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In this work, we are primarily concerned with developing
iterative algorithms for the approximate minimization of ∞
regression. We use OPT to denote Ax∗ −b∞ and our goal
is to ﬁnd an -approximate minimizer to the ∞ -regression
function, i.e. a point x ∈ Rm such that

Abstract—In this paper we provide faster algorithms for
approximately solving ∞ regression, a fundamental problem
prevalent in both combinatorial and continuous optimization.
In particular we provide an accelerated coordinate descent

method which converges in k iterations at a O k1 rate
independent of the dimension of the problem, and whose
iterations can be implemented cheaply for many structured
matrices. Our algorithm can be viewed as an alternative
approach to the recent breakthrough result of Sherman [She17]
which achieves a similar running time improvement over classic
algorithmic approaches, i.e. smoothing
  and gradient descent,
which either converge at a O √1k rate or have running
times with a worse dependence on problem parameters. Our
running times match those of [She17] across a broad range of
parameters and in certain cases, improves upon it.
We demonstrate the efﬁcacy of our result by providing faster
algorithms for the well-studied maximum ﬂow problem. We
show
 how√ toleverage our algorithm to achieve a runtime of
Õ m + ns to compute an -approximate maximum ﬂow,
for an undirected graph with m edges, n vertices, and where s
is the squared 2 norm of the congestion of any optimal
ﬂow.

√
,
As s = O(m) this yields a running time of Õ m + nm

generically
 m  improving upon the previous best known runtime
of Õ  in [She17] whenever the graph is slightly dense.
Moreover, we show how to leverage this result to achieve
improved exact algorithms for maximum ﬂow on a variety
of unit capacity graphs.
We achieve these results by providing an accelerated coordinate descent method capable of provably exploiting dynamic
measures of coordinate smoothness for smoothed versions of ∞
regression. Our analysis leverages the structure of the Hessian
of the smoothed problem via a simple bound on its trace, as well
as techniques for exploiting column sparsity of the constraint
matrix for faster sampling and improved smoothness estimates.
We hope that the work of this paper can serve as an important
step towards achieving even faster maximum ﬂow algorithms.

OPT ≤ Ax − b∞ ≤ OPT + 
This regression problem has fundamental implications in
many areas of statistics and optimization [She13], [LS14],
[LS15a], [SWWY18]. In many of these settings, it is also
useful to design iterative method machinery for the following
more general problem of box-constrained ∞ regression:
x∗ = argminx∈S Ax − b∞ , A ∈ Rn×m , b ∈ Rn
with S = {x ∈ Rm : xi ∈ [li , rj ] ∀j ∈ [m]} for
some m pairs of scalar lj ≤ rj (possibly inﬁnite). Note
that the constrained optimization problem is strictly more
general than the standard one as setting lj ≡ −∞, rj ≡ ∞
recovers the ∞ regression problem. For this work, the
c
where
domain constraint will only be of the form x ∈ B∞
c
m
we use B∞ to denote [−c, c] for some constant c > 0
(though our results apply to the more general case). For
short, we will simply refer to this problem as the constrained
∞ regression problem.
Many natural optimization problems which arise from
combinatorial settings can be written in the form of constrained ∞ regression, such as the maximum ﬂow problem
and other structured linear programs, and thus faster methods
for solving regression can imply faster algorithms for common problems in theoretical computer science. Therefore,
the central goal of this paper is to provide faster algorithms
for computing -approximate minimizers to constrained ∞ regression, that when specialized to the maximum ﬂow
problem, achieve faster running times.

Keywords-∞ regression; structured linear programming;
accelerated coordinate descent; maximum ﬂow

A. Regression Results
I. I NTRODUCTION

In this paper we show how to apply ideas from the literature on accelerated coordinate descent methods to provide
faster algorithms for approximately solving constrained ∞
regression. We show that by assuming particular sampling
and smoothness oracles or sparsity assumptions on A we can

The classical problem of ∞ regression corresponds to
ﬁnding a point x∗ such that
x∗ = argminx∈Rm Ax − b∞ , A ∈ Rn×m , and b ∈ Rn
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approaches can be combined for a more general approach
to minimizing ∞ -smooth functions.

obtain a randomized algorithm which improves upon the the
classic gradient descent based methods across a broad range
of parameters and attains an 1 dependence in the runtime.
Formally, we show the following:

B. Maximum Flow Results
The classical problem of maximum ﬂow roughly asks for
a graph G with m (capacitated) edges and n vertices, with
a speciﬁed source node and sink node, how to send as many
units of ﬂow from the source to the sink while preserving
conservation at all other vertices and without violating edge
capacity constraints (i.e. the ﬂow cannot put more units on
an edge than the edge’s capacity).
The maximum ﬂow problem is known to be easily reducible to the more general problem of minimum congestion
ﬂow. Instead of specifying s and t this problem takes as
input a vector d ∈ RV such that d 1 = 0, where 1 is the
all-ones vector. The goal of minimum congestion ﬂow is to
ﬁnd a ﬂow f ∈ RE which routes d meaning, mean that the
imbalance of f at vertex v is given by dv , and subject to
this constraint minimizes the congestion,
 
 fe 
max  
e∈E(G) ce

Theorem I.1 (Accelerated constrained ∞ regression).
There is an algorithm initialized at x0 that -approximately
minimizes the box-constrained ∞ regression problem (for
any c)
minc Ax − b∞
x∈B∞


mdA∞ x0 −x∗ 2
iterations provided each column of
Õ

n×m
A ∈ R
has at most d non-zero entries. Furthermore,
after nearly linear preprocessing each iteration can be
implemented in Õ(d2 ) time.
√

In particular, note that when no column of A has more
than Õ(1) nonzero entries, each iteration can be implemented in Õ(1) time. The only other known algorithm for
achieving such a 1 dependence in running time for ∞
regression, that improves upon the classic 12 time without
paying a running time penalty in terms of dimension or
domain size, is the recent breakthrough result of [She17].
Our running times match those of [She17] across a broad
range of parameters, and in certain cases improve upon it,
due to our algorithm’s tighter dependence on the 2 -norm
and therefore sparsity of the optimal solution, as well as a
more ﬁne-grained dependence on the problem’s smoothness
parameters. Because of these tighter dependences, in many
parameter regimes including the maximum ﬂow problem
for even slightly dense graphs, our result improves upon
[She17].
Interestingly, our work provides an alternative approach
to [She17] for accelerating ∞ gradient descent for certain
highly structured optimization problems, i.e. ∞ regression.
Whereas Sherman’s work introduced an intriguing notion of
area convexity and new regularizations of ∞ regression, our
results are achieved by working with the classic smoothing
of the ∞ norm and by providing a new variant of accelerated coordinate descent. We achieve our tighter bounds by
exploiting local smoothness properties of the problem and
dynamically sampling by these changing smoothnesses.
Our algorithm leverages recent advances in non-uniform
sampling for accelerated coordinate descent [AQRY16],
[QR16], [NS17] and is similar in spirit to work on accelerated algorithms for approximately solving packing and
covering linear programs [AO15] which too works with nonstandard notions of smoothness. Our paper overturns some
conventional wisdom that these techniques do not extend
nicely to ∞ regression and the maximum ﬂow problem.
Interestingly, our algorithms gain an improved dependence
on dimension and sparsity over [She17] in certain cases
while losing the parallelism of [She17]. It is an open
direction for future work as to see whether or not these

