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Abstract—Given a kernel function 𝑘(⋅, ⋅) and a dataset 𝑃 ⊂
ℝ

𝑑, the kernel density function of 𝑃 at a point 𝑥 ∈ ℝ
𝑑 is equal

to KDF𝑃 (𝑥) := 1
∣𝑃 ∣

∑
𝑦∈𝑃 𝑘(𝑥, 𝑦). Kernel density evaluation

has numerous applications, in scientific computing, statistics,
computer vision, machine learning and other fields. In all of
them it is necessary to evaluate KDF𝑃 (𝑥) quickly, often for
many inputs 𝑥 and large point-sets 𝑃 .

In this paper we present a collection of algorithms for
efficient KDF evaluation under the assumptions that the kernel
𝑘 is “smooth”, i.e. the value changes at most polynomially
with the distance. This assumption is satisfied by several well-
studied kernels, including the (generalized) 𝑡-student kernel
and rational quadratic kernel. For smooth kernels, we give
a data structure that, after 𝑂(𝑑𝑛 log(Φ𝑛)/𝜖2) preprocessing,
estimates KDF𝑃 (𝑥) up to a factor of 1± 𝜖 in 𝑂(𝑑 log(Φ𝑛)/𝜖2)
time, where Φ is the aspect ratio. The log(Φ𝑛) term can be
further replaced by log 𝑛 under an additional decay condition
on 𝑘, which is satisfied by the aforementioned examples.

We further extend the results in two ways. First, we use low-
distortion embeddings to extend the results to kernels defined
for spaces other than ℓ2. The key feature of this reduction is
that the distortion of the embedding affects only the running
time of the algorithm, not the accuracy of the estimation. As a
result, we obtain (1+𝜖)-approximate estimation algorithms for
kernels over other ℓ𝑝 norms, Earth-Mover Distance, and other
metric spaces. Second, for smooth kernels that are decreasing
with distance, we present a general reduction from density
estimation to approximate near neighbor in the underlying
space. This allows us to construct algorithms for general
doubling metrics, as well as alternative algorithms for ℓ𝑝 norms
and other spaces.

Keywords-Heavy-tailed kernels, Dimensionality Reduction,
Quad-Trees, Hashing, Approximate Nearest Neighbor Search.

I. INTRODUCTION

Kernel density evaluation is a basic computational task
with many applications. Given a kernel function 𝑘 : ℝ𝑑 ×
ℝ

𝑑 → [0, 1] and a dataset 𝑃 ⊂ ℝ
𝑑, we define the kernel

density function of 𝑃 at a point 𝑥 ∈ ℝ
𝑑 as:

KDF𝑃 (𝑥) :=
1

∣𝑃 ∣
∑
𝑦∈𝑃

𝑘(𝑥, 𝑦) (1)

The task of computing KDF can be formulated in multiple
ways:

∙ As a data structure problem: given 𝑃 , build a data
structure supporting KDF evaluation for a query 𝑥,

∙ In the batch setting: given two sets 𝑃 and 𝑋 , compute
KDF𝑃 (𝑥) for all 𝑥 ∈ 𝑋 , or

∙ In the “all pairs” setting: given two sets 𝑃 and 𝑋 ,
compute

𝑘(𝑋,𝑃 ) =
∑
𝑥∈𝑋

KDF𝑃 (𝑥). (2)

The batch version of the problem has been studied exten-
sively. In particular, the celebrated Fast Multipole Method
gives an efficient approximate algorithm for this problem
in low dimensions [1] and has been very influential in
scientific computing. Unfortunately, the complexity of this
approach scales exponentially with the dimension, while
many applications require evaluating kernel densities for
high-dimensional pointsets. This includes kernel density
estimation, a classic tool in non-parametric statistics, where
the kernel function is used to extend the empirical distri-
bution function over a discrete set of points smoothly to
the whole space1. This in turn yields algorithms for mode
estimation [2], outlier detection [3], density based cluster-
ing [4] and other problems. Another class of applications
stems from applying kernel methods (e.g., regression [5])
to objects described by point-clouds or distributions, by
extending kernel functions to pairs of sets [6]. Computing
over such set kernels requires many “all-pairs” evaluations
as defined in Equation 2. Yet another application is kernel
mean estimation using an empirical average (see e.g., [7],
section 3.4.2).

A popular method for evaluating kernel densities in high
dimensions involves random sampling [8]. Under the as-
sumption that KDF𝑃 (𝑥) ≥ 𝜇 for some 𝜇 ∈ (0, 1], sampling
Θ( 1

𝜇𝜖2 log(1/𝛿)) points in 𝑃 suffices to estimate the desired
value up to a factor of 1±𝜖 with probability 1−𝛿. This yields
a data structure whose query time is equal to the number of
samples times 𝑑. The query time can be improved further:
in a very recent work, a subset of the authors [9] showed
that for several kernels, one can reduce the query time
to Θ̃(𝑑 1√

𝜇𝜖2 log(1/𝛿)). Their approach applies to multiple
popular kernels, including Gaussian, exponential and 𝑡-
student for constant 𝑡. However, their technique is tailored

1In this application, kernel functions are assumed to satisfy certain
integrability conditions. We discuss this issue in Section II.
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to the specific cases since it requires a hash function family
with collision probability matching the kernel in a certain
way. It is unclear how to generalize it to handle more general
kernels. All of the aforementioned results translate to the
batch setting, with the running time essentially equal to the
query time bound multiplied by ∣𝑋∣.

The main disadvantage of the above high-dimensional
results is that the value of 𝜇 can be arbitrarily low, leading
to high query time. Unfortunately, there is evidence that
one cannot obtain fast query times (independent of 𝜇) for
arbitrary kernels. Unconditional lower bounds have already
been shown for core-sets [10], [11] (with almost matching
upper bounds) and in a slightly more general computational
model [9]. Moreover, an observation in [12] demonstrates
that, in the “all-pairs” setting, approximating KDF values
for kernels with exponential tails (such as Gaussian) up
to a constant factor requires 𝑛2−𝑜(1) time (where 𝑛 =
∣𝑋∣ = ∣𝑃 ∣) unless Strong Exponential Time Hypothesis
fails. This holds even if the values are lower bounded
by 𝜇 = exp(− log𝑂(1) 𝑛); the bound can be strengthened
further to 1/poly(𝑛) by using the recent result of [13]. This
gives evidence that, for kernels that decay fast enough, there
is no algorithm with a runtime of 𝑛2−𝑜(1)/𝜇𝑜(1). This leads
to the natural question: What class of kernels admits efficient
kernel density evaluation?

A. Our results

In this work, we show that quick kernel decay is essen-
tially the only obstacle to obtaining more efficient kernel
density evaluation algorithms. Specifically, we present a data
structure with a logarithmic query time, independent of 𝜇,
for kernels whose value changes at most polynomially with
the distance. Formally:

Definition 1 ((𝐿, 𝑡)-smooth function). We call a function
𝑘 : ℝ𝑑 ×ℝ

𝑑 → ℝ (𝐿, 𝑡)-smooth if for all 𝑝, 𝑝′, 𝑞 ∈ ℝ
𝑑 with

𝑝 ∕= 𝑞 and 𝑝′ ∕= 𝑞 we have

max

(
𝑘(𝑝, 𝑞)

𝑘(𝑝′, 𝑞)
,
𝑘(𝑝′, 𝑞)
𝑘(𝑝, 𝑞)

)
≤ 𝐿max

( ∥𝑝− 𝑞∥
∥𝑝′ − 𝑞∥ ,

∥𝑝′ − 𝑞∥
∥𝑝− 𝑞∥

)𝑡

.

This general class of kernels includes several well-studied
functions [14]–[16]. For example:

∙ Rational Quadratic kernel 𝑘(𝑝, 𝑞) = 1
(1+∥𝑝−𝑞∥2)𝛽 is

(1, 2𝛽)-smooth.2

∙ 𝑡-Student kernel 𝑘(𝑝, 𝑞) = 1
1+∥𝑝−𝑞∥𝑡 is (1, 𝑡)-smooth.

Smooth kernels are frequently used in machine learning
and statistics, often yielding results similar to or better
than the (more popular) Gaussian kernel (see e.g., [17],
Supplementary Material section). For such kernels, we give
a data structure with the query time of

𝑂(𝑑𝐿2𝑂(𝑡) log(Φ𝑛)/𝜖2 log(1/𝛿)),

2For 𝛽 = 1, it is often referred to as Cauchy kernel.

where Φ is the aspect ratio of the data and query points (Sec-
tion II). Furthermore, if we assume a natural kernel decay
property (satisfied by the above kernels, see full version),
the query time becomes 𝑂(𝑑𝐿2𝑂(𝑡) log(𝑛)/𝜖2 log(1/𝛿)), re-
moving the dependence on the aspect ratio. This improves
over the algorithm of [9] for a wide class of kernel functions.
In particular, we achieve a query time of

𝑂(𝑑 log(𝑛)/𝜖2 log(1/𝛿))

for the Cauchy kernel, and more generally for the Rational
Quadratic kernel with 𝛽 = 𝑂(1). The above results assume
that the distance ∥𝑝− 𝑞∥ is induced by the Euclidean norm.

General metrics: Given a set ℳ, we can consider a
slightly more general version of our setting, where the kernel
is smooth with respect to a general metric 𝑑 : ℳ×ℳ →
ℝ+. For example, we can consider the following general-
ization of the 𝑡-student kernel 𝑘(𝑝, 𝑞) = 1

1+𝑑(𝑝,𝑞)𝑡 , that is
(1, 𝑡)-smooth with respect to (ℳ, 𝑑). For metrics that are
constant power of ℓ2, as powering changes the smoothness
parameters of the kernel only by constant factors, we can
immediately apply our algorithm. Using this fact, we can
also apply the algorithm for ℓ𝑞 norms with 1 ≤ 𝑞 < 2
by embedding them into ℓ22 [18]. More generally, it can
be extended to other metrics that can be embedded into ℓ22
with some low distortion 𝐷. Perhaps surprisingly, this only
multiplies the running time of the algorithm (by a factor
of 𝐷𝑂(𝑡)), while the approximation factor remains equal to
1 + 𝜖. In particular, this yields an algorithm for the ℓ∞
norm with the running time multiplied by a factor 𝑑𝑂(𝑡);
in the specific case of 𝑡-student kernel, the running time
becomes 𝑂(𝑑𝑂(𝑡) log(𝑛)/𝜖2 log(1/𝛿)). We complement the
latter algorithm by showing that, assuming Strong Exponen-
tial Time Hypothesis, there is no KDF evaluation algorithm
for the 𝑡-student kernel under ℓ∞ norm with a running time
of 𝑑𝑂(1)2𝑡/10𝑛𝑜(1). We defer the presentation and proofs of
these results to the full version of the paper.

