e., 1 − tv(P,Q),
where tv(P,Q) is the total variation distance between P and

Q) is a small constant — independent of the dimension.

We note that this is qualitatively the weakest possible

separation assumption under which accurate clustering of

the components is information-theoretically possible — even

without outliers.

The preceding discussion motivates the following ques-

tion, whose resolution is the main result of this work:

Question I.1. Is there a poly(d)-time robust learning algo-

rithm for a mixture of any constant number of (or even two)

arbitrary separated Gaussians on R
d?

Figure 1. (a) Mean Separation (b) Spectral Separation (c) Relative
Frobenius Separation

A. Our Results

Our main result is an efficient algorithm for outlier-robust

clustering of k-GMMs whenever every pair of components

of the mixture are separated in total variation distance.

Formally, our algorithms work in the strong contamination
model studied in the bulk of the prior works on robust esti-

mation where an adversary changes an arbitrary, potentially

adversarially chosen ε-fraction of the input sample before

passing it on to the algorithm.

Theorem I.2 (Main Result, Outlier-Robust Clustering of

k-GMMs, [3]). Fix η, ε > 0. Let Dr = N (μ(r),Σ(r))
for r ≤ k be k-Gaussians such that dTV (Dr,Dr′) ≥
1 − exp(−poly(k/η)) whenever r �= r′. Then, there exists
an algorithm that takes input an ε-corruption Y of a sample
X = C1 ∪C2 ∪ . . .∪Ck of size n, with equal sized clusters
Ci drawn i.i.d. from Di for each r ≤ k, and with probability
≥ 0.99, outputs an approximate clustering Y = Ĉ1 ∪ Ĉ2 ∪
. . .∪Ĉk satisfying mini≤k

|Ĉi∩Ci|
|Ci| ≥ 1−O(k2k)(ε+η). The

algorithm succeeds whenever n ≥ dO(poly(k/η)) and runs in
time nO(poly(k/η))).

We can use off-the-shelf robust estimators for mean and

covariance of Gaussians( [6]) in order to get statistically

optimal estimates of the mean and covariances of the target

k-GMM.

Corollary I.3 (Parameter Recovery from Clustering, [3]).
In the setting of Theorem I.2, with the same running time,
sample complexity and success probability, our algorithm
can output {μ̂(r), Σ̂(r)}r≤k such that for some permutation
π : [k]→ [k], dTV (N (μ(r),Σ(r)),N (μ̂(π(r)), Σ̂(π(r))) ≤
Õ(k2k(ε+ η)).

Remark I.4 (Differences to Diakonikolas et al [4]). The

above Theorem I.2 and Corollary I.3, along with the corre-

sponding algorithms and analyses, appear in this form in [3].

Diakonikolas et al. [4] obtain similar results with the follow-

ing differences. The algorithm of [4] requires dF (k)/poly(ε)
samples and runs in time nF (k), for F (k) at most an expo-

nential tower of height poly(k), and outputs a Gaussian mix-

ture model whose TV distance to 1
k

∑k
r=1N (μ(r),Σ(r))

is at most Õ(ε), so long as ε ≤ 1/F (k) and

minr �=r′ dTV (N (μ(r),Σ(r)),N (μ(r′),Σ(r′))) ≤ 1/F (k).

By combining the approaches of [3], [4], we can

obtain the following improvement to the sample com-

plexity of Corollary I.3: for every ε ≤ k−O(k) there

is an algorithm requiring n ≥ dk
O(k)

/poly(ε) ε-
corrupted samples from a k-GMM with pairwise separation

dTV (N (μ(r),Σ(r)),N (μ(r′),Σ(r′))) ≥ 1 − 2−kO(k)

and

running in time nkO(k)

which returns a hypothesis k-GMM

which is accurate to total variation distance Õ(ε). It is a

fascinating open problem to understand whether the doubly-

exponential sample complexity and running time can be

brought down to single-exponential.

These are the first outlier-robust algorithms that work for

clustering k-GMMs under information-theoretically optimal

separation assumptions. Such results were not known even

for k = 2. To discuss the bottlenecks in prior works, it

is helpful to use following consequence of two Gaussians

with means μ(1), μ(2) and covariances Σ(1),Σ(2) being at

a TV distance ≥ 1− exp(−O(Δ2)) in terms of the distance

between their parameters:

Definition I.5 (Δ-Separated Mixture Model). An equi-
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weighted mixture D1,D2, . . . ,Dk with parameters

{μ(i),Σ(i)}i≤k is Δ-separated if for every pair of

distinct components i, j, one of the following three

conditions hold (Σ†/2 is the square root of pseudo-inverse

of Σ):

1) Mean-Separation: ∃v ∈ R
d such that 〈μ(i) −

μ(j), v〉2 > Δ2v�(Σ(i) + Σ(j))v,

2) Spectral-Separation: ∃v ∈ R
d such that v�Σ(i)v >

Δv�Σ(j)v,

3) Relative-Frobenius Separation:4 Σ(i) and Σ(j) have

the same range space and∥∥∥Σ(i)†/2Σ(j)Σ(i)†/2 − I
∥∥∥2

F
> Δ2

∥∥∥Σ(i)†/2Σ(j)1/2∥∥∥4

op

The key bottleneck for known algorithms was handling

separation in cases 2 and 3 above. Further, we note that no

algorithm prior to our work (such as [30], [33]) could handle

rank deficient covariances, even non-robustly. In particular,

prior work obtains parameter recovery in non-affine invariant

norms. However, two non-overlapping subspaces can be

arbitrarily close in any such norm, while still being TV

distance 1 apart.