where fe is the ﬂow on some edge, and ce is the capacity
on that edge. We refer to the vector with entries fcee as the
congestion vector.
A recent line of work beginning in [She13], [KLOS14]
solves the maximum ﬂow problem by further reducing to
constrained ∞ regression. To give intuition for the reduction
used in this work, broadly inspired by [She13], [KLOS14],
we note that maximum ﬂow in uncapacitated graphs can be
rephrased as asking for the smallest congestion of a feasible
ﬂow, namely to solve the problem
f ∗ = argminBf =d f ∞
where the restriction Bf = d for B the edge-vertex
incidence matrix of a graph, and d the demands, enforces
the ﬂow constraints. This can be solved up to logarithmic
factors in the running time by ﬁxing some value F for f ∞
and asking to optimally solve the problem
f ∗ = argminf ∞ ≤F Bf − d∞
where we note that the constraint f ∞ ≤ F can be
decomposed as the indicator of a box so that this objective
matches the form of Equation I. The exact reduction we
use has a few modiﬁcations: the box constraint is more
simply replaced by f ∞ ≤ 1, and the regression objective is in a matrix RB, where R is a combinatoriallyconstructed preconditioner whose goal is to improve the
condition number (and convergence rate) of the problem,
and the problem is scaled for capacitated graphs (for a more
detailed description, see Section IV-B).
In this paper we show how to use our improved algorithms
for structured ∞ regression in order to obtain faster algorithms for maximum ﬂow. We do so by leveraging the tighter
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dependence on the domain size (in the 2 norm rather than
∞ ) and coordinate smoothness properties of the function to
be minimized (due to the structure of the regression matrix).
In particular we show the following.

Author

ﬂow). There is
Theorem I.2 (2 accelerated maximum

√ 
an algorithm that takes time Õ m + ns to ﬁnd an approximate maximum ﬂow, where s is ratio of the the 2
norm squared of the congestion vector of any optimal ﬂow
to the congestion of that ﬂow.

Theorem I.3 (Improved exact maximum ﬂows). There
are algorithms for ﬁnding an exact maximum ﬂow in the
following types of uncapacitated graphs.

•

•

•

Complexity

Cost

Norm

[Nes05]

Smoothing

O(−2 )

[Nem04]
[Nes07]

Mirror prox
Dual extrapolation

[She17]
This paper

Area-convexity
Local smoothness

O(m)
O(m)
O(m)
O(m)
O(m)
O(m)
Õ(d2 )

∞
2
∞
∞
∞
∞
2

O(−1 )
O(−2 )
O(−2 )
O(m−1 )
−1 )
O(
√
O( md−1 )

Table I
n×m
D EPENDENCIES OF ALGORITHMS FOR ∞ REGRESSION IN A ∈
√R
ON PROBLEM PARAMETERS . N OTE THERE IS UP TO AN O( m)
DISCREPANCY BETWEEN THE 2 AND ∞ NORMS . d IS THE MAXIMUM
NUMBER OF NONZERO ENTRIES IN ANY COLUMN OF A, COMPLEXITY IS
THE NUMBER OF ITERATIONS , AND COST IS PER ITERATION .

Our running time improves upon the previous fastest
running time of this problem of Õ( m
 ). Since s ≤ m we
achieve a faster running time whenever the graph is slightly
dense, i.e. m = Ω(n1+δ ) for any constant δ > 0.
Interestingly our algorithm achieves even faster running
times when there is a sparse optimal ﬂow. Leveraging this we
provide several new results on exact undirected and directed
maximum ﬂow on uncapacitated graphs as well.

•

Method

There is an algorithm which ﬁnds a maximum
ﬂow in an undirected, uncapacitated graph in time
Õ(ms1/4 n1/4 ).
There is an algorithm which ﬁnds a maximum
ﬂow in an undirected, uncapacitated graph
with
maximum
ﬂow
value√ F
in
time
√
Õ(m + min( mnF 3/4 , m3/4 n1/4 F )).
There is an algorithm which ﬁnds a maximum ﬂow in an
undirected, uncapacitated graph with a maximum ﬂow
that uses at most s edges in time Õ(m+m1/2 n1/4 s3/4 ).
There is an algorithm which ﬁnds a maximum ﬂow in a
directed, uncapacitated graph in time Õ(mn1/4 s1/4 ).

Author

Complexity

Weighted

Directed

[GR98]
[Kar98]
[KL02]
[CKM+11]
[LRS13]
[She13]
[KLOS14]
[Mad13]
[LS14]
[Pen16]
[She17]
This paper

Õ(min(m3/2 , mn2/3 ))
√
Õ(m n−1 )
Õ(m + nF )
Õ(mn1/3 −11/3 )
Õ(mn1/3 −2/3 )
Õ(m1+o(1) −2 )
Õ(m1+o(1) −2 )
Õ(m10/7 )
Õ(mn1/2 )
Õ(m−2 )
Õ(m−1 )
√
Õ(m + ns−1 )

Yes
Yes
Yes
Yes
No
Yes
Yes
No
Yes
Yes
Yes
Yes

Yes
No
No
No
No
No
No
Yes
Yes
No
No
No

Table II
C OMPLEXITY OF MAXIMUM FLOW ALGORITHMS SINCE [GR98] FOR
GRAPHS WITH n VERTICES , m EDGES , WHERE s AND F ARE THE 2
2 OF
THE CONGESTION AND VALUE OF THE MAXIMUM FLOW.

it using sophisticated advances in interior point methods,
whereas our algorithm operates using a ﬁrst-order method
which only queries gradient information of the objective
function, rather than second-order Hessian information. In
particular, our algorithm is the ﬁrst to improve runtimes for
directed graphs while relying only on ﬁrst-order information
of the objective function. We ﬁnd it interesting that our
result achieves any running time improvement for unit
capacity maximum ﬂow over [GR98] without appealing to
interior point machinery and think this may motivate further
research in this area, namely designing ﬁrst-order methods
for structured linear programs.
For a more comprehensive discussion of the histories of
∞ regression, ﬁrst-order methods for convex optimization,
and the maximum ﬂow problem, we refer the reader to the
full version of our paper [ST18].