Black-Box ANN: For kernels that are decreasing with
the distance, recent approaches to speed up kernel eval-
uations in high dimensions utilize either directly [19] or
indirectly [9] methods for Approximate Nearest Neighbor
Search (ANNS). We investigate this relationship further, by
showing that for smooth decreasing3 kernels the complexity
of kernel evaluation is in a very general way closely related
to that of ANNS in the underlying space. In fact, we show
something stronger:

Theorem 2 (Informal). Given black box access to an oracle
that for a finite set 𝑆, query 𝑞, and numbers 𝑟 > 0, 𝑐 > 1, is
guaranteed to return an arbitrary (even adversarial) point
from the set 𝐵(𝑞, 𝑐𝑟) ∩ 𝑆 when a point in 𝐵(𝑞, 𝑟) ∩ 𝑆

exists, we show that making order 𝑂
(
𝐿3 (𝑐𝑡/𝜖)

5
log4(Φ𝑛)

)
3Actually our requirements are slightly less strict see Definition 17
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Table I
KDF EVALUATION FOR DOUBLING METRICS WITH DIMENSION DDIM.

𝜌 ∈ (0, 0.5) IS ANY CONSTANT.

Technique Query time (QT)

𝐿∞ [22], [23] �̃�(𝜖−5(
log(𝑂(ddim)+log log𝑛)

𝜌
)𝑂(𝑡)(𝐿𝜙)3)

ANNS [24] 𝑂(𝜖−5 ( t
ddim

)𝑂(ddim)(𝐿𝜙)3)

queries are sufficient to approximate the kernel density func-
tion within accuracy (1± 𝜖) with probability 1−1/poly(𝑛).

Due to the black-box nature of our result, by utilizing
known constructions of ANNS data-structure for different
metric spaces we can effortlessly solve the corresponding
kernel evaluation problems for smooth-decreasing kernels
under such metrics (Table II). Of particular interest, is the
fact that we can take advantage of intrinsic low dimensional
structure in the given instance to obtain kernel evaluation
algorithms with complexity dependent on the doubling di-
mension of the pointset instead on the ambient dimension
(Table I). This is relevant as many of the efforts [20], [21]
aiming to exploit the intrinsic dimensionality of a dataset
for kernel evaluation employ series expansions of kernels
whose complexity depends on the ambient dimension.

B. Previous Work

There are two general ideas to improve upon the linear
time algorithm and on uniform random sampling [8] for
kernel density evaluations:

Well Conditioned Spatial Partitions: Given a query 𝑞,
the first idea is to produce a (query dependent) partition of
the points in 𝑃 into sets 𝑃1, . . . , 𝑃𝜙 and separately approxi-
mate KDF𝑃ℓ

(𝑥) for all ℓ ∈ [𝜙]. Within this paradigm, there
are two different approaches:

(a) If the diameter of 𝑃ℓ is small enough compared to
𝑑(𝑞, 𝑃ℓ), then by selecting a single point from 𝑃ℓ and
using series expansions around it, one can estimate
KDF𝑃ℓ

(𝑞). This is the basis of the Fast Multipole
Method [1] and related approaches [25]–[29].

(b) If the values of the kernel between points in 𝑃ℓ and
𝑞 are of similar magnitude, as captured by the ratio
between the smallest and larger kernel value (condi-
tion number), then a few random samples suffice to
estimate the density in each part [30].

In both cases, in order to keep the number of parts small
and to be able to efficiently implement the above primitives
(series expansion or random sampling) upon query time,
hierarchical space decompositions are employed that are
typically variants of quad-trees [31], [32]. In high dimen-
sions, though, such partitions are very costly to compute
(exponential in 𝑑) and hence this approach so far has only
been applied in cases where there is a latent low-dimensional
structure [33].

Importance Sampling through Hashing: The second
idea is for a query 𝑞, instead of performing uniform random
sampling, to assign greater probability to points 𝑝 ∈ 𝑃 with
larger kernel values 𝑘(𝑞, 𝑝). This idea is quite simple in
principle, but difficult to implement efficiently since such a
sampling distribution must be query dependent and can vary
significantly for different queries. Very recently, a subset of
the authors [9] introduced a technique that uses Locality
Sensitive Hashing schemes to construct a sampling distri-
bution with low variance. The crux of the technique is the
ability to design a hash function with collision probability
that scales like Θ(

√
𝑘(𝑞, 𝑝)). This particular scaling stems

from the fact that we need our sampling distribution to be
relatively balanced along all relevant distance scales and is
responsible for the 1√

𝜇 dependence in the number of samples
required. Nevertheless, it reduces the high level problem of
kernel density evaluation to a low level problem of designing
a hashing scheme with a specific collision probability.

C. Our Techniques

At a high level our work exploits smoothness of the
kernels to address the natural barriers to both the aforemen-
tioned methods (curse of dimensionality and 𝜇-dependence)
and overcomes them with new ideas.

Projected quad-trees: Our first estimator involves
building quad-trees on randomly projected data points, and
using partitions induced by the trees to produce an unbiased
estimator for KDF𝑃 (𝑞). Unlike earlier papers that combine
spatial structures with random projections [34], [35], we
use the trees as estimators, as opposed to data structures
solving (say) the nearest neighbor problem. Specifically,
once provided with a query 𝑞, we show that the data structure
can produce a hierarchical partition of the points depending
on the distance from 𝑞. We then use this partition to create
an unbiased estimator.

Averaged Condition Number: Viewing the projected
quad-tree as inducing a query dependent random partition
of points, the obvious approach is to analyze the resulting
random sampling estimator through the expected condition
number. This quantity involves computing the expectation
of the supremum of the condition number of different parts
for this random partition – a global quantity that will likely
give a loose bound. We show in a generic way, that for
estimators that sample a random point from each part of
a random partition, a different (local) quantity bounds the
variance of such estimators and is much easier to analyze
as it results from viewing the random partition as a hash
function with a (query-dependent) collision probability.

For smooth kernels, if we select the dimension 𝑑′ =
𝑂(𝑡) of the projected quad-tree appropriately we show
that we can obtain an 𝑂(𝐿2𝑂(𝑡)) bound on the vari-
ance of such estimators and can evaluate them in time
𝑂(𝑑𝐿2𝑂(𝑡) log(Φ𝑛/𝛿)/𝜖2). Thus, by viewing projected
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quad-trees as hash functions and analyzing our estimators
through the Averaged Condition Number, our approach
combines the analytical advantages inspired by Hashing-
based Importance Sampling with the computational benefits
of low-dimensional hierarchical decompositions.

In the abstract setting where we are given an arbitrary
(even adversarial) ANNS oracle, we take a different ap-
proach: we posit the existence of a partition with the
desirable properties (bounded condition number), and design
tools to generate approximately uniform random samples
from parts of the partition given a black-box access to an
(even adversarial) ANNS oracle.

Spherical Integration: The partition we consider is
defined by concentric exponentially increasing annuli (with
constant 𝑐 > 1) around the query so that due to smoothness
the condition number in each part is bounded by 𝐿𝑐𝑡. Our
main conceptual contribution is to show how to use the
ANNS oracle to construct an approximately-uniform random
sampling oracle for each annulus.

First we show that if we have a slightly stronger oracle,
that always returns a point from 𝑆 ∩ 𝐵(𝑞, 𝑟) if it is the
unique point in 𝑆 ∩ 𝐵(𝑞, 𝑐𝑟), and additionally can detect
when ∣𝑆 ∩ 𝐵(𝑞, 𝑟)∣ > 1, then by sub-sampling 𝑃 for
various density levels and calling the oracle with inde-
pendently sub-sampled versions of 𝑃 , we can produce an
oracle that returns an approximately uniform random sample
from 𝐵(𝑞, 𝑟) ∩ 𝑃 . As long as we have an upper bound
∣𝐵(𝑞, 𝑟𝑐) ∩ 𝑃 ∣ ≤ 𝐵𝑟𝑐, the probability that this happens
is proportional to ∣𝐵(𝑞, 𝑟) ∩ 𝑃 ∣/𝐵𝑟𝑐. We then show how
to construct such an oracle form an arbitrary ANNS oracle
using an overhead factor of 𝑂(log ∣𝑆∣). In this way, we can
then sample points from 𝐴𝑟 := (𝐵(𝑞, 𝑟) ∩ 𝑃 ) ∖ 𝐵(𝑞, 𝑟/𝑐)

with a rate of ∣𝐵(𝑞,𝑟)∩𝑃 ∣
𝐵𝑟𝑐

∣𝐴𝑟∣
∣𝐵(𝑞,𝑟)∩𝑃 ∣ .

There are two complications with the above construction
(a) the sampling rate can be very small depending on
∣𝐴𝑟∣/𝐵𝑟𝑐, and (b) we always need to maintain an upper
bound on ∣𝐵(𝑞, 𝑟) ∩ 𝑃 ∣ ≤ 𝐵𝑟 even if we don’t see points
from 𝐴𝑟. When ∣𝐵(𝑞, 𝑟)∩𝑃 ∣/𝐵𝑐𝑟 is larger than a threshold
then we may estimate ∣𝐵(𝑞, 𝑟) ∩ 𝑃 ∣ and also have a lower
bound on the rate that get a random point from 𝐵(𝑞, 𝑟)∩𝑃 .
Further, if ∣𝐴𝑟∣/∣𝐵(𝑞, 𝑟)∩𝑃 ∣ is also larger than a threshold
then we can also get an estimate of ∣𝐴𝑟∣ and have a
lower bound on the rate which we observe samples. The
complications arise when either of the two conditions do
not hold.