Beyond Gaussians. Our results apply more generally to

mixture models where each component distribution D satis-

fies two natural and well-studied analytic conditions: hyper-
contractivity of degree 2 polynomials and anti-concentration
of all directional marginals. Our algorithmic results hold

for distributions (e.g. Gaussians and affine transforms of

uniform distribution on the unit sphere) that admit efficiently

verifiable analogs of these properties.

Definition I.6 (Certifiable Hypercontractivity). An isotropic

distribution D on R
d is said to be h-certifiably C-

hypercontractive if there’s a degree h sum-of-squares proof

of the following unconstrained polynomial inequality in d×d
matrix-valued indeterminate Q:{

Ex∼D
(
x�Qx

)h ≤ (Ch)
h
(
Ex∼D

(
x�Qx

)2)h/2
}

A set of points X ⊆ R
d is said to be C-certifiably

hypercontractive if the uniform distribution on X is h-

certifiably C-hypercontractive.

Hypercontractivity is an important notion in high-

dimensional probability and analysis on product spaces [34].

Kauers, O’Donnell, Tan and Zhou [35] showed certifiable

hypercontractivity of Gaussians and more generally product

distributions with subgaussian marginals. Certifiable hyper-

contractivity strictly generalizes the better known certifiable
subgaussianity property (studied first in [8]) that controls

higher moments of linear polynomials.

4Unlike the other two distances, relative Frobenius distance is meaningful
only for high-dimensional Gaussians. As an illustrative example, consider
two 0 mean Gaussians with covariances Σ1 = I and Σ2 = (1 +
Θ(1/

√
d))I . Then, for large enough d, the parameters are separated in

relative Frobenius distance but not spectral or mean distance.

Certifiable anti-concentration.: In contrast to subgaus-

sianity, anti-concentration forces lower-bounds of the form

Pr[〈x, v〉2 ≥ δ ‖v‖22] ≥ δ′ for all directions v. Certifi-

able anti-concentration was recently introduced in indepen-

dent works of Karmalkar, Klivans and Kothari [18] and

Raghavendra and Yau [19] and later used [2], [36] for

the related problems of list-decodable linear regression and

subspace recovery5.

Following Karmalkar, Klivans and Kothari [18], we for-

mulate certifiable anti-concentration via a univariate, even

polynomial pδ,Σ that uniformly approximates the 0-1 core-

indicator 1(〈x, v〉2 ≥ δv�Σv) over a large enough interval

around 0. Let qδ,Σ(x, v) be a multivariate (in v) polynomial

defined by qδ,Σ(x, v) =
(
v�Σv

)2s
pδ,Σ

(
〈x,v〉√
v�Σv

)
.Since

pδ,Σ is an even polynomial, qδ,Σ is a polynomial in v.

Definition I.7 (Certifiable Anti-Concentration). An mean 0
distribution D with covariance Σ is 2s-certifiably (δ, Cδ)-
anti-concentrated if for qδ,Σ(x, v) defined above, there exists

a degree 2s sum-of-squares proof of the following two

unconstrained polynomial inequalities in indeterminate v:

{
〈x, v〉2s + δ2sqδ,Σ(x, v)

2 ≥ δ2s
(
v�Σv

)2s}
,{

Ex∼Dqδ,Σ(x, v)
2 ≤ Cδ

(
v�Σv

)2s} (1)

An isotropic subset X ⊆ R
d is 2s-certifiably (δ, Cδ)-

anti-concentrated if the uniform distribution on X is 2s-

certifiably (δ, Cδ)-anti-concentrated.

Remark I.8. For natural examples, s(δ) ≤ 1/δc for some

fixed constant c. For e.g., s(δ) = O( 1
δ2 ) for standard

Gaussian distribution and the uniform distribution on the

unit sphere (see [18] and [36]). To simplify notation, we

will assume s(δ) ≤ poly(1/δ) in the statement of our results.

Our general result gives an outlier-robust clustering algo-

rithm for separated mixtures of reasonable distributions, i.e.,

one that satisfies both certifiable hypercontractivity and anti-

concentration. Even the information-theoretic (and without

outliers, i.e., ε = 0) clusterability of such distributions was

not known prior to our work.

Theorem I.9 (Outlier-Robust Clustering of Separated Mix-

tures). Fix η > 0, ε > 0. Let Dr be s(δ)-certifiably δ-
anti-concentrated distributions for all δ > 0 and has h-
certifiably C-hypercontractive degree 2 polynomials for all
h such that the mixture of Dr is Δ-separated. Then, there
exists an algorithm that takes input an ε-corruption Y of
a sample X = C1 ∪ C2 ∪ . . . Ck of size n, with true
clusters Ci drawn i.i.d. Dr for each r ≤ k, and outputs an
approximate clustering Y = Ĉ1 ∪ Ĉ2 ∪ . . . ∪ Ĉk satisfying

5List-decodable versions of these problems generalize the “mixture”
variants - mixed linear regression and subspace clustering - that are easily
seen to be special cases of mixtures of k-Gaussians with TV separation 1.
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mini≤k
|Ĉi∩Ci|
|Ci| ≥ 1−O(k2k)(ε+η). The algorithm succeeds

with probability at least 0.99 over the draw of the original
sample X whenever n ≥ dO(poly(k/η)) and runs in time
nO(poly(k/η))) whenever Δ ≥ poly(k/η)k.