Each of these runtimes improves upon previous work
in some range of√parameters. For example, the bound of
Õ(m + m3/4 n1/4 F ) for undirected, uncapacitated graphs
√
improves upon the previous best running times of Õ(m F )
achievable by [She17] whenever n = o(m) and of Õ(m +
nF ) achievable by [KL02] whenever m = o(nF 2/3 ).
We also separately include the following result (which has
no dependence on the sparsity s) for ﬁnding exact ﬂows in
general uncapcitated directed graphs, as it improves upon
the running time of Õ(m · max{m1/2 , n2/3 }) achieved by
[GR98] whenever m = ω(n) and m = o(n5/3 ).
Theorem I.4 (Directed uncapacitated graphs). There is
an algorithm which ﬁnds a maximum ﬂow in a directed,
uncapacitated graph in time Õ(m5/4 n1/4 ).

C. Organization

Although the runtime of [GR98] has been improved upon
by the recent works of [Mad13] achieving a running time
√ of
O(m10/7 ) and of [LS14] achieving a running time Õ(m n),
which dominate our Õ(m5/4 n1/4 ) running time, they do

The rest of this paper is organized as follows.
• Section II: Overview. We introduce the deﬁnitions
and notation we use throughout the paper, and give a
general framework motivating our work.
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•

•

c
will be x ∈ B∞
unless otherwise speciﬁed. Whenever
the function is clear from context, x∗ will refer to any
minimizing argument of the function. We use the term approximate minimizer of a function f to mean any point x
such that f (x∗ ) ≤ f (x) ≤ f (x∗ ) + .
For differentiable functions f we let ∇f (x) be the gradient and let ∇2 f (x) be the Hessian. We let ∇j f (x) be the
value of the j th partial derivative; we also abuse notation
and use it to denote the vector ∇j f (x)ej when it is clear
from context.
Properties of functions. We say that a function is L-smooth
with respect to some norm  ·  if it obeys ∇f (x) −
∇f (y)∗ ≤ Lx − y, the dual norm of the gradient is
Lipschitz continuous. It is well known in the optimization
literature that when f is convex, this is equivalent to f (y) ≤
f (x) + ∇f (x) (y − x) + L2 y − x2 for y, x ∈ dom(f ) and,
for twice-differentiable f , z  ∇2 f (x)z ≤ L2 z2 .
We say that a function is Lj -coordinate smooth in the j th
coordinate if the restriction of the function to the coordinate
is smooth, i.e. |∇j f (x + cej ) − ∇j f (x)| ≤ Lj |c| ∀x ∈
dom(f ), c ∈ R. Equivalently, for twice-differentiable convex
f , ∇2jj f (x) ≤ Lj .
Graphs. We primarily study capacitated undirected graphs
G = (V, E, c) with edge set E ⊆ V × V , edge capacities
c : E → R+ . When referring to graphs, we let m = |E|
and n = |V |. Throughout this paper, we assume that G is
strongly connected.
We associate the following matrices with the graph G.
The matrix of edge weights C ∈ RE×E is deﬁned as
def
C = diag(c). Orienting the edges of the graph arbitrarily,
the vertex-edge incidence matrix B ∈ RV ×E is deﬁned as
def
Bs,(u,v) = −1 if s = u, 1 if s = v and 0 otherwise. Finally,
def
deﬁne the Laplacian matrix L ∈ RV ×V = BCB  .

Section III: Regression. We give a framework for
accelerated randomized algorithms which minimize the
constrained ∞ regression function based on nonuniform sampling which assumes access to a coordinate
smoothness and sampling oracle, then give efﬁcient implementations for these oracles for structured problems.
Section IV: Maximum Flow. We show how to attain a
faster algorithm for maximum ﬂow by providing implementations for the oracles via exploiting combinatorial
structure of the ﬂow regression problem. Furthermore,
we give the exact maximum ﬂow runtimes achieved via
rounding the resulting approximate ﬂow of our method.
II. OVERVIEW

A. Basic Deﬁnitions
General Notations. We use Õ(f (n)) to denote runtimes of
the following form: O(f (n) logc f (n)) where c is a constant.
With an abuse of notation, we let Õ(1) denote runtimes
hiding polynomials in log n when the variable n is clear from
context, and refer to such runtimes as “nearly constant.”
Generally, we work with functions whose arguments are
vector-valued variables in m-dimensional space, and may
depend on a linear operator A : Rm → Rn . Correspondingly
we use j ∈ [m] and i ∈ [n] to index into these sets of
dimensions, where [m] is the set {1, 2, . . . n}. We use ej to
denote the standard basis vector, i.e. the vector in Rm which
is 1 in dimension j and 0 everywhere else. We use u ◦ v to
denote the vector whose j th coordinate is uj vj .
Matrices. Generally in this work, we will be dealing with
matrices A ∈ Rn×m unless otherwise speciﬁed. Accordingly, we index into rows of A with i ∈ [n], and into columns
with j ∈ [m]. We refer to rows of A via Ai: or ai when it
is clear from context, and columns via A:j .
We use diag(w) to denote the diagonal matrix whose
diagonal entries are the coordinates of a vector w. We call
a square symmetric matrix A positive semi-deﬁnite if for
all vectors x, x Ax ≥ 0 holds. For positive semi-deﬁnite
matrices A, B we apply the Loewner ordering and write
A B if for all vectors x, x Ax ≤ x Bx holds.
Finally, we say that a matrix is d-column-sparse if no
column of A has more than d nonzero entries.
Norms. We use · to denote an arbitrary norm when one is
not speciﬁed. For
scalar valued p ≥ 1, including p = ∞, we
def 
use xp = ( j xpj )1/p to denote the p norm. For vector

2 def
2
valued w ∈ Rm
≥0 , we use xw =
j wj xj to denote the
weighted quadratic norm.
For a norm  · , we write the dual norm as  · ∗ , deﬁned
def
as x∗ = maxy≤1 y  x. It is well known that the dual
norm of p is q for 1 = p1 + 1q . For a matrix A and a
vector norm ·, we correspondingly deﬁne the matrix norm
def
A = maxx=1 Ax.
Functions. This paper is concerned with minimizing convex
functions f (x) subject to a box constraint, where the domain

B. Overview of our algorithms
Here, we give an overview of the main ideas used in our
algorithms for approximately solving ∞ regression problems. The main ideological contribution of this work is that
it uses a new variation of coordinate descent which uses the
novel concept of local coordinate smoothness in order to get
tighter guarantees for accelerated algorithms. The result for
∞ regression in particular follows from a bound on the local
coordinate smoothnesses for an ∞ -smooth function, which
is described in full detail in Section III-D. Finally, in order
to implement the steps of the accelerated algorithm, it is
necessary to efﬁciently compute overestimates to the square
roots of the local coordinate smoothnesses, and furthermore
sample coordinates proportional to these overestimates. This
procedure is fully described in Lemma III.13.
Local coordinate smoothness. In this work, we introduce
the concept of local coordinate smoothness at a point x. This
generalizes the concept of global coordinate smoothness to
a particular point. This deﬁnition is crucial to the analysis
throughout the rest of the paper.
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Deﬁnition II.1 (Local coordinate smoothness). We say a
smooth
in coordinate
function f is Lj (x) locally coordinate