We resolve the above issues by showing that if the rate
is small enough then the contribution to the kernel density
compared to an outer or inner annulus must be small (this is
where we use monotonicity) and by designing an algorithm
that sequential tests the hypotheses that the respective ratios
∣𝐵(𝑞,𝑟)∩𝑃 ∣

𝐵𝑟𝑐
or ∣𝐴𝑟∣

∣𝐵(𝑞,𝑟)∩𝑃 ∣ are small enough. The sequential
testing of hypothesis, that introduces dependences between
our estimates for different annuli, along with the non-
uniformity of the sampling oracle, makes the overall analysis

of this procedure significantly complicated.

D. Outline of the paper

In the next section we introduce some definitions and
basic tools that we require. In Section III, we describe
the projected quad-tree data structure and prove our main
result. Lastly, we formally define our requirements on ANNS
oracles, and present our second main result in Section IV.

II. PRELIMINARIES

Metric spaces: A metric space (ℳ, 𝑑) is a set ℳ
equipped with a metric 𝑑 : ℳ × ℳ → ℝ+. For a set
ℳ when there is no uncertainty about the metric 𝑑ℳ, we
will simply refer to ℳ as a metric space, and implicitly
refer to (ℳ, 𝑑ℳ). For a set 𝑃 ⊆ ℳ and any potential
query 𝑞 ∈ ℳ, let 𝑟0 ≤ min𝑥 ∕=𝑦∈𝑃∪{𝑞} 𝑑ℳ(𝑥, 𝑦) and
𝑅 ≥ max𝑥,𝑦∈𝑃∪{𝑞} 𝑑ℳ(𝑥, 𝑦) be bounds on the minimum
and maximum distance between points in 𝑃 ∪ {𝑞}. Given
a constant 𝑐 > 1, we define Φ = 𝑅

𝑟0
to be the aspect

ratio and 𝜙𝑐 := ⌈log𝑐(Φ)⌉ to be the log-aspect ratio. When
the constant 𝑐 is clear from the context we will drop the
dependence on 𝑐. For a point 𝑞 ∈ ℳ, we define the ball of
radius 𝑟 in 𝑃 around 𝑞 as

𝐵𝑃 (𝑞, 𝑟) := {𝑝 ∈ 𝑃 ∣𝑑ℳ(𝑞, 𝑝) ≤ 𝑟} (3)

When there is no uncertainty about which set 𝑃 we refer
to, we will suppress 𝑃 from the definition and simply
write 𝐵(𝑞, 𝑟). For 𝑐 > 1 and 𝑟 > 0 we also define the
(𝑟, 𝑐)-annulus in 𝑃 centered at 𝑞 ∈ ℳ as 𝐴𝑐(𝑞, 𝑟) :=
𝐵(𝑞, 𝑟) ∖ 𝐵(𝑞, 𝑟𝑐 ) and typically suppress 𝑐 when it is clear
from the context. Finally, for any set 𝐶 ⊂ ℳ and 𝑞 ∈ ℳ
let 𝑑(𝑞, 𝐶) := min𝑝∈𝐶 𝑑(𝑞, 𝑝).

Kernels: Consider a (kernel) function 𝑘 : ℳ×ℳ →
ℝ+. For a set 𝑃 ⊆ ℳ and point 𝑞 ∈ ℳ, let KDF𝑃 (𝑞) :=
1
∣𝑃 ∣
∑

𝑝∈𝑃 𝑘(𝑞, 𝑝). We will often denote KDF𝑃 (𝑞) simply by
KDF(𝑞) suppressing 𝑃 when it is clear from the context.
In this paper we focus on smooth kernels, as defined in
the introduction. Note that kernel functions do not need
to be non-increasing or non-decreasing in the distance to
be smooth. In general, the definition allows for somewhat
unpredictable behavior as a function of the distance, which
leads to the (logarithmic) dependence of the query time on
the aspect ratio.

Integrability and Density Estimation: In the specific
context of non-parametric kernel density estimation, typi-
cally kernels refer to integrable translation invariant func-
tions 𝑘(𝑥, 𝑦) = 𝑘(𝑥− 𝑦).
Definition 3. A function 𝑘 : ℝ𝑑 → ℝ+ with

∫
ℝ𝑑 ∣𝑘∣ < ∞

and
∫
ℝ𝑑 𝑘(𝑥)𝑑𝑥 = 1 is called a kernel.

Such functions are used in non-parametric density esti-
mation [36] over ℝ

𝑑. Given a bandwidth parameter 𝜎 > 0
it is easy to see that for the kernel 𝑘𝜎(𝑥− 𝑦) := 1

𝜎𝑑 𝑘(
𝑥−𝑦
𝜎 ),

KDF𝑃 defines a valid probability density function. Smooth
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kernels, like the 𝑡-student, kernel are not integrable per se
unless 𝑡 > 𝑑. Nevertheless, given an smooth and decreasing
kernel (that are typically employed for density estimation)
we can produce an integrable kernel by truncating after
𝑑(𝑥, 𝑦) ≥ 1

𝜏1/𝑡 and normalizing so that the integral is equal
to one. This introduces an additive error of 𝑂(𝜏) in the
estimates which can be made arbitrarily small.

A. Geometric tools

We state the following bound (e.g. [37]) on the volume
of a 𝑑-dimensional Euclidean ball.

Proposition 4. The volume 𝑉𝑑(𝑟) of a 𝑑-dimensional Eu-

clidean ball of radius 𝑟 > 0 satisfies 𝑉𝑑(𝑟) ≤ 1
𝑒

(
2𝜋𝑒
𝑑

) 𝑑
2 ⋅ 𝑟𝑑.

We also require a dimensionality reduction lemma that is
of similar nature to [38, Lemma 2.2].

Lemma 5. Let 𝑑 > 𝑑′ ∈ ℕ and 𝐴𝑖𝑗
𝑖𝑖𝑑∼ 𝑁(0, 1

𝑑′ ) for 𝑖𝑗 ∈
[𝑑′]× [𝑑]. For all 𝑇 ≥ √

17, 𝑥 ∕= 0, we have

max

{
ℙ
[∥𝐴𝑥∥2 ≤ 1

𝑇
∥𝑥∥2

]
, ℙ
[∥𝐴𝑥∥2 ≥ 𝑇∥𝑥∥2

]} ≤ 𝑇−
2𝑑′
3

Finally, in order to extend our results from ℓ2 norm to ℓ𝑞
norms with 1 ≤ 𝑞 < 2 we use the a variant of Theorem 116
from [18] to get low-distortion embeddings in ℓ22.

Theorem 6. Let 2 ≥ 𝑞 ≥ 1, 𝑅 > 0 and Φ ≥ 2 be real
numbers. There exists a mapping 𝑓 : ℝ𝑑 → ℝ

𝑂(𝑑 log(Φ𝑑/𝜀)/𝜀)

such that for any 𝑥, 𝑦 ∈ ℝ
𝑑 with 𝑅 ≤ ∥𝑥− 𝑦∥𝑞 ≤ Φ𝑅, we

have

(1− 𝜀)∥𝑥− 𝑦∥𝑞𝑞 ≤ ∥𝑓(𝑥)− 𝑓(𝑦)∥22 ≤ (1 + 𝜀)∥𝑥− 𝑦∥𝑞𝑞.
B. Partition Estimators

Let 𝑤1, . . . , 𝑤𝑛 be a set of 𝑛 positive weights (e.g 𝑤𝑖 =
𝑘(𝑞, 𝑥𝑖) for 𝑖 ∈ [𝑛]). We are interested in providing a (1±𝜖)-
multiplicative approximation to the sum of weights 𝜇 =∑𝑛

𝑖=1 𝑤𝑖. Given any partition 𝒫 of [𝑛] and set of weights
we may define the following randomized estimator for 𝜇.

Definition 7. Given a partition 𝒫 of [𝑛] with parts
𝑃1, . . . , 𝑃𝜙, for ℓ ∈ [𝜙] let 𝐼ℓ ∼ 𝑃ℓ be a uniform random
point from 𝑃ℓ and set 𝑁ℓ = ∣𝑃ℓ∣. We define the partition
estimator 𝑍𝒫 =

∑𝜙
ℓ=1𝑁ℓ𝑤𝐼ℓ .

Definition 8. Given a set 𝑆 ⊆ [𝑛] we define the condition
number of 𝑆 as 𝜅𝑆 := sup𝑖,𝑗∈𝑆

𝑤𝑖

𝑤𝑗
. The condition number

of a partition 𝒫 = {𝑃1, . . . , 𝑃𝜙} is given by 𝜅(𝒫) :=
maxℓ∈[𝜙] 𝜅𝑃ℓ

.

For a fixed partition 𝒫 , it is not hard to see that the
estimator is unbiased 𝔼𝐼 [𝑍𝒫 ] = 𝜇 and 𝔼𝐼 [𝑍

2
𝒫 ] ≤ 2𝜅(𝒫)⋅𝜇2.

If the partition 𝒫 is random, a simple calculation shows that
𝔼𝒫,𝐼 [𝑍

2
𝒫 ] ≤ 2𝔼𝒫 [𝜅(𝒫)] ⋅ 𝜇2. This upper bound depends on

the expected condition number:

𝔼[𝜅(𝒫)] := 𝔼

[
sup
ℓ∈[𝜙]

sup
𝑖,𝑖′∈𝑃ℓ

{
𝑤𝑖

𝑤𝑖′

}]
, (4)

a global quantity where the supremum is taken inside the
expectation and thus complicated to compute. Next we intro-
duce an alternative viewpoint of random partitions through
hashing that allow us to obtain a better upper bound that
depends only on local events. Let ℎ ∼ ℋ be a hash function
selected from some distribution ℋ. The hash function ℎ
induces a (random) partition 𝒫ℎ through the equivalence
𝑖 ∼ 𝑖′ ⇔ ℎ(𝑖) = ℎ(𝑖′).