Robust Covariance Estimation. We give an outlier-

robust algorithm for covariance estimation for all certifiably

hypercontractive distributions.

Theorem I.10 (Robust Parameter Covariance Estimation for

Certifiably Hypercontractive Distributions). Fix an ε > 0
small enough fixed constant so that Ctε1−4/t � 16. For
every even t ∈ N, there’s an algorithm that takes input Y be
an ε-corruption of a sample X of size n from a reasonable
distribution with unknown mean μ∗ and covariance Σ∗
respectively and outputs an estimate μ̂ and Σ̂ satisfying:

1)
∥∥Σ−1/2(μ∗ − μ̂)

∥∥
2
≤ O(Ct)1/2ε1−1/t,

2) (1 − η)Σ∗ � Σ̂ � (1 + η)Σ∗ for η ≤ O(Ck)ε1−2/t,
and,

3)
∥∥∥Σ−1/2

∗ Σ̂Σ
−1/2
∗ − I

∥∥∥
F
≤ (Ct)O(ε1−1/t).

In particular, letting t = O(log(1/ε)) results in the error
bounds of Õ(ε) in all the three inequalities above.

The first two guarantees above were shown by Kothari

and Steurer [8] for all certifiably subgaussian distributions.

[8] also observed (see last paragraph of page 6 for a counter

example) that it is provably impossible to obtain dimension-

independent error bounds in relative Frobenius distance

assuming only certifiable subgaussianity (see Definition 5.1

in [8]). We prove that under the stronger assumption of cer-

tifiable hypercontractivity, we can indeed obtain dimension-

independent, information-theoretically optimal (for e.g. for

Gaussians) error guarantees in relative Frobenius error. Prior

works either obtained the weaker spectral error guarantee

(that incurs a loss of
√
d factor when translating into

relative Frobenius distance) [5], [8] or worked only for

Gaussians [6]7.

Combining this theorem with our clustering results above

yields:

Corollary I.11 (Parameter Recovery from Clustering, Gen-

eral Case). In the setting of either Theorem I.9, there’s
an algorithm with same bounds on running time and
sample complexity, that with probability at least 0.99,
outputs {μ̂(r), Σ̂(r)}r≤k such that for some permutation
π : [k] → [k], for every i, μ̂(π(i)), Σ̂(π(i)) is Δ-close
to μ,Σ in the three distances defined in Definition I.5 for
Δ = Õ(kO(k)(ε+ η)).

Applications. Two important special cases of mixtures

6This notation means that we needed Ctε1−2/t to be at most c0 for
some absolute constant c0 > 0

7We note that the algorithm of [6] for Gaussian distributions works in
fixed polynomial time to obtain Õ(ε) error-estimate of the covariance in
relative Frobenius distance whereas our algorithm works more generally for

all certifiably hypercontractive distributions but runs in time dO(log2(1/ε)).

of separated reasonable distributions are noiseless mixed
linear regression where we are given samples generated as

y = 〈�, x〉 where x is drawn from N (0, Id) and � is chosen

uniformly from an unknown list (�1, �2, . . . , �k) and sub-
space clustering - where the input is a mixture of isotropic

Gaussians restricted to a k unknown subspaces. There’s

extensive work [37]–[47] on both these problems in signal

processing and machine learning with recent push [45], [48]

in TCS to obtain efficient algorithms with provable guaran-

tees. Both these cases are immediately seen as mixtures with

pairwise separation of∞ (for Gaussians, this is equivalent to

TV separation of 1). Thus, we immediately obtain efficient

outlier-robust algorithms for these problems.

II. RELATED WORK

In this subsection, we provide a detailed summary of the

most relevant prior work.
The known non-robust parameter estimation algorithms

for k-mixtures of arbitrary Gaussians [33], [49] work by

reducing the problem to a collection of univariate problems

by taking many random one-dimensional projections and

piecing together the information obtained from all these

projections. The univariate problem is solved using the

method of moments. Unfortunately, the accuracy required

for each univariate problem for this approach to work is

inverse polynomial in the dimension d, which is information-

theoretically impossible to achieve in the presence of even a

sub-constant fraction of outliers. In summary, this approach

is highly non-robust.
In the robust setting, significant progress has been made

for mixtures of spherical Gaussians. The work of [50] gave

a robust density estimation algorithm for for a mixture

of (any constant number of) spherical Gaussians. More

recently, [51]–[53] obtained efficient robust parameter esti-

mation algorithm for mixtures of spherical Gaussians under

near-optimal separation assumptions. Our SoS-based cluster-

ing framework is identical to that of [51]. Our contribution

lies in our construction of a low-degree identifiability proof

for the clusters that can handle arbitrary separated Gaussians.
It should be emphasized that the identifiability proofs

in [51], [52] are (essentially) constrained to the spherical

setting and in particular cannot even handle (non-robust)

parameter estimation of two hyperplane separated Gaussians.

This is due to their definition of a good cluster that only

imposes upper bounds on the low-degree moments of the

clusters.
We note that [54] gave an SQ lower bound, which

provides evidence that an exponential dependence on k
is required for the sample complexity and runtime of our

problem, even for the hyperplane separated case without

outliers.