 ∇j f (x) 
j at a point x, if for |c| ≤  Lj (x) , |∇j f (x + cej ) −
∇j f (x)| ≤ Lj (x)|c| ∀x ∈ dom(f ), c ∈ R. Equivalently,
for differentiable convex f , for y between x ± Lj1(x) ∇j f (x),
f (y) ≤ f (x) + ∇fj (x)(yj − xj ) +

Lj (x)
2 |yj

Thus, by the probabilistic method, there exists some y such
that S ≤ y  M y ≤ L, as desired.
While this gives a bound on the number of iterations
required by a coordinate descent algorithm, it requires being
able to compute and sample by the Lj (x). Note that as we
take coordinate descent steps, it is not clear how the local
coordinate smoothnesses Lj (xk ) will change, and how to
update and compute them. Naively, at each iteration, we
could recompute the local smoothnesses, but this requires as
much work as a full gradient computation if not more. Furthermore, we need to implement sampling the coordinates
in an appropriate way, and show how the algorithm behaves
under acceleration. However, a key idea in our work is that
if we can take steps within regions where the smoothness
values do not change by much, we can still make iterates
computationally cheap, which we will show.
Implementation of local smoothness estimates. One useful property of coordinate descent is that as long as
we implement the algorithm with overestimates to the
local smoothness values, the convergence rate is still the
same, with a dependence on the overestimates. Our full
algorithm for ∞ regression proceeds by showing how to
compute and sample proportional to slight overestimates to
the local smoothnesses, for regression problems in a columnsparse matrix. We do so by ﬁrst proving that the smooth
approximation to ∞ regression admits local smoothnesses
which can be bounded in a structured way, in Section III-B.
Further, using a lightweight data structure, we are able to
maintain these overestimates and sample by them in nearlyconstant time, yielding a very efﬁcient implementation,
which we show in Lemma III.13.
Furthermore, in Section III-C and Section III-D, we
use modiﬁed algorithms from the literature on accelerated
proximal coordinate descent, adapted to our methods of local
smoothness coordinate descent. Combining these pieces, we
are able to give the full algorithm for ∞ regression.
In Section IV, we study the maximum ﬂow problem as an
example of a problem which can be reduced to ∞ regression
in a column-sparse matrix. Using a careful analysis of
bounds on the local smoothness values, we show that a
direct application of our accelerated ∞ regression algorithm
yields the fastest currently known approximate maximum
ﬂow algorithm.

− xj | 2 .

The proof of this fact is the same as the proof of equivalence for the standard deﬁnition of smoothness, restricted to
an interval. Note that this says that a coordinate descent step
using the local smoothness at a point exhibits essentially
the same behavior as a single step of coordinate descent
with global smoothnesses. In particular, for the point which
the coordinate descent algorithm would step to, the function
values exhibit the same quadratic-like upper bound along
the coordinate. We will drop the x from the notation Lj (x)
when the point we are discussing is clear, i.e. a particular
iterate of one of our algorithms.
Bounding the progress of coordinate descent in ∞ smooth functions. Here, we sketch the main idea underlying
our accelerated methods. Why is it possible to hope to
accelerate gradient methods in the ∞ norm via coordinate
descent? One immediate reason is that smoothness in this
norm is a strong assumption on the sum S of the local
coordinate smoothness values of f .
It is well known in the literature that gradient descent for
a ∞ -smooth function initialized at x0 ∈ Rm takes roughly
Lx0 −x∗ 2∞
iterations to converge to a solution which has 

additive error, whereas coordinate descent with appropriate

Sx0 −x∗ 22
L
sampling probabilities Sj , for S = j Lj , takes

iterations to converge to the same quality of solution.
Note that when the norm in the gradient descent method is
·∞ , we have x0 −x∗ 22 ≤ mx0 −x∗ 2∞ , but the iterates
can be m times cheaper because they do not require a full
gradient computation. Furthermore, the coordinate method
can be accelerated. So, if we can demonstrate S ≤ L, we
can hope to match and improve the runtime. Of course,
there are several caveats: we can only implement such an
algorithm if we are able to efﬁciently update overestimates
the local smoothnesses and sample efﬁciently by them,
issues which we will discuss later. To be more concrete,
we will demonstrate the following fact.
Lemma II.2. Suppose for some point x, f : Rm → R
is convex and L-smooth
 with respect to  · ∞ , Λj (x) =
∇2jj f (x), and S = j Λj (x). Then S ≤ L.

III. M INIMIZING BOX - CONSTRAINED Ax − b∞
We will now discuss how to turn the framework presented
in the previous section into different specialized algorithms
for the problem of box-constrained regression in the ∞
norm, and analyze the rates of convergence depending on
the sampling probabilities associated with the (accelerated)
coordinate descent method. Recall throughout that our goal
is to compute an -approximate minimizer of the constrained
∞ regression problem at an O( 1 ) rate.

Proof: Throughout, ﬁx x, and deﬁne M = ∇2 f (x)
def
and S = Tr(M ). Consider drawing y uniformly at random
from {−1, 1}m . By the smoothness assumption, we have
y  M y ≤ Ly2∞ = L. Also, note that
⎡
⎤

Mij yi yj ⎦ = Tr(M ) = S
E[y  M y] = E ⎣
def

i,j
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Deﬁnition III.1 (Box-constrained ∞ regression problem).
This is the problem of ﬁnding a minimizer to the function
c
for some
Ax−b∞ , where the argument x has domain B∞
c.

way because they directly are used in the calculation of the
gradient and Hessian of smax.
Fact III.6 (Soft-max Calculus). The gradient and Hessian of
smax are as follows: ∇smaxt (x) = p(x) and ∇2 smaxt (x) =
1
1

t diag(p(x)) − vv
t diag(p(x)), for some vector v.

In the style of previous approaches to solving ∞ regression, because x∞ is not a smooth function, we choose
to minimize a suitable smooth approximation instead. Intuitively, the O( 1 ) rate comes from accelerating gradient
descent for a function which is O( 1 )-smooth. Therefore,
the function error of the T th iterate with respect to OPT is
proportional to O T1 2 , so if we wish for an -approximate
minimizer, it sufﬁces to pick T = O( 1 ).

These facts about smax can be veriﬁed by direct calculation. Now, taking a cue from our earlier naive analysis
of coordinate descent, we wish to make steps in regions
where the coordinate smoothnesses do not change by much.
Thus, we will show the following key stability property
in providing estimates to the coordinate smoothnesses. In
particular, we demonstrate that within some box around our
current iterate, the function exhibits good local coordinate
smoothness behavior.