Definition 9. For a distribution ℋ over hash functions,
define the averaged condition number as:

𝛼(ℋ) := sup
𝑖,𝑖′∈𝑃

𝔼
ℎ∼ℋ

[
𝑤𝑖

𝑤𝑖′
𝕀[ℎ(𝑖) = ℎ(𝑖′)]

]
(5)

This quantity allows us to obtain a tighter analysis of the
variance of partition estimators.

Lemma 10 (Variance Bound). Let ℎ ∼ ℋ, then 𝔼[𝑍𝒫ℎ
] = 𝜇

and 𝔼[𝑍2
𝒫ℎ

] ≤ 2𝛼(ℋ)𝜇2 ≤ 2𝔼[𝜅(𝒫ℎ)]𝜇
2.

Proof: We start by analyzing the second moment:

𝔼
𝐼,ℎ

[𝑍2
𝒫ℎ

] = 𝔼
ℎ

⎡
⎣ 𝜙∑
ℓ,ℓ′=1

𝑁ℓ𝑁ℓ′ 𝔼
𝐼
[𝑤𝐼ℓ𝑤𝐼ℓ′ ]

⎤
⎦

= 𝔼
ℎ

⎡
⎣∑
ℓ ∕=ℓ′

⎛
⎝∑

𝑖∈𝑃ℓ

𝑤𝑖

∑
𝑖′∈𝑃ℓ′

𝑤𝑖′

⎞
⎠
⎤
⎦+ 𝔼

ℎ

[
𝜙∑

ℓ=1

𝑁ℓ

∑
𝑖∈𝑃ℓ

𝑤2
𝑖

]

≤ 𝜇2 + 𝔼
ℎ

[
𝜙∑

ℓ=1

𝑛∑
𝑖′=1

𝑛∑
𝑖=1

𝕀[ℎ(𝑖) = ℎ(𝑖′) = ℓ]𝑤2
𝑖

]

= 𝜇2 + 𝔼
ℎ

[
𝑛∑

𝑖′=1

𝑛∑
𝑖=1

(
𝜙∑

ℓ=1

𝕀[ℎ(𝑖) = ℎ(𝑖′) = ℓ]

)
𝑤2

𝑖

]

= 𝜇2 + 𝔼
ℎ

⎡
⎣ 𝑛∑
𝑖,𝑖′=1

𝕀[ℎ(𝑖) = ℎ(𝑖′)]𝑤2
𝑖

⎤
⎦

= 𝜇2 +

𝑛∑
𝑖,𝑖′=1

𝔼
ℎ

[
𝕀[ℎ(𝑖) = ℎ(𝑖′)]

𝑤𝑖

𝑤𝑖′

]
𝑤𝑖𝑤𝑖′

≤ 𝜇2 + 𝛼(ℋ)

𝑛∑
𝑖,𝑖′=1

𝑤𝑖𝑤𝑖′

≤ (2𝛼(ℋ)) ⋅ 𝜇2

We complete the proof by showing:

𝔼[𝜅(𝒫ℎ)] = 𝔼

[
sup
ℓ∈[𝜙]

sup
𝑖,𝑖′∈𝑃

{
𝑤𝑖

𝑤𝑖′
𝕀[𝑖, 𝑖′ ∈ 𝑃ℓ

}]

= 𝔼

⎡
⎣ sup
𝑖,𝑖′∈𝑃

⎧⎨
⎩ 𝑤𝑖

𝑤𝑖′

∑
ℓ∈[𝜙]

𝕀[𝑖, 𝑖′ ∈ 𝑃ℓ]

⎫⎬
⎭
⎤
⎦

≥ sup
𝑖,𝑖′∈𝑃

𝔼

[
𝑤𝑖

𝑤𝑖′
𝕀[ℎ(𝑖) = ℎ(𝑖′)]

]
= 𝛼(ℋ)
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III. SCALE-SENSITIVE HASHING USING PROJECTED

QUAD-TREES

Our goal is to construct a hashing scheme such that
given a query 𝑞 it approximately partitions the points in
𝑃 depending on the scale of their distance away from the
query 𝑞. The principle behind our data-structure is quite
simple: randomly projecting into 𝑑′ < 𝑑 dimension tends to
preserve pairwise distances, then by pretending the distances
are preserved we use a quad-tree data structure to create such
a partition in low-dimensions. If the dimension 𝑑′ is picked
appropriately, we show that we can bound the averaged
condition number of the resulting partition estimator for
smooth kernels. This leads to the following theorem.

Theorem 11. There exists a data structure that given a
data set 𝑃 ⊂ ℝ

𝑑, using 𝑂(𝑑𝐿2𝑂(𝑡) log(Φ𝑛
𝛿 ) 1

𝜖2 ⋅ 𝑛) space
and pre-processing time, for any (𝐿, 𝑡)-nice kernel and a
query 𝑞 ∈ ℝ

𝑑, estimates KDF𝑃 (𝑞) with accuracy (1 ± 𝜖)
in time 𝑂(𝑑𝐿2𝑂(𝑡) log(Φ𝑛

𝛿 ) 1
𝜖2 ) with probability at least

1− 1/poly(𝑛)− 𝛿.
A. Projected quad-trees

To build the above data structure we start by reducing
the dimensionality of the pointset to 𝑑′ = 𝑂(𝑡). Let 𝐴 be a
𝑑′ × 𝑑 random projection matrix, with i.i.d. entries chosen
from the normal distribution with variance 1/𝑑′. We map
every point 𝑝 ∈ 𝑃 to 𝐴𝑝 to get the projected data set 𝑃 ′.

Given a number 𝜙 ∈ ℤ, we build a quad-tree in the
𝑑′-dimensional space for the resulting pointset. First, we
choose an integer ℎ+ ∈ ℤ such that the resulting point
set 𝑃 ′ as well as 𝐴𝑞 for all future queries 𝑞 are contained
inside the 𝑑′-dimensional cell [−2ℎ+/2, 2ℎ+/2]𝑑

′
. For any

ℎ = ℎ+−1, ℎ+−2, . . . , ℎ+−𝜙 we subdivide every cell with
side-length 2ℎ+1 that contains at least two projected points
from 𝑃 into 2𝑑

′
non-overlapping cells with side-length 2ℎ,

keeping only cells that contain at least one point.
In this way we build a tree where each node corresponds

to a certain cell and store for each cell the number of points,
the indices as well as the points themselves. Let ℎ0 = ℎ−
and define ℎℓ = ℎ0 + ℓ for ℓ ∈ [𝜙]. For any ℓ = 1, . . . , 𝜙,
we define level ℓ to consist of all cells with side length 2ℎℓ .
In what follows 𝑊ℓ := 2ℎℓ

√
𝑑′ for all ℓ ∈ [𝜙].

B. Querying Algorithm

Having a quad-tree as above, for a given query 𝑞 ∈ ℝ
𝑑

we use it to define a partition estimator as follows:

1) Input: 𝑃 ⊂ ℝ
𝑑, quad-tree 𝒯 on 𝑃 ′ ⊂ ℝ

𝑑′
, 𝑞 ∈ ℝ

𝑑.
2) Initialization: initialize two arrays 𝐼 ∈ [𝑛]𝜙 and

𝑁 ∈ ℕ
𝜙 where for all ℓ ∈ [𝜙], 𝐼ℓ and 𝑁ℓ respectively

denote the current random index and number of points
from the ℓ-th part of the partition 𝒫𝒯 defined by the
tree for the given query. Let ℓ = 𝜙 and 𝑞′ = 𝐴𝑞 be
the projection of query 𝑞. Create an empty queue 𝑄,
enqueue the root of 𝒯 , and set 𝑀ℓ = 1.

Figure 1. Illustration of the query algorithm for a specific query (red).
The gray cells correspond to the cells of the tree that were used to sample
at level ℓ and the white cells to the ones used to sample at level ℓ+ 1.

3) Main loop: as long as 𝑄 is not empty and ℓ ≥ 1:
a) for 𝑖 = 1 to 𝑀ℓ:

i) remove the top element 𝐶 from 𝑄.
ii) if 𝐶 contains only one point 𝑝′ ∈ 𝑃 ′ then let

𝑠 ∈ [𝜙] be such that 𝑊𝑠 ≤ 𝑑(𝑞′, 𝑝′) ≤ 4 ⋅𝑊𝑠

then RESERVOIRSAMPLING𝐼,𝑁 (𝑠, 𝐶).
iii) else if 𝑑(𝑞′, 𝐶) ≥ 𝑊ℓ, then

RESERVOIRSAMPLING𝐼,𝑁 (ℓ, 𝐶)
iv) else add the children of 𝐶 to the queue.

b) Set ℓ← ℓ−1 and 𝑀ℓ equal to the current length
of the queue.

4) Output: 𝑍𝒫𝒯 = 1
𝑛

∑
ℓ∈[𝜙]𝑁ℓ ⋅ 𝑘(𝑞, 𝑥𝐼ℓ)

The procedure RESERVOIRSAMPLING𝐼,𝑁 (ℓ, 𝐶) when called
for a level ℓ ∈ [𝜙] and a cell 𝐶, with probability ∣𝐶∣

𝑁ℓ+∣𝐶∣
updates 𝐼ℓ to be a random index from 𝐶, and updates 𝑁ℓ ←
𝑁ℓ + ∣𝐶∣. See Figure 1 for an illustration of the querying
algorithm for a projected point set 𝑃 ′.

C. Analysis

For all ℓ ∈ [𝜙], let 𝑃ℓ be the union of indices
of points belonging in cells for which the procedure
RESERVOIRSAMPLING was called with first argument equal
to ℓ. It is a well-known fact that 𝐼ℓ will be uniformly
distributed in 𝑃ℓ when 𝑍𝒫𝒯 is computed. Thus, 𝑍𝒫𝒯 is a
valid partition estimator.

1) Running Time: The running time of our algorithm is
at most proportional to the number of nodes that we add
in the queue times the time it takes to sample a random
point from each such cell. We assume that we can sample a
random point in constant time, thus we only care about the
number of cells that we process.