III. OVERVIEW

In this section, we given an informal overview of our

approach and main ideas. All of our conceptual ideas appear
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in obtaining a clustering algorithm in the non-robust (without

outliers) setting. So we will restrict ourselves to this setting

for most of this section.

Formally, our results hold for Δ-separated (in the sense

of Definition I.5) mixtures of all reasonable distributions

defined below.

Definition III.1 (Reasonable Distributions). An isotropic

(i.e. mean 0 and I-covariance) distribution D on R
d is

reasonable if it satisfies the following two properties:

1) Certifiable Anti-Concentration Under 4-wise Convolu-
tions: The distribution of x ± y ± z ± w for indepen-

dent copies x, y, z, w ∼ D is certifiably (δ, Cδ) anti-

concentrated for all δ > 0.

2) Certifiable Hypercontractivity Under 4-wise Convolu-
tions: The distribution of x±y±z±w for independent

x, y, z, w ∼ D has certifiably hypercontractive degree

2 polynomials.

Observe that if D has h-certifiably C-hypercontractive

degree 2 polynomials then it is also h-certifiably C-

subgaussian. For any μ,Σ � 0, we denote D(μ,Σ) to be

the distribution of the random variable Σ1/2x + μ where

x ∼ D.

In Section 8 of [3], we prove that Gaussian distributions

and affine transforms of uniform distribution on the unit

sphere are reasonable distributions.

Setup. The input to our algorithm is a sample X of size

n from an equi-weighted mixture of {D(μ(r),Σ(r))}r≤k

for some reasonable distribution D. Let X = C1 ∪ C2 ∪
. . . Ck be the partition of X into true clusters unknown to

the algorithm. We follow the high-level approach of using

low-degree sum-of-squares proofs of certifiability8 to design

efficient algorithms.

The two key parts of our proofs are 1) giving a low-degree

sum-of-squares proof of certifiability of approximate clusters

and 2) a recursive clustering based on rounding pseudo-

distributions. We discuss the high-level ideas behind both

these pieces below.

Certifying Purported Clusters. In this approach, we

ignore the algorithmic issues and focus simply on the issue

of how to certify that a given subset Ĉ ⊆ X - described

by an associated set of indicator variables w1, w2, . . . , wn

of the samples included in Ĉ - is (close to) a true cluster

Cr for some r ≤ k. Let w(Cr) =
|Ĉ∩Cr|
|Cr| for every r.

By standard concentration arguments, for n large enough,

the uniform distribution on Ci for each i is itself reasonable

8We find the term certifiability more accurate than the usual “identi-
fiability” in this context. Formally, certifiability refers to checking that
a purported solution is “good” while identifiability relates to a sample
containing information about a certain parameter we desire to estimate.
Certifiability implies identifiability - it gives a test that we can check for
all possible candidate solutions with the guarantee that only true solutions
will pass the checks.

- that is, it satisfies the conditions in Def III.1. Further,

the parameters of each Cr are close to the true parameters

μ(r),Σ(r). Instead of introducing new notation, we will

simply assume that μ(r),Σ(r) are the mean and covariances

of Cr (instead of the distribution that generates Cr). This

slight abuse of notation doesn’t meaningfully change our

results or techniques.

Finally, another simple but useful observation is that for

distributions that are uniform on subsets of A,B ⊆ X of

size n/k, the total variation distance equals 1− (k/n)|A ∩
B|. In particular, large TV distance corresponds to small

intersection and vice-versa.

The only properties we know of the true clusters is that

they are of size n/k and that uniform distributions on them

are reasonable distributions. Thus, the natural checks we can

perform on Ĉ is to simply verify the properties of being

certifiably hypercontractive and anti-concentrated.

Since we check only the properties that a true cluster Ci

would satisfy, it’s clear that the true clusters should pass

our checks. Thus, we can focus on proving soundness of

our test: if Ĉ passes the checks we made, then it must be

close to one of the true clusters Cis. The key “bad case” for

us to rule out is when w(Cr) and w(Cr′) are both large for

some r �= r′. In that case, the set Ĉ indicated by w cannot

be close to any single cluster Ci.

Indeed, bulk of our analysis goes into showing that for

every r �= r′, w(Cr)w(Cr′) must be small whenever w
passes our checks above. This immediately implies that

w(Cr) and w(Cr′) cannot simultaneously be large. We call

such results simultaneous intersection bounds because they

control the simultaneous intersection of Ĉ with Cr and Cr′ .

A. Enter TV vs Parameter Distance Lemmas

When w(Cr) and w(Cr′) are simultaneously larger than,

say, η, the uniform distribution on Ĉ is 1 − η close in TV

distance to both Cr and Cr′ . On the other hand, since Cr

and Cr′ have Δ-separated parameters, the parameters of

the uniform distribution on Ĉ must be far from that of at

least one of Cr and Cr′ - say, Cr WLOG (follows from a

triangle-like inequality that is easy to prove for the notion

of parameter distance in Def I.5). In that case, we have a

reasonable distribution (uniform distribution on Ĉ) that is

close to another reasonable distribution (uniform on Cr) in

TV distance but their parameters are far from each other! We

will prove that this is not possible because of the following

Reasonable distributions close in TV distance have close
parameters.