A. Smooth approximation to regression
In this section, we deﬁne the standard smooth approximation for ∞ regression in the literature used in the paper
and provide some technical facts about it.

Lemma III.7. For all x, y ∈ Rn with y − x∞ ≤ t, the
following upper bound holds:

Deﬁnition III.2 (Soft-max).
real valued vectors x
 For all
def
x
we let smaxt (x) = t log( j exp( tj )).

4
smaxt (y) ≤ smaxt (x)+∇smaxt (x) (y−x)+ y−x2p(x) .
t

Fact III.3 (smax Additive Error). ∀x ∈ Rm , maxj∈[m] xj ≤
smaxt (x) ≤ t log m + maxj∈[m] xj

Proof: For α ∈ [0, 1], let xα = x + α(y − x). Then, we
have
smaxt (y) = smaxt (x) + ∇smaxt (x) (y − x)

Deﬁnition III.4. Inside the scope of the remainder of this
def
section, let f (x) = smaxt (Ax − b).

+

Note that these properties say something about the quality
of approximation smax provides on the maximum element
of a vector, instead of its ∞ norm. However, we could
have simply applied it to the vector in R2m which has the
ﬁrst m coordinates the same as x and the last m the same
as −x. For the regression problem, we could consider the
minimization problem
to f , for f deﬁned with
 applied
 a

A
b
proxy matrix A = −A
and a proxy vector b = −b
.
For notational convenience, we will focus on minimizing
f (x) deﬁned above, but with A ∈ Rn×m and b ∈ Rn in the
original dimensionalities, which preserves all dependencies
on the dimension and structural sparsity assumptions used
later in this work up to a constant.

Furthermore, note that setting t = 2 log
m and asking for

an 2 -approximate minimizer of f is sufﬁcient to ﬁnding an
-approximate minimizer of the original regression problem.
Thus, for notational convenience, we will ﬁx t = O( log m )
for the remainder of this work, and concentrate on ﬁnding
an -approximate minimizer of f , which up to constants
approximately solves the original problem.
Next, we state some technical properties of our approximation. We drop the t from many deﬁnitions because the t
we choose for all our methods is ﬁxed.

0

β
0

(y − x) ∇2 smaxt (xα )(y − x)dαdβ

However, based on Fact III.6, we know that ∇2 smaxt (xα )
1
α
t diag(p(xα )). Also, note that pj (x ) ≤ 8pj (x) for all j, α
α
for the following reason: for xα − x∞ ≤ t the numerator
x
x
exp( tj ) underestimates exp( tj ) by at most a factor of e,
and the denominator similarly is an overestimate by at most
a factor of e, so the discrepancy is at most a factor of e2 < 8.
So, ∇2 smax(xα ) 8t diag(p(x)).
B. Local coordinate smoothness estimates of the approximation
In order to analyze convergence rates of local smoothness
coordinate descent algorithms, we need to provide estimates
of the progress of a single step. Correspondingly to the
classical approach to bounding progress of coordinate descent, we proceed by providing overestimates of the local
coordinate smoothnesses at a given iterate. The next couple
of lemmas prove, respectively, a lower bound on the progress
of a single step via our overestimate of the local smoothness, and an upper bound on the sum of the smoothness
overestimates. This allows us to analyze our later algorithm
in full.
In particular, we claim that for the function f that we have
deﬁned, at a point x, choosing Lj (x) = 8t A:j ∞ p(Ax −
b) |A:j | sufﬁces as a local coordinate smoothness overestimate, where |A:j | is the absolute value applied entrywise on
the column of A. For notational convenience, throughout the
rest of this section we will ﬁx a point x and use px to denote

Deﬁnition III.5. For x ∈ Rm let p(x) ∈ Rm be deﬁned as
def
exp(xj /t)
pj (x) =   exp(x
.
 /t)
j

1

j

We note that as deﬁned, the pj (x) for any x form a
probability distribution. Moreover, they are deﬁned in this
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p(Ax − b), which is ﬁxed for the duration of an iteration of
coordinate descent. Though this estimate looks daunting, the
intuition for it comes from fairly straightforward analysis of
what we have already derived.

upper bounded by the following:

p |A:j | · A:j ∞ ≤ A2∞
maxn
p∈Δ

Lemma III.8. Let Lj (x) ≥ 8t px (A:j )2 , Lj (x) ≥
1
x
A:j |, where (A:j )2 refers to the vector obt A:j ∞ |p
tained by squaring each entry of the column of A. Then,
at x, f is Lj (x) locally coordinate smooth. Consequently,
(∇ f (x))2
f (x − L1j ∇j f (x)) ≤ f (x) − j2Lj .

For the remainder of this section, whenever we refer
to Lj (x), unless otherwise speciﬁed, we will mean these
particular overestimates Lj (x) = 8t px |A:j | · A:j ∞ .
C. Acceleration analysis under local smoothness sampling
and dual initializations

Proof: Firstly, we know that ∇f (x) = A px and
∇ f (x)
A diag(px )A. Furthermore, we have the following upper bound based on the analysis of Lemma III.8:
f (x + ηej ) is at most

We now state the following theorem, adapted from
[QR16], for performing coordinate descent under local
smoothness estimates. We note that this adaptation differs
from its original presentation in two ways, which may be of
independent interest. Firstly, it is speciﬁcally stated for the
use of local coordinate smoothnesses, a key contribution of
this work. Furthermore, the convergence rate depends on
two different points, x0 and z 0 , which are initializations
of a primal and dual variable respectively. This allows
us to obtain a better dependency on the domain size of
the problem, because our new algorithm pays a domain
dependence only on the initial dual point, whereas the
original algorithm pays a domain dependence with regards
to the worst dual point, giving us a better dependence on
the sparsity of the solution. The proof is very similar to its
original form in [QR16]. We include the proof in the full
version of our paper [ST18].