Lemma 12. Let 𝐶 ′ be a child of any cell 𝐶 that we
expanded at level ℓ ∈ [𝜙], then 𝑑(𝑞′, 𝐶 ′) < 3

2𝑊ℓ and for
all 𝑥 ∈ 𝐶 ′ we have 𝑑(𝑞′, 𝑥) ≤ 2𝑊ℓ = 4𝑊ℓ−1.
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Proof: Since we expanded 𝐶 at level ℓ, it must be the
case that 𝑑(𝑞′, 𝐶) < 2ℎℓ

√
𝑑′. Hence, there exists a child

𝐶 ′′ (even if it was deleted because it was empty) such that
𝑑(𝑞′, 𝐶 ′′) < 2ℎℓ

√
𝑑′. Then:

𝑑(𝑞′, 𝐶 ′) ≤ 𝑑(𝑞′, 𝐶 ′′) + sup
𝑥∈𝐶′′

min
𝑦∈𝐶′

𝑑(𝑥, 𝑦) (6)

≤ 2ℎℓ
√
𝑑′ + 2ℎℓ−1

√
𝑑′ ≤ 3

2
2ℎℓ

√
𝑑′. (7)

Observing that the diameter of 𝐶 ′ is at most 𝑊ℓ−1 = 𝑊ℓ

2
completes the proof.

By the above lemma all cells that we process at level ℓ
are contained in a ball of diameter at most 4𝑊ℓ around the
query and by construction all such cells are disjoint and have
volume 2ℎℓ𝑑

′
. By Proposition 4, the number of cells that we

process at level ℓ are at most:

𝑉𝑑′(4𝑊ℓ)

2𝑑′ℎℓ
≤ 1

𝑒

(√
2𝜋𝑒√
𝑑′

4
√
𝑑′
2ℎℓ

2ℎℓ

)𝑑′

≤ 24.05𝑑
′

(8)

Summing up over all levels we require time at most
𝑂(𝑑′𝜙24.05𝑑

′
+ 𝜙𝑑) to produce the output.

2) Collision probability: We define the hash function ℎ𝑞 :
𝑃 → [𝜙] by setting ℎ𝑞(𝑥𝑖) = ℓ for all 𝑖 ∈ 𝑃ℓ and ℓ ∈
[𝜙]. We denote the resulting distribution (randomness in the
partition is due to random matrix 𝐴) over hash functions as
ℎ𝑞 ∼ kdTree𝑑′,𝑃 (𝑞).

Lemma 13. Given 𝑡 > 0, let 𝑑′ = max{⌈3𝑡⌉, 2} and ℎ𝑞 ∼
kdTree𝑑′,𝑃 (𝑞), then

ℙ[ℎ𝑞(𝑥) = ℎ𝑞(𝑦)] ≤ 8⋅26.09𝑡⋅
(
min

{∥𝑥− 𝑞∥
∥𝑦 − 𝑞∥ ,

∥𝑦 − 𝑞∥
∥𝑥− 𝑞∥

})𝑡

Proof: We first observe that for any point 𝑥 ∈ 𝑃 to
have ℎ𝑞(𝑥) = ℓ, it is necessary due to Lemma 12 that 𝑊ℓ ≤
𝑑(𝑥′, 𝑞′) ≤ 4𝑊ℓ. Without loss of generality assume that
𝑟 = ∥𝑥−𝑞∥ ≤ ∥𝑦−𝑞∥ = 𝑟′ and let as before 𝑊ℓ = 2ℎℓ

√
𝑑′.

Define, ℒ𝑥𝑦 =
{
ℓ ∈ [𝜙]

∣∣∣max
{

𝑊ℓ

𝑟 ,
𝑟′

4𝑊ℓ

}
<

√
17
}

to be
the set of levels for which we cannot apply the bounds from
Lemma 5 to analyze the probability of the event ℙ[ℎ𝑞(𝑥) =
ℎ𝑞(𝑦) = ℓ]. Using this notation we may write:

ℙ[ℎ𝑞(𝑥) = ℎ𝑞(𝑦)] ≤ 𝕀[ℒ𝑥𝑦 ∕= ∅] + (1− 𝕀[ℒ𝑥𝑦 ∕= ∅])⋅
𝜙∑

ℓ=1

min {ℙ[ℎ𝑞(𝑥) = ℓ],ℙ[ℎ𝑞(𝑥) = ℓ]} (9)

A necessary condition for ℒ𝑥𝑦 ∕= ∅ is that 𝑟′ < 68𝑟. We
distinguish two cases

∙ Case 1: if 𝑟′ < 68𝑟 then we use

ℙ[ℎ𝑞(𝑥) = ℎ𝑞(𝑦)] ≤ 1 <
(
68
𝑟

𝑟′
) 𝑑′

3

. (10)

∙ Case 2: if 𝑟′ ≥ 68𝑟 then min
{

𝑟
𝑊ℓ
, 4𝑊ℓ

𝑟′

}
≤ √4 𝑟

𝑟′ ≤
1√
17

and consequently for 𝑧 ∈ {𝑥, 𝑦}

ℙ[ℎ𝑞(𝑧) = ℓ] ≤ min

{
𝑟

𝑊ℓ
,
4𝑊ℓ

𝑟′

} 2𝑑′
3

(11)

Substituting this bound in 9 gives

ℙ[ℎ𝑞(𝑥) = ℎ𝑞(𝑦)] ≤
Φ∑

ℓ=1

min

{
𝑟

𝑊ℓ
,
4𝑊ℓ

𝑟′

} 2𝑑′
3

(12)

≤ 4
1

1− 1/17−
𝑑′
6

(
4
𝑟

𝑟′
) 𝑑′

3

(13)

where the last inequality follows from the fact that
the sum can be written as a sum of two geometrically
decreasing series.

Setting, 𝑑′ = max{⌈3𝑡⌉, 2} we arrive at the bound
ℙ[ℎ𝑞(𝑥) = ℎ𝑞(𝑦)] ≤ max {8 ⋅ 4𝑡, 68𝑡} ( 𝑟

𝑟′
)𝑡

.
3) Averaged Condition Number: We next use our bounds

on the colision probability to bound the condition number
of the resulting partition estimator 𝑍𝒫𝒯 . Let ℎ𝑞 ∼ ℋ =
kdTree𝑑′,𝑃 (𝑞), and 𝑘 an (𝐿, 𝑡)-nice kernel, by Lemma 13

𝛼(ℋ) = sup
𝑥,𝑦∈𝑃

{
𝑘(𝑦, 𝑞)

𝑘(𝑥, 𝑞)
ℙ[ℎ𝑞(𝑥) = ℎ𝑞(𝑦)]

}

≤ sup
𝑥,𝑦∈𝑃

{
𝐿

(
max

{∥𝑥− 𝑞∥
∥𝑦 − 𝑞∥ ,

∥𝑦 − 𝑞∥
∥𝑥− 𝑞∥

})𝑡

⋅

8 ⋅ 26.09𝑡
(
min

{∥𝑥− 𝑞∥
∥𝑦 − 𝑞∥ ,

∥𝑦 − 𝑞∥
∥𝑥− 𝑞∥

})𝑡
}

≤ 8𝐿 ⋅ 26.09𝑡

D. Proof of Theorem 1

Our data structure is formed by sampling 𝑚 projected
quad-trees for our dataset 𝑃 . Each one takes time 𝑂(𝑛 ×
𝑑′ × 𝑑) (random projection) plus 𝑂(𝑑′𝜙2𝑑

′
𝑛) since, a point

belongs to at most 𝑂(𝜙) cells in the tree, and it can be part
of a split only once at every level, producing possibly 2𝑑

′

cells that some of them might be deleted in the process.
Hence, overall we require space/time 𝑂

(
(𝜙2𝑑

′
+ 𝑑)𝑑′𝑚𝑛

)
.

Assuming that the aspect ratio of the point set and possible
queries is bounded by Φ, then if we set 𝜙 = 𝑂(log2(𝑑Φ𝑛𝑚))
by union bound and standard Gaussian concentration we
know that for all of the 𝑚 projected data sets the log-aspect
ratio is less than 𝜙 with probability 1−𝜒 = 1−1/poly(𝑛).

Let 𝛼 = 𝑂(𝐿26.09𝑡) be the averaged condition number of
the quad-tree. Using Lemma 10 and the median-of-means
technique, we see that if we pick 𝑚 = 𝑂( 1

𝜖2𝐿2
6.09𝑡 log( 1𝛿 )),

we can estimate any query with accuracy (1 ± 𝜖) with
probability at least 1−𝜒− 𝛿. The query time is bounded by
𝑂([𝑑′𝜙24.05𝑑

′
+𝜙𝑑]⋅𝑚). Substituting 𝑑′ = max{⌈3𝑡⌉, 2} the

resulting query time is 𝑂(𝐿 1
𝜖2 (𝑑

′2𝑂(𝑡) + 𝑑2𝑂(𝑡)) log(𝑛Φ𝛿 ))
and the space usage 𝑂(𝐿 1

𝜖2 (𝑑
′2𝑂(𝑡) + 𝑑2𝑂(𝑡)) log(𝑛Φ𝛿 ) ⋅ 𝑛).
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IV. SPHERICAL INTEGRATION

The Projected Quadtree algorithm was based on random-
ized partitions that behave favorably under random sampling.
In this Section we take a different more abstract approach: (i)
we postulate the existence of a partition with the desirable
properties, and (ii) design tools to simulate access to that
partition given black-box access to (𝑟, 𝑐)-ANN oracle.