It is important to observe that such a statement is false

even for subgaussian distributions - indeed, moment upper

bounds (such as those that follow from subgaussianity) are

simply not enough to give any bound on the parameter dis-

tance of TV-close pairs at all. We note that anti-concentration
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(and the consequent moment lower bound) is crucial to prove

such a statement.

There’s a lot of work in statistics that proves such state-

ments for natural families of distributions such as Gaussians

(see for e.g. [55]). In fact, all works that design outlier-robust

estimation algorithms in the strong contamination model

implicitly prove such a statement. This connection is made

explicit in the work on robust moment estimation [8]. Our

setting, however, differs from these works because we deal

with the regime where the TV distance is close to 1 (in

contrast to the setting where TV distance is close to 0 in the

above works) outlier-robust estimation.

For the special case of Gaussians, proving such a state-

ment even for the regime where TV distance happens to

be ∼ 1 turns out to be elementary However such a proof,

because it uses the PDF of the distribution heavily is unlikely

to be expressible in low-degree sum-of-squares proof system

- a key necessity for our algorithmic application.

But perhaps even more importantly, the proof for the

Gaussian case above is opaque and doesn’t reveal what

properties of the distribution come into play for such a

statement to be true. We show that the statement above holds

for all hyper-contractive and anti-concentrated distributions.

As a result, we obtain both, an argument that applies to more

general class of distributions and a proof translatable (with

some effort) into low-degree sum-of-squares proof system.

Proof Idea: Proving TV vs Parameter Distance Bounds
via Variance Mismatch. We will prove the TV vs parameter

distance relationships for reasonable distributions by giving

a low-degree sum-of-squares proof of the statement in the

contrapositive form. In this form, the result informally

says that if Ĉ (indicated by w) that defines a reasonable

distribution cannot simultaneously have large intersections

with two well-separated, reasonable distributions Cr and

Cr′ . That is, the product w(Cr)w(Cr′) must be small.

To prove such a statement, we deal with each of the three

ways (see Def I.5) Cr, Cr′ can be separated one by one.

In each of these cases, we will find a degree 2 polynomial

in x ∼ Ĉ (the purported cluster) that simultaneously has

high variance if w(Cr) and w(Cr′) are both large (since

Cr and Cr′ are separated). On the other hand, we will also

show that for certifiably hyper-contractive Ĉ, the polynomial

above cannot have too large a variance. Taken together, these

two statement yield a bound on the product w(Cr)w(Cr′).

In the following, we discuss the ideas that go into proving

such statements for each of the three kinds of parameter

separation. We will also briefly discuss two basic additions

to sum-of-squares toolkit that allow us to translate this proof

into the low-degree SoS proof system.

It turns out that the “hardest” case to deal is that of

spectral separation and we begin our exposition with it.

B. Simultaneous intersection bounds from spectral separa-
tion

For the purpose of this discussion, assume that the means

μ(r) = μ(r′) = 0. Since Cr and Cr′ are spectrally sepa-

rated, there exists a unit vector v such that Δspecv
�Σ(r)v ≤

v�Σ(r′)v. We will use the polynomial 〈x, v〉2 for this v as

our “mismatch” marker as discussed above.

The key idea of the proof is to show that if w(Cr) and

w(Cr′) are simultaneously large, then, because of the stark

difference in the behavior of Cr and Cr′ in direction v,

the degree 2 polynomial 〈x, v〉2 for x ∼ Ĉ must have

a large variance. We will prove this statement by using

anti-concentration of Cr and Cr′ . On the other hand, we

will show that since Ĉ is also anti-concentrated, 〈x, v〉2 for

x ∼ Ĉ cannot have too large a variance. Stringing together

these bounds should, in principle, give us upper bound on

w(Cr)w(Cr′).

While we manage to prove both the statements above via

low-degree SoS proofs, putting them together turns out to

be involved. It’s easy to do this via a “real-world” argument.

However, such a proof relies on case analysis that doesn’t

appear easy to SoSize. This is where we incur a dependence

on the spread parameter κ. We explain these steps in more

detail next.

Lower-Bound on the variance. We start by considering

(the reason will become clear in a moment) the random

variable z − z′ where z, z′ ∼ Ĉ are independent uniform

draws. Then, it’s easy to compute that z−z′ has mean 0 and

covariance 2Σ(w). Thus, in order to lower bound v�Σ(w)v,

we can consider the polynomial Ez,z′∼Ĉ〈z − z′, v〉2.

Here’s the simple but important observation (and our

reason for looking at z−z′). With probability w(Cr), z ∈ Cr

and with probability w(Cr′), z
′ ∈ Cr′ . Thus, w(Cr)w(Cr′)

fraction of samples z − z′ from Ĉ are differences of

independent samples from Cr and Cr′ .

Let’s now understand the distribution of differences of

independent samples from Cr and Cr′ . The covariance of

this distribution is Σ(r) + Σ(r′). Further, since each of Cr

and Cr′ are anti-concentrated, so is the convolution obtained

by taking differences of independent samples from Cr and

Cr′ . Thus, z − z′ takes a value ≤ δ
√

v� (Σ(r) + Σ(r′)) v
with probability at most ∼ δ. Thus, the contribution of z−z′

to v�Σ(w)v, when it’s larger than the above bound, should

be at least ≥ (w(Cr)w(Cr′)− δ) δ2v� (Σ(r) + Σ(r′)) v ≥
δ2v�Σ(r′)v.