2

4
f (x) + η∇j f (x)ej + η 2 (px (A:j )2 ) , ∀|η|A:j ∞ ≤ t
t
(1)
1

x
Let C, D = 8t e
j A diag(p )Aej , t |∇j f (x)|A:j ∞ . We
wish to prove that for Lj (x) ≥ max(C, D), the guarantee
 −t∇j f (x)   −∇j f (x) 
holds. Note that setting η =  |∇j f (x)|A
= D 
:j ∞
is the largest step size we can take to stay within the box
where given by Equation 2 holds.
So if we take a step size of

 ∇j f (x) 
smaller absolute value than − Lj (x) , since Lj (x) ≥ D,
certainly we stay within the valid region. Also, note that
since Lj (x) is an overestimate of C, the quadratic upper
bound for f (x + ηej ),
f (x) + η∇j f (x)ej +

Lj (x) 2
η , ∀|η|A:j ∞ ≤ t
2

(3)

j

Theorem III.10 (Local smoothness acceleration). For some
choice of c, let F (x) be the convex function deﬁned such
c
and is ∞ otherwise. Further
that F (x) = f (x) for x ∈ B∞
assume that there is a global constant S1/2 , and values
Lj (x) at every point x, such that for each point x, f is
in the j th coordinate at
Lj (x) locally coordinate

 smooth
the point, and S1/2 ≥ j Lj (x). There is an algorithm,
AP-CD, initialized at some primal point x0 and some dual
c
point z 0 both in B∞
, which in T iterations returns a point
T
T
x such that F (x ) − F (x∗ ) ≤



2
0
∗ 2
m2 (F (x0 ) − F (x∗ )) S1/2 z − x 2
O max
,
T2
T2

(2)

certainly holds. Consequently, f is Lj (x)-locally coordinate
smooth at x. The progress bound of the step holds as an
immediate corollary of local coordinate smoothness.
It will prove to be useful that we can further use any overestimates to the Lj (x) deﬁned speciﬁcally in the statement
of Lemma III.9. Indeed, we show later that using overestimates may yield more efﬁcient sampling and smoothness
oracles in implementation, without affecting runtime by
more than a Õ(1) factor. The next lemma gives the particular
overestimates we use in our paper.
Lemma III.9. Let Lj (x) = 8t px |A:j | · A:j ∞ .
Then, Lj (x) ≥ max{ 8t px (A:j )2 , 1t A:j ∞ |px A:j |}, and

8A2∞
.
j Lj (x) ≤
t

Each
iteration
 of the algorithm requires (1) maintaining the
sum j Lj (x), (2) sampling from the distribution {pj ∝


Lj (x)}, (3) computing the local smoothness Lj (x) for
the coordinate sampled, and (4) solving
the constrained


minimization problem argminy∈[−c,c] ξ, y + η|yj − xj |2
for some vector-valued ξ, x.

Proof: Lj (x) ≥ 1t A:j ∞ |px A:j | is obvious
and

follows from the triangle inequality. Lj (x) ≥ 8t i pxi (A2ij )
follows from
8 x 2
8 x
pi (Aij ) ≤
p |Aij | · A:j ∞ = Lj (x)
t i
t i i

In particular, assuming nearly-constant time solutions to
the subproblems (1), (2), (3) and (4), each iteration takes
nearly-constant time to implement. In our setting of interval
constraints, it is easy to see that there is a constant time
implementation for (4). Thus, the bottleneck for a full
implementation of this algorithm usually is the efﬁcient

Second, we show that the sum of these estimates is not too
large. Indeed, for any px , the sum up to scaling by 8t is
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sampling / smoothness calculation step. In Lemma III.13,
we show that all these steps are implementable in nearlyconstant time for ∞ regression in a column-sparse matrix.

Algorithm 1 Solving constrained ∞ regression with
AP-CD as a subroutine
Let f (x) = smax 2 log m (Ax − b).
c
Let F (x) = f (x) ∀ x ∈ B∞
, and let F (x) = ∞
otherwise.
Let N = log D  + 1.
Initialize √
x0,0 = z 0,0 = x0 .
2
Let T = 8C
1 m . 
2

16 A m log m
∞
Let S1/2 =

for k = 0, 1, 2, . . . N − 1 do
Set xk,0 = xk−1,T , z k,0 = z 0,0 .
if F (x0,0 ) − F (xk,0 ) ≥ D −  then
Terminate and return F (xk,0 ).
D
2
else if C2 S1/2
s ≥ C1 m2 2k+1
then
Terminate
and
return
the
result
of running AP-CD

2 s
2C2 S1/2
iterations on F .
for

else
Let xk,T be the result of running AP-CD on F for
T iterations.
end if
end for
Return xN −1,T .

D. Accelerated constrained ∞ regression: reducing the
iteration count
We are now ready to put the tools we have together to
provide runtime guarantees for the constrained regression
def
problem. We assume as an input D = f (x0 ) − f (x∗ ), the
function distance to OPT from some initial point x0 , which
def
is polynomially
bounded for all our applications, and s =


2
x0 − x∗  , the squared 2 distance from the minimizer,
2
which we can obtain via a binary search. Recall that per the
guarantees in Theorem III.10, we can guarantee that in T
iterations of AP-CD initialized at x0 , z 0 , we can guarantee
a point xT such that F (xT ) − F (x∗ ) ≤
⎛

2 ⎞
2  0
2
S1/2
z − x∗ 2
m
D
⎠
2 max ⎝C1 2 , C2
T
T2
for some globally computable C1 , C2 ∈ Õ(1), where S1/2
is some upper bound on the sum of square roots of the local
coordinate smoothnesses of f at any point. The high-level
idea is that we will run O(log D ) phases of AP-CD for
T iterations. At the end of the k th phase, we will either
-approximately minimize the original function, or obtain a
point xk,T which has halved the function error with respect
to xk,0 . For the next phase, we will set the primal initial point
xk+1,0 = xk,T to be the point we obtained, but we will reset
the dual point to be z 0,0 , the very ﬁrst dual point. In this
way, the domain dependence we pay is only with respect to
the ﬁrst dual point, but the function error we obtain halves
each round.

x∗ 2 , whereas standard gradient descent has convergence
parameter roughly mA2∞ x0 −x∗ ∞ , because an iteration
involves computing a full √
gradient, which takes O(m) time.
It sufﬁces to observe that mx0 − x∗ 2 ≤ mx0 − x∗ ∞ .
We also remark that there is an unaccelerated version of
our coordinate descent algorithm which can use uniform
sampling and also matches the runtime guarantee of ∞
gradient descent for the regression problem, if efﬁcient
smoothness and sampling oracles are not available. We state
this result here, and give the proof in the full version of our
paper [ST18].