A. Spherical Partitions

In order to define a partition that would allow efficient
estimation of the kernel density, we rely on smoothness. For
fixed 𝑐 > 1, let 𝑟ℓ := 𝑟0𝑐

ℓ for ℓ = 0, . . . , 𝜙 be a geometri-
cally increasing sequence of radii. For a point 𝑞 ∈ ℳ, define
𝐴ℓ = 𝐴ℓ(𝑞) := 𝐴𝑐(𝑞, 𝑟ℓ) to be the corresponding sequence
of spherical annuli, where we omit 𝑞 and 𝑐 if they are clear
from the context. Finally, for any such sequence of radii, set
𝑃 , and point 𝑞 ∈ ℳ, we define the ℓ-th annulus density as
𝜌ℓ := 𝜌ℓ(𝑞, 𝑃 ) =

∣𝐴(𝑞,𝑟ℓ)∣
∣𝑃 ∣ and 𝜇ℓ := KDF𝐴ℓ

(𝑞) to be the
corresponding kernel density. Using the notation above we
have the following basic identity:

KDF𝑃 (𝑞) =

𝜙∑
ℓ=0

∣𝐴ℓ∣
∣𝑃 ∣ KDF𝐴ℓ

(𝑞) =

𝜙∑
ℓ=0

𝜌ℓ𝜇ℓ (14)

For convenience we define 𝑍ℓ := 𝜌ℓ𝜇ℓ to be the contribu-
tion of the ℓ-th annulus to KDF(𝑞). Observe that (𝐿, 𝑡)-
smoothness implies that within each annulus the condition
number max𝑝,𝑝′∈𝐴ℓ

{𝑘(𝑞, 𝑝)/𝑘(𝑞, 𝑝′)} is bounded by 𝐿𝑐𝑡.
Hence, if we had access to a random sample from 𝐴ℓ we
could estimate both 𝜌ℓ as well as 𝜇ℓ using 𝑂(𝜖−2𝐿𝑐𝑡 log( 1𝜒 ))
random samples for all ℓ ∈ [𝜙]. We call this abstract ap-
proach Spherical Integration. The main obstacle to carrying
it out, is efficiently implementing the primitive that returns
a random sample from a specified annulus 𝐴ℓ = 𝐴(𝑞, 𝑟ℓ).

B. Random Sampling Oracles via Black-box ANN

Our main conceptual contribution is that if one is given
black-box access to an 𝑐-approximate nearest neighbor
search oracle, it is possible to implement the meta-algorithm
of Spherical Integration through a more involved procedure.
We start by stating our requirements on the ANNS oracle.

Definition 14 ((𝑟, 𝑐, 𝜒
′
)-ANNSO). Given a set 𝑆 ⊆ ℳ and

numbers 𝑟 > 0, 𝑐 > 1, 𝜒
′
< 1, an (𝑟, 𝑐, 𝜒

′
)-approximate

nearest neighbor search oracle 𝒪 for ℳ returns a data-
structure ANN𝑆,𝑟,𝑐 ← 𝒪(𝑆, 𝑟, 𝑐) such that for any query
𝑞 ∈ ℳ, its output ANN𝑆,𝑟,𝑐(𝑞) satisfies:

(O1) ANN𝑆,𝑟,𝑐(𝑞) ∈ 𝐵𝑆(𝑞, 𝑟𝑐) ∪ {⊥}
(O2) ∣𝐵𝑆(𝑞, 𝑟)∣ > 1 ⇒ ANN𝑆,𝑟,𝑐(𝑞) =⊥
(O3) 𝐵𝑆(𝑞, 𝑐𝑟) = 𝐵𝑆(𝑞, 𝑟) = {𝑝} ⇒ ANN𝑆(𝑞, 𝑟, 𝑐) = 𝑝

with probability at least 1−𝜒′
over the internal randomness

of the data structure. Furthermore, different calls to the
oracle are independent.

Properties (O1) and (O3) are inherent in the definition of
any (𝑟, 𝑐)-ANN data structure. The only extra requirement is
property (O2) that asserts that the data structure can detect
when there is not a unique point in 𝐵𝑆(𝑞, 𝑟). For most
data structures, this can be easily implemented by outputting
⊥ whenever ∣𝐵𝑆(𝑞, 𝑟𝑐)∣ > 1. In the full version of the
paper, we devise a black-box reduction for any ANNS data
structure to an ANNSO oracle using only a logarithmic
increase in resources. One technical novelty of our work
is that one can use such an oracle to sample a point from
𝐵𝑃 (𝑞, 𝑟) “near” uniformly at random.

The main idea is that, property (O2) (resp. (O3)) implies
that a necessary (resp. sufficient) condition for the oracle to
return a point 𝑝 ∈ 𝐵𝑃 (𝑞, 𝑟) is for 𝑝 to be the only point
in 𝐵𝑆(𝑞, 𝑟) (resp. 𝐵𝑆(𝑞, 𝑟𝑐)). We exploit this property by
calling the oracle on random subsets 𝑆 of our point set 𝑃
by sub-sampling. We show below that if the sub-sampling
probability is small enough compared to ∣𝐵𝑃 (𝑞, 𝑟𝑐)∣−1 then
whenever we get a point 𝑝 ∈ 𝐵𝑃 (𝑞, 𝑟) it is approximately
uniform in 𝐵𝑃 (𝑞, 𝑟).

Lemma 15 (Sampling Lemma). For 𝑢 ∈ [0, 1] and 𝑃 ⊂
ℳ, let 𝑆𝑢 ∼ 𝑃 [𝑢] denote a random subset of 𝑃 where
each point has been included independently with probability
𝑢. Given an (𝑟, 𝑐, 𝜒′)-ANNO 𝒪 for ℳ, let ANN𝑆𝑢,𝑟,𝑐 ←
𝒪(𝑆𝑢, 𝑟, 𝑐). For a query 𝑞 ∈ ℳ and point 𝑝 ∈ 𝐵𝑃 (𝑞, 𝑟),
define 𝐺𝑞(𝑝) := {ANN𝑆𝑢,𝑟,𝑐(𝑞) = 𝑝} to be the event that
the data structure returns 𝑝 when queried with 𝑞. For all

𝛿 ∈ (0, 1] such that 2𝜒
′

𝛿 ≤ 𝑢 ≤ 𝛿
2∣𝐵𝑃 (𝑞,𝑟𝑐)∣ , we have:∣∣ℙ[𝐺𝑞(𝑝)]− 𝑢

∣∣ ≤ 𝛿 ⋅ 𝑢,∀𝑝 ∈ 𝐵𝑃 (𝑞, 𝑟) (15)

Proof: Let 𝐹 be the event that any of the three
conditions are violated for ANN𝑆𝑢,𝑟,𝑐(𝑞), then by definition
ℙ[𝐹 ] ≤ 𝜒

′
. Let 𝑘 = ∣𝐵𝑃 (𝑞, 𝑟𝑐)∣ and ∣𝐵𝑃 (𝑞, 𝑐)∣ = 𝛼𝑘 with

𝛼 ∈ [0, 1]. We have:

ℙ[𝐺𝑞(𝑝)] = ℙ[𝐺𝑞(𝑝)∣𝐹 ]ℙ[𝐹 ] + ℙ[𝐺𝑞(𝑝)∣𝐹 𝑐]ℙ[𝐹 𝑐]

≥ ℙ[𝐺𝑞(𝑝)∣𝐹 𝑐](1− 𝜒′
)

≥ 𝑢(1− 𝑢)𝑘−1(1− 𝜒′
) (16)

≥ 𝑢(1− 𝑢𝑘 − 𝜒′
)

ℙ[𝐺𝑞(𝑝)] ≤ ℙ[𝐹 ] + ℙ[𝐺𝑞(𝑝)∣𝐹 𝑐]

≤ 𝜒
′
+ 𝑢(1− 𝑢)𝛼𝑘−1 (17)

≤ 𝑢(1 +
𝜒

′

𝑢
)

where in (16) and (17) we used respectively (O3) and (O2).

Thus, using an upper bound 𝐵 ≥ ∣𝐵𝑃 (𝑞, 𝑟𝑐)∣ and the
ANNS oracle we can implement a data structure that returns
approximately uniform random points from the set 𝐵𝑃 (𝑞, 𝑟)
at a rate (number of calls) that depends on the ratio between
our upper bound 𝐵 and ∣𝐵𝑃 (𝑞, 𝑟)∣. Our approach is to use
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the oracle to obtain random samples from a given annulus
𝐴(𝑞, 𝑟) and then use these samples to estimate KDF𝐴(𝑞)
through the Median-of-means technique. The fact that we
don’t have exact knowledge of and control over the sampling
probabilities, requires a slightly modified analysis of the
Median-of-means technique.

Procedure 1 MEDIANOFMEANS (MoM𝜖,𝛿,𝜒(𝑄,𝑉 ))

1: Input: 𝑉 ≥ 0, set 𝑄, accuracy 𝜖 ∈ (0, 1), deviation
𝛿 ∈ [0, 𝜖), failure prob. 𝜒 ∈ (0, 1).

2: 𝑚(𝜖, 𝛿, 𝑉 ) ← ⌈ 6(1+𝛿)
(𝜖−𝛿)2 𝑉 ⌉, 𝐿(𝜒) ← ⌈9 log(1/𝜒)⌉.

3: Partition 𝑄 → 𝑄1 ⊎ 𝑄2 ⊎ . . . ⊎ 𝑄𝐿 ⊎ 𝑄𝐿+1 such that
∣𝑄𝑖∣ = 𝑚, ∀𝑖 = 1, . . . , 𝐿.