Upper bound on variance. The main idea is to again

rely on anti-concentration - but this time of Ĉ which is

enforced by our constraint system A. Now, we know that

with w(Cr) probability, Ĉ outputs a point from Cr. Since

these points are in Cr, their contribution to the variance of

Ĉ cannot be larger than v�Σ(r)v. On the other hand, since

Ĉ is anti-concentrated, the contribution to the variance of Ĉ

154



from points shared with Cr must be comparable to that of

Ĉ if w(Cr) is large. Stringing together these observations

allows us to conclude that when w(Cr) is large, v�Σ(w)v
must be comparable to v�Σ(r)v.

Combining Upper and Lower Bounds: Real Life vs
SoS, dependence on κ. Observe that the first claim above

showed a lower bound on v�Σ(w)v in terms of v�Σ(r′)v
when w(Cr)w(Cr′) is large. The second claim shows an

upper bound on v�Σ(w)v (when w(Cr) is large) in terms

of v�Σ(r)v. Combining this with the spectral separation

condition Δspecv
�Σ(r)v ≤ v�Σ(r′)v should immediately

yield a bound on w(Cr)w(Cr′).
This argument indeed can be done easily in “real-world”

and complete the proof of TV to parameter distance bounds.

However, the proof involves a case-analysis based on when

w(Cr) > δ vs w(Cr) ≤ δ separately. This is unfortunately

not possible to capture in low-degree SoS as is.

A natural strategy to do this in SoS requires, in addition,

a “rough” bound on v�Σ(w)v. We obtain this bound by

again relying on anti-concentration of Ĉ. This rough bound

essentially allows us to bound v�Σ(w)v by (some multiple

of) the maximum of v�Σ(r)v as r ranges over all the k
clusters.

The case of k = 2 vs k > 2. For the case of k = 2,

the rough bound above depends only on the clusters we are

dealing with (since there are only two of them) and leads

to a proof without any dependence on κ. For the case of

k > 2, however, the rough bound depends on v�Σ(i)v for

clusters Ci for i �∈ {r, r′} - the set we are currently dealing

with and, in principle, could be arbitrarily large. We use our

assumption on the spread of the mixture to control v�Σ(i)v
for all such i �∈ {r, r′}.

Using uniform approximators for thresholds over
[0, 1]. A naive argument implementing the above reasoning

loses a polynomial factor in κ in the exponent. We lessen the

blow by a technical trick using uniform approximator thresh-

olds over the unit interval. We construct such polynomial by

relying on standard tools from approximation theory. These

polynomials allow us to capture the conditional reasoning

in the real-world proof above with a low-loss -leading to a

logarithmic dependence on the SoS degree on κ.

C. Intersection Bounds from Relative Frobenius Separation

Obtaining intersection bounds from mean separation turns

out to be relatively straight forward and uses ideas sim-

ilar to the ones discussed in the spectral separation case

above. So we move on to the case of Relative Frobenius

separation here. For the sake of exposition here, we assume

μ(r), μ(r′) = 0 as before and set Σ(r′) = I . Then, relative

Frobenius separation guarantees us that ‖Σ(r)− I‖2F ≥
Δ2

cov .

Let’s understand what happens to EĈQ(x) - the expec-

tation of this polynomial over the purported cluster Ĉ if it

has a large intersection with both Cr and Cr′ .

Lower Bound on the Variance of Q. Consider the

polynomial Q(x) = x�Qx for Q = Σ(r) − I . By direct

computation, the expectation of this polynomial on Cr

equals ‖Σ(r)− I‖2F + Tr(Σ(r)− I). While the expectation

on Cr′ equals Tr(Σ(r)− I).

Using hypercontractivity of degree 2 polynomials over

Cr and Cr′ , we show that the variance of the polynomial

Q(x) on Cr and Cr′ is � Δ2
cov . Thus, on Ĉ, for a

w(Cr) fraction of points Q(x) would be ≈ ‖Σ(r)− I‖2F +
Tr(Σ(r) − I) while for a w(Cr′) fraction of points, Q(x)
would be ≈ Tr(Σ(r) − I . The difference in these values

is |Ex∼CrQ(x) − Ex∼Cr′Q(x)| = ‖Σ(r)− I‖2F ≥ Δ2
cov .

Thus, if w(Cr)w(Cr′) is large, Q(x) must have a variance

comparable to w(Cr)w(Cr′)Δ
2
cov on Ĉ. Thus, we expect

that if Ĉ picks a significant mass from both Cr and Cr′ ,

then, Q(x) must have a large variance on Ĉ.

Upper Bound on the Variance of Q via SoSizing
Contraction. In contrast to the the case of mean separation

where we relied on anti-concentration of Ĉ, we prove an

upper bound on the variance of Q by relying on hypercon-

tractivity of degree 2 polynomials of Ĉ. A key step in this

proof relies on SoSizing a basic matrix inequality: For all

d×d matrices A,B, ‖AB‖2F ≤ ‖A‖2op ‖B‖2F , which follows

from sub-multiplicativity of the Frobenius norm.

D. Outlier-Robust Variant

Making the algorithm in the discussion above outlier-

robust is relatively straightforward. Observe that in this case,

we do not get access to the original sample X as above.

Instead, we get an ε-corruption of X , say Y as input.

Our goal is to give a clustering of Y that corresponds to

the clustering X with at most O(kε) points misclassified

in any given cluster. Observe that this is the information-

theoretically the best possible result we can expect since all

the εn outliers could end up corrupting a single chosen true

cluster.