Theorem III.11. ACCEL -R EGRESS initialized at x0 computes an -approximate minimizer to the regression problem
c
for some c in
F (x) = Ax − b∞ constrained to B∞


√
0
∗
mA∞ x − x 2
1
, m log
Õ max



Theorem III.12 (Uniform sampling regression). There is an
algorithm initialized at x0 which computes an -approximate
c
minimizer restricted
 regression problem
 to some
2 B∞ to2the


mA x0 −x∗ 
∞
∞
Ax − b in Õ
iterations.
2

iterations, using AP-CD as a subroutine.
We prove the correctness of our accelerated algorithm in
the full paper [ST18], but remark that it simply follows from
the bounds on S1/2 via Lemma III.9 and the fact that in each
iteration, either the function error is halved or we obtain an
-approximate minimizer directly. By re-initializing the dual
starting point at every phase, we obtain tighter dependence
on the sparsity of the optimal solution.
We remark that the accelerated algorithm always has a
better iteration count than the unaccelerated l∞ gradient
descent method, for matrices A with A∞ ≥ Ω(1) and sufﬁciently small column sparsity. Disregarding the dependence
on −1 , the algorithm from Theorem III.11
√ has a convergence parameter that behaves at worst like mA∞ x0 −

∞



E. Cheap iterations for ∞ regression
In this section, we show how to attain cheap iterations
for A whose columns have bounded sparsity. In particular,
suppose A is d-column-sparse. We show how to, for some
maintelocal smoothness overestimates Luj (x), implement

nance of the Luj (x) and sampling by the quantities

Luj (x)

for each iteration, in time Õ(d2 ), √
while not affecting the
number of iterations by more than a d multiplicative factor.
This shows that the runtime of the efﬁcient implementation
of our algorithm is, up to a Õ(d2.5 ) multiplicative factor, the
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made to numerators, and the sum can also be updated in
almost-constant time.
Now, we describe how to implement
(3) sampling from

u
the distribution proportional to Lj (x). For some iterate x,
we will describe
how to sample from the distribution propor
  
tional to Luj (x) = i pxi A:j ∞ |Aij | in Õ(d) time.
Clearly, it sufﬁces
 to ﬁrst sample the rows by a distribution
proportional to pxi
, and then sample the indices of that
row proportional to A:j ∞ |Aij |.
To sample the rows, we maintain a complete binary search
tree data structure on Õ(n)leaf nodes over the indices,
exp((Ay k − b)i ) at the leaf
maintaining the values of
nodes, and also maintaining the sum of the values of the
leaf nodes in the subtree rooted at each internal node. As
we already argued, updating these values can be done in
Õ(d) time in each coordinate step, because the depth of
the tree is O(log m). Finally, the sampling procedure itself
simply consists of ﬂipping coins at each layer of the tree,
proportional to the weights on the children of the node. To
sample the
columns within a row, it sufﬁces to pre-compute
the values A:j ∞ |Aij |, which can be done in Õ(m) time,
because the entire matrix A has Õ(m) entries.

same as the iteration count for the naive algorithm without
efﬁcient iterations. In particular, for d = Õ(1), we are able
to implement each step in Õ(1) time, without affecting the
number of iterations by more than a Õ(1) factor. More
formally, in this section we show the following.
Lemma III.13 (Efﬁcient implementation of iterates). Suppose we implement ACCEL -R EGRESS for some d-columnsparse A. Then, for some local coordinate smoothness
overestimate parameters Luj (x) wherex is an iterate, it is

possible to (1) maintain the sum j Luj (x), (2) compute
for any j the 
value Luj (x), and (3) sample from the distri-

bution {pj ∝ Luj (x)} in time Õ(d2 ), without affecting the
number of iterations
with respect to the original Lj (x) by
√
more than a d multiplicative factor.
Proof:
First, we describe the overestimates Luj (x) we use for the
algorithm, show √
that the number of iterations is not affected
describe how to implement
by more than a d factor, and 

(1) maintaining the sum of j Luj (x) and (2) computing
the value Luj (x) in Õ(d2 ) time for an iterate x.
Recall from the discussion in Lemma III.9 that, for an
iterate x, using any smoothness
estimates Luj (x) which over8
estimate Lj (x) = t A:j ∞ ( i pxi |Aij |) sufﬁces for our
algorithm’s convergence, where the convergence rate is with
used. We will use the
respect to the overestimates Luj (x)

estimates Luj (x) = 8t A:j ∞ ( i pxi |Aij |)2 throughout
the rest of the discussion in this section and of maximum
ﬂow, because it is clear they sufﬁce as an overestimate to
the Lj (x) we deﬁned earlier, but using the Luj (x) simplify
sampling and efﬁcient estimate maintenance.
Let d be the maximum number of nonzero elements in any
column in the matrix A. We claim ﬁrst that using our new
overestimates sufﬁces for all runtime guarantees. Indeed, that
the new estimates are still overestimates but their sum is only
off by a factor
d results
 x from2 Cauchy-Schwarz

 xof at most
p
|A
|
≤
(
pi |Aij |) ≤ d i pxi |Aij |,
implying
ij
i i
i
so the number of iterations
using the Luj (x) grows by no
√
more than a factor of d compared to the original Lj (x)
we deﬁned. Furthermore, there are only at most d2 elements
in the sum associated with Luj (x), so to compute one on the
2
ﬂy for 
an iterate, it sufﬁces to compute
the d relevant crossx
x
terms pi pi |Aij ||Ai j |. The terms |Aij ||Ai j | can all be
precomputed in time Õ(m) across the columns.
In order to efﬁciently compute the new Luj (y k ), we
will need to maintain at any current iterate y k the values
k
−b)i )
for pi (Ay k − b) =  exp((Ay
. Note that taking a
k
i exp((Ay −b)i )
k
k+1
coordinate step from y to y
can only change at most
d coordinate values of Ay k − b in becoming Ay k+1 − b,
because of the column sparsity of A. This is because in
our accelerated algorithm, only one coordinate of the iterate
changes values per iteration. So, only d updates need to be

IV. ACCELERATING M AXIMUM F LOW
A. Maximum ﬂow preliminaries
The maximum ﬂow problem is deﬁned as follows: given
a graph, and two of its vertices s and t labeled as source
and sink, ﬁnd a ﬂow f ∈ Rm which satisﬁes the capacity
constraints such that the discrete divergence at the sink,
(Bf )t , is as large as possible, and (Bf )s = −(BF )t ,
(Bf )v = 0 for v = s, t.
Following the framework of [She13], we consider instead
the equivalent problem of ﬁnding a minimum congestion
ﬂow; intuitively, if we route 1 unit of ﬂow from s to t and
congest edges as little as possible, we can ﬁnd the maximum
ﬂow by just taking the multiple of the minimum congestion
ﬂow which just
edges. The congestion incurred by

 saturates
a ﬂow f is C −1 f ∞ , and we say f routes demands d if
Bf = d. The problem of ﬁnding a minimum congestion ﬂow
for a given demand vector can be formulated as follows:
min. C −1 f ∞
f

s.t. Bf = d, f ≥ 0.

(4)

Whenever the ﬂow problem is clear from context, we will
refer to any optimal ﬂow by f OPT .
B. From maximum ﬂow to constrained ∞ regression
Our paper uses the fact that the maximum ﬂow problem
can be transformed into a constrained regression problem,
where the key tool used is the concept of a good congestion
approximator, and its associated properties.
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Deﬁnition IV.4 (Flow regression problem). The maximum
ﬂow regression problem asks to approximately minimize the
c
function f (x) = smaxt (Ax−b) subject to x 
∈ B∞
for some
c and for A for Õ(1)-column-sparse A with A = Õ(1).

Deﬁnition IV.1 (Congestion Approximator). An αcongestion approximator
 such
 that for
 for
 G is a matrix R
any demand vector b, Rb∞ ≤ OP Tb ≤ αRb∞ .