4: 𝑍(𝑖) ← 1
𝑚

∑
𝑗∈𝑄𝑖

𝑍𝑗 , 𝑖 = 1, . . . 𝐿

5: Output: 𝑍𝜖,𝛿,𝜒 ← median{𝑍(1), . . . , 𝑍(𝐿)}

Lemma 16 (Non-uniform MoM). Let 𝑄 = {𝑗1, . . . , 𝑗𝑇 }
be a set of indices such that 𝑍𝑗1 , . . . , 𝑍𝑗𝑇 are independent
random variables with ∣𝔼[𝑍𝑖]−𝜇∣ ≤ 𝛿𝜇 and 𝔼[𝑍2

𝑖 ] ≤ (1+

𝛿)𝑉 𝜇2. For 𝜖, 𝜒 > 𝛿 ≥ 0, if 𝑇 ≥ ⌈ 6(1+𝛿)
(𝜖−𝛿)2 𝑉 ⌉⌈9 log( 1𝜒 )⌉, then

ℙ
[∣∣MoM𝜖,𝛿,𝜒(𝑄,𝑉 )− 𝜇∣∣ ≥ 𝜖𝜇

] ≤ 𝜒

In order to build a data structure that can generate
sufficient number of random samples from different annuli,
we make calls to the oracle for different values of 𝑟 but
with fixed 𝑐 > 1 and random subsets of 𝑃 of varying
size. In particular, for a given 𝜖 ∈ (0, 1) let 𝛿 = 𝜖/9
and 𝐼𝛿 := ⌊log1+𝛿 𝑛⌋. For 𝑖 = 0, . . . , 𝐼𝛿 we define
sampling probabilities 𝑢𝑖 := 𝛿

2𝑛 (1 + 𝛿)𝑖 and set 𝑇max =

1728
(1+ 𝜖

9 )(1+
𝜖
4 )

(1− 𝜖
9 )(1−𝜖)2

1
𝜖3

1
𝛼2

𝑡

�̄�𝑐𝑡 log( 1𝜒 ), where 𝛼𝑡 = 𝜖
𝜙�̄�𝑐2𝑡

. We
build a data structure RSO (Random Sampling Oracle) by
storing references to the data structures produced by calls
to the oracle 𝒪 for all the combinations of radii, sampling
probabilities and for sufficient number 𝑇max of random
subsets of 𝑃 . The total number of calls to is 𝐼𝛿 ⋅ 𝜙𝑐 ⋅ 𝑇max.

Procedure 2 ANN2RSO (Preprocessing)

Input: 𝑃 ⊂𝑀 , oracle 𝒪, 𝑐 > 1, {𝑢𝑖}, {𝑟ℓ}, 𝜙𝑐, 𝐼𝛿, 𝑇max.
1: for 𝑖 = 0, . . . , 𝐼𝛿 do
2: for 𝑗 = 1, . . . , 𝑇max do
3: 𝑆

(𝑗)
𝑢𝑖 ∼ 𝑃 [𝑢𝑖]

4: for ℓ = 0, . . . , 𝜙𝑐 do
5: RSOℓ,𝑖,𝑗 ← 𝒪(𝑆

(𝑗)
𝑢𝑖 , 𝑟ℓ, 𝑐)

Output: RSO

C. Spherical Inegration via Random Sampling Oracles

We next show how to implement the meta-algorithm of
Spherical integration using the Random Sampling Oracle.
The algorithm will be slightly more complicated in that
we won’t be able to estimate accurately the contribution
of each annulus (by getting enough random samples from

Table II
APPLICATIONS OF THEOREM 20 FOR KDF UNDER (𝐿, 𝑡)-SMOOTH AND

DECREASING KERNELS FOR 𝜒 = poly( 1
𝑛
).

Metric space Query time (QT) / 𝜖−5(𝐿𝜙)3

𝐿2 [39] �̃�(𝑑( log𝑛
5𝑡

)10𝑡(1+𝑜(1)))

𝐿∞ [23] �̃�(𝑑2( log𝑛
5𝑡

log log 𝑑)5𝑡(1+𝑜(1)))

𝐿𝑝 (𝑝 > 2) [40], [41] �̃�(𝑑2 log
1+ 1

𝑝 𝑛
3𝑡

𝑝)5𝑡(1+𝑜(1)))

Sym. norms [42] �̃�(𝑑𝑂(1)(𝑂(log5 𝑛 log log 𝑑
𝑡5 log5 log𝑛

))10𝑡)

Ulam [40], [43] �̃�(𝑑𝑂(1)(𝑂(log4 𝑛 log log 𝑑
𝑡4

))10𝑡)

Edit (ℓ > 1) [44] �̃�(𝑑35ℓ𝑡)

the annulus). Instead we will prove that we can estimate
accurately the contribution of all annuli that have non-
negligible contribution to the kernel density. This is achieved
by showing, that our failure to get enough random samples
from an annulus is attributed with high probability to the
fact that the annulus in question has a negligible contribution
compared to the contribution of an outer annulus or inner
ball. This is possible for the following family of kernels.

Definition 17 ((L,t)-Radial Kernels). Fix 𝐿 > 0, 𝑡 > 0 and
a metric space ℳ. A function 𝑘 : ℳ×ℳ → ℝ+ is called
(𝐿, 𝑡)-radial if ∀𝑠 ≥ 0,∀𝑞 ∈ ℳ,

max

⎧⎨
⎩ sup𝑝∈𝐴ℓ

𝑘(𝑞, 𝑝)

inf
𝑝′∈𝐵(𝑞,𝑟ℓ−𝑠)

𝑘(𝑞, 𝑝′)
,
sup𝑝∈𝐴ℓ

𝑘(𝑞, 𝑝)

inf
𝑝′∈𝐴ℓ+𝑠

𝑘(𝑞, 𝑝′)

⎫⎬
⎭ ≤ 𝐿 ⋅ 𝑐(𝑠+1)𝑡

For this family of kernels we have the following structural
properties, whose proofs we present in Section IV-E.

Proposition 18. If a kernel is decreasing in 𝑑ℳ and (𝐿, 𝑡)-
smooth then it is also (𝐿, 𝑡)-radial.

Lemma 19. For (𝐿, 𝑡)-radial kernels and 𝛼 ∈ (0, 1
11 ], if

∣𝐴(𝑞,𝑟ℓ)∣
∣𝐴(𝑞,𝑟ℓ+𝑠)∣ < 𝛼 or ∣𝐴(𝑞,𝑟ℓ)∣

∣𝐵(𝑞,𝑟ℓ−𝑠+1)∣ < 𝛼 it holds that 𝑍ℓ <
11
10𝛼 ⋅ 𝐿𝑐(𝑠+1)𝑡 ⋅KDF(𝑞).

We were able to obtain the following result.

Theorem 20. Let 𝑃 ⊆ ℳ be a set of 𝑛 points with
log-aspect ratio 𝜙 and �̄�, 𝑡 > 0, 𝜖 ∈ (0, 0.99) be fixed
numbers. Given an (𝑟, 𝑐, 𝜒

′
)-ANNSO 𝒪 for ℳ with 𝜒

′ ≤
𝜖2/(324𝑛), there exists a data-structure constructed us-

ing 𝑂
(
𝜖−6𝑐5𝑡[�̄�𝜙]3 log(𝑛) log(𝜙𝜒 )

)
calls to the oracle 𝒪,

that for any query 𝑞 ∈ ℳ and (𝐿, 𝑡)-radial kernel with
1 ≤ 𝐿 ≤ �̄�, 0 ≤ 𝑡 ≤ 𝑡, can provide an (1 + 𝑂(𝜖))-
approximation to KDF𝑃 (𝑞) with probability at least 1− 𝜒
using 𝑂

(
𝜖−5𝑐5𝑡[𝐿𝜙]3 log(𝜙𝜒 )

)
total queries to the data-

structures created by 𝒪.

In Table II, we provide applications of our result to
kernel density evaluation algorithms for various metrics
using known ANNS data-structures.

Our algorithm (Procedure 3) proceeds in 𝜙 + 1 stages,
where for each stage ℓ ∈ {0, . . . , 𝜙} there are three goals:
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1) Sampling invariant: maintaining an upper bound
𝐵ℓ+1 ≥ ∣𝐵(𝑞, 𝑟ℓ+1)∣ that allows us to set the sampling
probability 𝑢 appropriately (Lemma 15) and ensure
that any point 𝑝 ∈ 𝐵(𝑞, 𝑟ℓ) returned by the RSO data-
structure is close to a uniformly random point.

2) Estimating ∣𝐵(𝑞, 𝑟ℓ)∣: during this phase we either get
an upper bound on ∣𝐵(𝑞, 𝑟ℓ)∣ that either satisfies the
condition of Lemma 19 and allows to maintain the
invariant when we decrement ℓ, or we get a multi-
plicative approximation �̂�ℓ to ∣𝐵(𝑞, 𝑟ℓ)∣ that is used
both to maintain the invariant and to possibly estimate
the contribution of the ℓ-th annulus to KDF(𝑞).

3) Estimating ∣𝐴(𝑞, 𝑟ℓ)∣ and annulus contribution: this
phase is executed only if ∣𝐵(𝑞, 𝑟ℓ)∣ is significant in
which case we have a lower bound on the probability
of getting a sample in 𝐵(𝑞, 𝑟ℓ). This means that after
a certain number of trials we can either get an upper
bound 𝐴(𝑞, 𝑟ℓ) or will be able to get a multiplicative
approximation to 𝜌ℓ = ∣𝐴(𝑞, 𝑟ℓ)∣/∣𝑃 ∣ and have enough
samples to estimate 𝑍ℓ through median of means.

A subtle point that we deal with in the analysis is that
from step 2 above we only get an upper bound 𝐵ℓ on the
size of ∣𝐵(𝑞, 𝑟ℓ)∣. However, it is entirely possible that this
upper bound is quite far from the true value. Complications
arise because we use this upper bound to set the sampling
probability in the next stage ℓ−1, resulting in seeing points
from 𝐵(𝑞, 𝑟ℓ−1) in a reduced rate, as well as due to the
fact that in cases where we fail to get enough samples from
∣𝐵(𝑞, 𝑟ℓ)∣ for consecutive values of ℓ, the upper bounds that
we get depend on previous stages. In this way long range
interaction between stages exist and we have to account for.

D. Analysis of Spherical Integration

To prove correctness of our algorithm we break up the
execution of our algorithm in stages depending on the
value of ℓ = 𝜙, . . . , 0. For any ℓ for which the invariant
∣𝐵(𝑞, 𝑟ℓ+1)∣ ≤ 𝐵ℓ+1 is true, we say that the ℓ-stage
succeeds if: (a) the invariant is true for ℓ− 1, (b) whenever
𝑍ℓ = 0, the contribution of the annulus is less than

𝐶𝛿 = 121
40

(
1+𝛿
1−𝛿

)2
𝜖
𝜙KDF(𝑞), and (c) whenever 𝑍ℓ ∕= 0,

then ∣𝜌ℓ − 𝜌ℓ∣ < 𝜖(2 + 𝜖)𝜌ℓ and ∣�̂�ℓ − 𝜇ℓ∣ < 𝜖𝜇ℓ.
The main lemma we have to show is the following.