Our key idea here is to introduce a new collection of

variables X ′ that “guess” the original sample that generated

Y . We add the constraint that X and Y intersect in (1− ε)-
fraction of the points to capture the only property of X that

we know.

We then use a version of the system of constraints A
with X replaced by X ′. Let C ′1, C

′
2, . . . , C

′
k be the clusters

induced by taking the points with the same indices as

in Ci from X ′. Note that in this case, X ′ and C ′is are

indeterminates in our constraint system. Our proof from the

previous section generalizes with only a few changes to yield

simultaneous intersection bounds on w′(C ′r)w
′(C ′r′). The

intersection bounds with Y then follow by noting a (degree

2 SoS proof of) |C ′i ∩ Ci| ≥ (1− 2kε)|Ci|.
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E. Recursive Clustering Algorithm

Simple rounding with larger running time. Given our

certifiability proofs that prove upper bounds on simultaneous

intersection of Ĉ with true clusters, one can immediately

obtain an algorithm for clustering mixtures of reasonable

distributions that runs in time nO(s(poly(η/k)) log(κ)). These

algorithms work by computing a pseudo-distribution ζ̃ on

w (the indicator of samples in Ĉ) and rounding it. For the

purpose of this overview, it is helpful to think of pseudo-

distributions as giving us access to low-degree moments

of a distribution on w that satisfies the checks that we

made (certifiable anti-concentration and hypercontractivity)

in our certifiability proofs above. A pseudo-distribution of

degree t in n variables can be computed in time nO(t) via

semidefinite programming and satisfies all inequalities that

can be derived from our checks (constraint system) via low-

degree SoS proofs.

Our rounding algorithm is simple and is the same as the

one described in Section 4.3 of the monograph [56] that

gives a simpler proof of the recently obtained algorithm for

clustering spherical mixtures [20], [21]. We use the simulta-

neous intersection bounds to derive that the second moment

matrix Ẽζ̃ [ww
�] of w (indicating Ĉ) is approximately block

diagonal, with approximate clusters as blocks. This allows

us to iteratively peel off approximate clusters greedily. To

establish this block diagonal structure our proof requires the

pseudo-distribution to have a degree that scales with log κ
where κ is the spread of the mixture.

Spread-independent recursive rounding. We then give

a more sophisticated rounding with a running time that does

not depend on the spread κ. The conceptual idea behind this

rounding is based on two curious facts that we establish:

1) Simple rounding has non-trivial information at constant
degrees. This first fact shows that when we run the

simple rounding with a pseudo-distribution ζ̃ of degree

that does not grow with log κ, we can still prove that

Ẽζ̃ [ww
�] has a partial block diagonal structure. This

structure allows us to prove that for the clustering

Ĉ1, Ĉ2, . . . , Ĉk output by our simple rounding above,

there exists a (non-trivial) partition S ∪ L = [k] such

that both ∪i∈SĈi and ∪j∈T Ĉj are essentially unions of

the true clusters.

The proof relies on two facts: 1) if no pair of compo-

nents of the input mixture are spectrally separated, then,

the spread κ is small so our simple rounding already

works. 2) Even when there’s a pair of components that

are spectrally separated, the SoS degree required in our

simultaneous intersection bounds can be much smaller

than κ. Concretely, our analysis yields a degree that

scales with
v�Σ(i)v
v�Σ(r′)v that we loosely upper bound by

κ = maxi,j
v�Σ(i)v
v�Σ(j)v

. If v�Σ(r′)v is comparable to

maxi≤k v
�Σ(i)v, then, the SoS degree of the proof is

much smaller than κ. We use this observation to show

that there’s a S ⊆ [k] and a O(1) degree SoS proof that

bounds the simultaneous intersection of Ĉ with true

clusters Ci and Cj whenever i ∈ S and j �∈ S. This is

enough to obtain a partial cluster recovery guarantee.

Thus, ∪i∈SĈi can be treated as a mixture of ( < k)

components along with a small fraction of outliers

and we can recurse. Of course, we do not know S,

so our algorithm tries all the 2k possible choices and

recursively tries to cluster them.

2) Verifying clusters requires only constant-degree pseudo-
distributions. In order to run the recursive clustering

algorithm suggested above, we need a subroutine that

can efficiently verify that a given purported cluster is

close to a true one. While we cannot show that degree

O(s(poly(η/k))) pseudo-distributions are enough to

find a clustering, we will prove that they are enough

to verify a purported clustering. Concretely, given a

purported cluster Ĉ, we show that there’s a pseudo-

distribution of constant degree (independent of κ) con-

sistent with verification constraints iff Ĉ is close to a

true cluster.

The “completeness” of the verification algorithm is easy

to prove. The meat of the analysis is proving soundness

- i.e. if a purported cluster Ĉ has an appreciable

intersection with two different true clusters, then the

verification algorithm must output reject.

A priori, such a result can appear a bit confusing -

after all, we just spent most of this overview arguing

SoS proofs of degree that grow with κ for verifying

purported clusters. The key technical difference (quite

curious from a proof complexity perspective) is that

in the setting of verification, we are trying to derive a

contradiction from the assumption that the intersection

bounds are simultaneously large for two distinct true

clusters. While in the simultaneous intersection bounds,

the goal is similar statement but stated in terms of the

contrapositive.