∞

For undirected graphs, it is known that Õ(1)-congestion
approximators can be computed in nearly linear time
[Mad10], [She13], [KLOS14], [Pen16]. Furthermore, the
congestion approximator has certain nice properties, via the
construction in [Pen16].

We give a simple proof that shows we can control
the runtime in a more

 ﬁne-grained way via bounding
Lj , where as above,
Lj =
the sum S1/2 =
j
 √ 
pi A:j ∞ |Aij |.
i
√
Lemma IV.5. S1/2 ≤ Õ( n).

Theorem IV.2 (Summary of results in [Pen16]). There is an
algorithm which given an m-edge n-vertex undirected graph
runs in time Õ(m) and with high probability produces an
α-congestion approximator R, for α = Õ(1). Furthermore,
def
the matrix A = 2αRBC has the following properties: (1)
each column of A has at most Õ(1) nonzero entries, (2)
A∞ = Õ(1), (3) A has O(n) rows, and (4) A can be
computed in time Õ(m).

Proof: Let the largest 1 norm of a row of A be C1 ,
the largest number of nonzero entries in a column of A be
C2 , and let the largest absolute value of an entry of the j th
column be denoted by A∗j . Then the following holds:
⎞2
⎛

⎝
pi |Aij |A∗j ⎠
j

The above theorem is the result of a construction in
[Pen16]. Properties 2, 3, and 4 are direct results of the
construction given in the paper (where 2 follows from the
fact that the congestion approximator comes from routing
on a graph which is a tree). Property 1 also results from the
way in which the tree is constructed, such that the depth
of the congestion-approximating tree is only Õ(1), so that
each edge in the original graph G is only routed onto a
polylogarithmic number of edges in the tree.
For the remainder of this section, we will for simplicity
refer to the number of rows of A with O(n). Our analysis
of reducing the ﬂow problem to the regression problem
follows that of [She13]. In particular, the reduction is given
as follows:

i

⎛
⎡


=⎝
A∗j · ⎣ C2 ·



j

⎤⎞2
pi |Aij |⎦⎠

i

⎞
⎞⎛


≤ C2 ⎝
A∗j ⎠ ⎝
pi |Aij |⎠
⎛

j

≤ C2 (nC1 )(



j

(5)

i

pi Ai 1 ) ≤ C12 C2 n

i

Here, the ﬁrst line follows
 from Cauchy-Schwarz and using
the fact that the sum i pi |Aij | is C2 -sparse, the second
line follows from Cauchy-Schwarz again, and the third line
follows from the bounds we assumed. This shows what we
desired as C1 , C2 are both bounded by Õ(1).

Lemma IV.3. Let G be an undirected graph and d be
a demand vector. Assume we are given an α-congestion
approximator R, and the associated matrix A = 2αRBC.
def
Furthermore, let 2αRd = b. In order to approximately solve
the maximum ﬂow problem given by Equation (4), it sufﬁces to approximately solve an associated box-constrained
c
a nearlyregression problem Ax − b∞ over x ∈ B∞
constant number of times, and pay an additional Õ(m)
def
cost, which under the change of variables x = C −1 f
recovers a corresponding ﬂow. We call the full algorithm
F LOW-T O -R EGRESS.

D. Putting it all together: faster approximate undirected
maximum ﬂow
We have all the tools we need to prove the following:
Theorem IV.6. There exists an algorithm which computes
an -approximate maximum
ﬂow of an m-edge, n-node

√
nC −1 f OPT 2
graph G in time Õ m +
, where f OPT is

any maximum ﬂow.
Proof: The algorithm is straightforward: we simply run
the routine F LOW-T O -R EGRESS on the demands. Per the
guarantees of Lemma IV.3, the runtime is Õ(m) plus the
cost of approximately solving the initial regression problem
to  accuracy.
Now, we bound the runtime of the solving the initial
regression problem. We run the algorithm ACCEL -R EGRESS
on the function f (x) subject to x ∈ Bc∞ for some c,
initializing at f 0 = 0.
Following the analysis of Theorem III.11, the number
of iterations is bounded by the maximum of Õ(m) and
S
x∗ 
Õ 1/2  2 , where x∗ is the optimal value of F . Let

In particular, we are able to use R from the statement of
Theorem IV.2.
C. Implementation details for accelerated maximum ﬂow
Here, we provide a full description of how to implement
relevant machinery for applying the tools from Section III
for accelerating the minimization of a constrained ∞ function to the regression problem given in Lemma IV.3. it
sufﬁces to bound the runtime of approximately solving the
initial regression problem.
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In short, an undirected graph with maximum ﬂow value
O(m) is created, such that we can initialize the algorithm in
Theorem IV.6 at a ﬂow which is off from the true maximum
ﬂow by s in 22 distance. We refer the reader to [Lin09] for
a more detailed exposition of this reduction.
Thus, after applying this reduction, the only difference
compared to the runtimes for exact ﬂows in undirected
graphs is that the rounding algorithm will always take time
O(m2 ) instead of O(F m). This immediately yields the
following runtimes for exact maximum ﬂows in directed
graphs.

us consider
 second
 the
√ of these two values. By deﬁnition,
we have x∗ 2 ≤ s. Per Lemma IV.5, we have S1/2 ≤
√
Õ( n). Finally, per Lemma III.13, the time to implement
each of these iterations is Õ(1). Putting all these pieces
together, we have the desired result.
E. Exact maximum ﬂows in uncapacitated graphs
Here, we describe several corollaries of our approach,
for rounding to an exact maximum ﬂow for several types
of uncapacitated graphs. In an uncapacitated graph, s =
f ∗ 22 ≤ F n where F is the maximum ﬂow value, because
the maximum ﬂow is a 0-1 ﬂow, and thus can be decomposed
into F s − t paths with length at most n. We assume here
that all the graphs are simple, and thus m ≤ n2 ; it is not
difﬁcult to generalize these results to non-simple graphs. As
preliminaries, we state the following standard techniques for
rounding to exact maximum ﬂows.

Corollary IV.12 (Directed graphs). There is an algorithm
which ﬁnds a maximum ﬂow in a directed, uncapacitated
graph in time Õ(m5/4 n1/4 ).
Corollary IV.13 (Directed sparse optimal ﬂow). There is
an algorithm which ﬁnds a maximum ﬂow in a directed,
uncapacitated graph in time Õ(mn1/4 s1/4 ).

Lemma IV.7 (Theorem 5 in [LRS13]). There is a randomized algorithm that runs in expected time Õ(m) which takes
a fractional ﬂow of value F on an uncapacitated graph, and
returns an integral ﬂow of value F .
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We will thus always assume that we have applied the
rounding to an integral ﬂow as a pre-processing step, as it
will not affect our asymptotic runtime.
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