F. Covariance Estimation in Relative Frobenius Error

The tools we develop allow us to get an additional applica-

tion - an outlier-robust algorithm to compute the covariance

of a distribution with optimal relative Frobenius error. Prior

works of Lai Rao and Vempala [5] and Kothari and Steurer

[8] gave guarantees for covariance estimation in spectral

distance (which implies only dimension dependent bounds

on the relative Frobenius error) or worked only for Gaussian

distributions [6]. We show an optimal Õ(ε) (independent of

the dimension) error guarantee on relative Frobenius error in

the presence of an ε-fraction adversarial outliers whenever

the target distribution is certifiably hypercontractive. Our

algorithm is same as the one used in [8] but our analysis

relies on certifiable hypercontractivity along with the SoS
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contraction lemma discussed above.

As a corollary of this result, we can take an accurate

clustering output by our clustering algorithms for reasonable

distributions and use our covariance estimation algorithm

here to get statistically optimal estimates of mean and co-

variance in the distances presented in Definition I.5 thus ob-

taining outlier-robust parameter estimation algorithms from

our outlier-robust clustering algorithm.

IV. ALGORITHM

Our constraint system A uses polynomial inequalities to

describe a subset Ĉ of size αn of the input sample X . We

impose constraints on Ĉ so that the uniform distribution on

Ĉ satisfies certifiable anti-concentration and hypercontrac-

tivity of degree-2 polynomials. We intend the true clusters

C1, C2, . . . , Cr to be the only solutions for Ĉ. Proving that

this statement holds and that it has a low-degree SoS proof

is the bulk of our technical work in this section.

We describe the specific formulation next. Throughout this

section, we use the notation Q(x) to denote x�Qx for d×d
matrix valued indeterminate Q. For ease of exposition, we

break our constraint system A into natural categories A1 ∪
· · ·∪A5. Our constraint system relies on parameter τ, δ and

an appropriate setting can be found in [3].

For our argument, we will need access to the square

root of the indeterminate Σ. So we introduce the constraint

system A1 with an extra matrix valued indeterminate Π
(with auxiliary matrix-valued indeterminate U ) that satisfies

the polynomial equality constraints corresponding to Π
being the square root of Σ. Note that the first constraint

is equivalent to Π � 0 in “ordinary math”. Square-Root

Constraints:

A1 =

{
Π = UU�

Π2 = Σ

}
(2)

Next, we formulate intersection constraints that identify the

subset Ĉ of size αn. Subset Constraints:

A2 =

{∀i ∈ [n] w2
i = wi∑

i∈[n] wi =
n

k

}
(3)

Next, we enforce that Ĉ must have mean μ and covariance

Σ, where both μ and Σ are indeterminates. Parameter

Constraints:

A3 =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1

n

n∑
i=1

wixi = μ

1

n

n∑
i=1

wi(xi − μ)(xi − μ)� = Σ

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(4)

Finally, we enforce certifiable anti-concentration at two

slightly different parameter regimes (characterized by τ ≤ δ)

along with the hypercontractivity of Ĉ. Certifiable Anti-

Concentration :

A4 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

k2

n2

n∑
i,j=1

wiwjq
2
δ,2Σ ((xi − xj) , v)

≤ 2s(δ)Cδ
(
v�Σv

)s(δ)
k2

n2

n∑
i,j=1

wiwjq
2
τ,2Σ ((xi − xj) , v)

≤ 2s(τ)Cτ
(
v�Σv

)s(τ)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(5)

Certifiable Hypercontractivity :

A5 =

⎧⎪⎨
⎪⎩
∀j ≤ 2s,

k2

n2

∑
i,j≤n

wiwjQ(xi − xj)
2j

≤ (Cj)2j ‖ΠQΠ‖2jF

⎫⎪⎬
⎪⎭ (6)

We are now ready to describe our algorithm. Our algo-

rithm follows the same outline as the simplified proof for

clustering spherical mixtures presented in [56] (Chapter 4.3).

The idea is to find a pseudo-distribution ζ̃ that minimizes

the objective
∥∥∥Ẽζ̃ [w]

∥∥∥
2

and is consistent with the constraint

system A.
It is simple to round the resulting solution to true

clusters: our analysis yields that the matrix Ẽζ̃ [ww
�] is

approximately block diagonal with the blocks approximately

corresponding to the true clusters C1, C2, . . . , Ck. We can

then recover a cluster by a repeatedly greedily selecting n/k
largest entries in a random row, removing those columns off

and repeating. We describe this algorithm below.

Algorithm IV.1 (Clustering General Mixtures).
Given: A sample X of size n with true clusters

C1, C2, . . . , Ck of size n/k each.

Output: A partition of X into an approximately cor-

rect clusters Ĉ1, Ĉ2, . . . , Ĉk.

Operation:
1) Find a pseudo-distribution ζ̃ satisfying A min-

imizing
∥∥∥Ẽ[w]∥∥∥2

2
.

2) For M = Ẽw∼ζ̃ [ww
�], repeat for 1 ≤ � ≤ k:

a) Choose a uniformly random row i of M .

b) Let Ĉ� be the set of points indexed by the

largest n
k entries in the ith row of M .

c) Remove the rows and columns with indices

in Ĉ�.

We defer the description of the recursive algorithm to

obtain the spread independent bound and the analysis to the

full versions of this paper [4], [36].
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