Lemma 21 (Main lemma). For ℓ ∈ {0, . . . , 𝜙}, let 𝑈ℓ be
the event that the ℓ-th stage succeeds and define 𝑈>ℓ :=⋀𝜙

ℓ′=ℓ+1 𝑈ℓ′ . Then ℙ[𝑈ℓ∣𝑈>ℓ] ≥ 1− 19𝜒

The proof of this lemma is long and technical and is
included in the full version of the paper. Having this lemma
at hand we can readily prove the theorem.

Proof of Theorem 20: We first prove a lower bound
on the probability that all stages succeed ℙ[

⋀𝜙
ℓ=0 𝑈ℓ] =∏𝜙

ℓ=0 ℙ

[
𝑈𝜙−ℓ

∣∣∣∣𝑈>𝜙−ℓ

]
≥ (1− 19𝜒)𝜙+1 ≥ 1− 19(𝜙+1)𝜒.

Procedure 3 SPHERICAL INTEGRATION

Input: 𝑡, 𝐿, 𝑐, 𝜖, 𝜙𝑐, 𝜒, 𝑛,RSO
1: 𝛿 ← 𝜖/9 ⊳ Distance from uniformity
2: 𝐼𝛿 ← ⌊log(1+𝛿) 𝑛⌋ ⊳ Number of sampling levels
3: 𝛼𝑡 ← 𝜖

𝜙
1

𝐿𝑐2𝑡 ⊳ Threshold for significant annuli
4: 𝑇1 ← ⌈4(1 + 𝛿)2 1

𝛿3
1
𝛼𝑡

log( 1𝜒 )⌉
5: 𝑇2 ← ⌈145(1 + 𝛿)(1 + 𝜖

4 )
1
𝛼2

𝑡

1
𝜖2

1
𝛿𝐿𝑐

𝑡 log( 1𝜒 )⌉
6: 𝑢𝑖 ← 𝛿

2𝑛 (1 + 𝛿)
𝑖 for 𝑖 = 0, . . . , 𝐼𝛿 . ⊳ Sampling levels

7: 𝑟ℓ ← 𝑟0𝑐
ℓ for ℓ = 0, . . . , 𝜙𝑐. ⊳ Sequence of radii

8: 𝐵𝜙𝑐+1 ← 𝑛 ⊳ Initialize invariant ∣𝐵(𝑞, 𝑟ℓ+1)∣ ≤ 𝐵ℓ+1

9: for ℓ = 𝜙𝑐, . . . , 0 do
10: 𝑖∗ ← argmax𝑖≤𝐼𝛿

{𝑢𝑖𝐵ℓ+1 ≤ 𝛿
2} ⊳ under-sampling

11: 𝑄+ ← ∅ ⊳ Start with an empty multi-set
12: for 𝑗 = 1, . . . , 𝑇1 do
13: if RSOℓ,𝑖∗,𝑗(𝑞) ∈ 𝐵(𝑞, 𝑟ℓ) then
14: add RSOℓ,𝑖∗,𝑗(𝑞) to 𝑄+

15: 𝜁+ ← (1 + 𝛿)(𝛼𝑡𝐵ℓ+1𝑢𝑖∗) ⊳ significance threshold
16: if ∣𝑄+∣ < 𝜁+𝑇1 then
17: 𝐵ℓ ← (1+𝛿)2

1−𝛿 𝛼+𝐵ℓ+1 ⊳ Maintain the invariant
18: 𝑍ℓ ← 0 ⊳ annulus “insignificant”
19: else
20: �̂�ℓ ← ∣𝑄+∣

𝑢𝑖∗
1
𝑇 ⊳ (1 + 𝜖)-approx to ∣𝐵(𝑞, 𝑟ℓ)∣

21: 𝐵ℓ ← 1
1−𝜖 �̂�ℓ ⊳ Maintain the invariant

22: 𝑄− ← 𝑄+

23: for 𝑗 = 𝑇1 + 1, . . . , 𝑇2 do
24: if RSOℓ,𝑖∗,𝑗(𝑞) ∈ 𝐵(𝑞, 𝑟ℓ) then
25: add RSOℓ,𝑖∗,𝑗(𝑞) to 𝑄−
26: 𝜁− ← 2 1+𝛿

1−𝛿𝛼𝑡 ⊳ threshold for significant annuli
27: 𝑄ℓ ← 𝑄− ∩𝐴(𝑞, 𝑟ℓ)
28: if ∣𝑄ℓ∣ < 𝜁−∣𝑄−∣ then
29: 𝑍ℓ ← 0 ⊳ annulus “insignificant”
30: else
31: 𝜌ℓ ← ∣𝑄ℓ∣

∣𝑄−∣
�̂�ℓ

𝑛 ⊳ Estimate ∣𝐴(𝑞, 𝑟ℓ)∣/𝑁
32: 𝑉𝑡 ← 𝐿𝑐𝑡 ⊳ “condition number” 𝐴(𝑞, 𝑟ℓ)
33: �̂�ℓ ← MoM𝜖, 𝜖4 ,𝜒

(𝑄ℓ, 𝑉𝑡) ⊳ estim. KDF𝐴𝑟ℓ
(𝑞)

34: 𝑍ℓ ← 𝜌ℓ�̂�ℓ
Output:

∑𝐿
ℓ=0 𝑍ℓ

Next we show that conditional on the event
⋀𝜙

ℓ=0 𝑈ℓ the
algorithm outputs a multiplicative approximation to 𝜇 =
KDF(𝑞). Let 𝐽 := {ℓ ∈ {0, . . . , 𝜙}∣𝑍ℓ ∕= 0}, then

∣
𝜙∑

ℓ=0

𝑍ℓ − 𝜇∣ ≤
∑
ℓ∈𝐽

∣𝜌ℓ�̂�ℓ − 𝜌ℓ𝜇ℓ∣+
∑
ℓ′ /∈𝐽

𝜌ℓ′𝜇ℓ′

≤
∑
ℓ∈𝐽

{�̂�ℓ∣𝜌ℓ − 𝜌ℓ∣+ 𝜌ℓ∣�̂�ℓ − 𝜇ℓ∣}+ 𝐶𝛿𝜖𝜇

≤
∑
ℓ∈𝐽

{𝜖(2 + 𝜖)�̂�ℓ𝜌ℓ + 𝜌ℓ𝜖𝜇ℓ}+ 𝐶𝛿𝜖𝜇

≤ [(2 + 𝜖)(1 + 𝜖) + 1]𝜖𝜇+ 𝐶𝛿𝜖𝜇

where for the first two inequalities we used triangle inequal-
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ity twice and the definition of 𝐽 along with part (b) of the
definition of 𝑈ℓ. The last two inequalities are due to part
(c) and (14). The total number of calls to the RSO data
structure for each query is bounded by 𝑇3 = 𝑇2(𝜙 + 1) =

Θ
(
𝜖−5𝑐5𝑡(𝐿𝜙)3 log( 1𝜒 )

)
. The number of calls required to

build the RSO data structure is 𝑇3 ⋅ 𝐼𝛿 = 𝑂(𝑇3 ⋅ log𝑛
𝛿 ). To

make the success probability at least 1− 𝜈 we simply need
to substitute 𝜒 with 𝜈

19(𝜙+1) and increase the number of
samples accordingly.

E. Proofs of results for (𝐿, 𝑡)-Radial Kernels

Proof of Proposition 18: For any point 𝑞 ∈ ℳ, let
𝑝0, 𝑝+, 𝑝− ∈ ℳ such that 𝑑ℳ(𝑞, 𝑝0) ≥ 𝑟ℓ−1, 𝑑ℳ(𝑞, 𝑝−) ≤
𝑟ℓ−𝑠 and 𝑑ℳ(𝑞, 𝑝+) ≤ 𝑟ℓ+𝑠. By the fact that the kernel is
decreasing in 𝑑ℳ we have:

max

⎧⎨
⎩ sup𝑝∈𝐴ℓ

𝑘(𝑞, 𝑝)

inf
𝑝′∈𝐵(𝑞,𝑟ℓ−𝑠)

𝑘(𝑞, 𝑝′)
,
sup𝑝∈𝐴ℓ

𝑘(𝑞, 𝑝)

inf
𝑝′∈𝐴ℓ+𝑠

𝑘(𝑞, 𝑝′)

⎫⎬
⎭ ≤ (18)

max

{
𝑘(𝑞, 𝑝0)

𝑘(𝑞, 𝑝−)
,
𝑘(𝑞, 𝑝0)

𝑘(𝑞, 𝑝+)

}
≤ 𝐿𝑐(𝑠+1)𝑡 (19)

where in the last inequality we used the fact that the kernel
is (𝐿, 𝑡)-smooth.

Proof of Lemma 19: For brevity, we will denote here
𝐴(𝑞, 𝑟ℓ) as 𝐴ℓ. The first condition implies that ∣𝐴ℓ∣ <
𝛼∣𝐴ℓ+𝑠∣, while the second condition implies that ∣𝐴ℓ∣ <
𝛼

1−𝛼 ∣𝐵(𝑞, 𝑟ℓ−𝑠)∣. In both cases we proceed by obtaining an
upper bound on the contribution of the set 𝐴ℓ in terms of
the contribution of an outer annulus or inner ball respec-
tively. Starting from the basic inequality

∑
𝑝∈𝐴ℓ

𝑘(𝑞, 𝑝) ≤
∣𝐴ℓ∣ sup𝑝∈𝐴ℓ

𝑘(𝑞, 𝑝), we get:

∣𝐴ℓ∣ sup
𝑝∈𝐴ℓ

𝑘(𝑞, 𝑝) ≤ 𝛼
sup𝑝∈𝐴ℓ

𝑘(𝑞, 𝑝)

inf
𝑝′∈𝐴ℓ+𝑠

𝑘(𝑞, 𝑝′)
∣𝐴ℓ+𝑠∣ inf

𝑝′∈𝐴ℓ+𝑠

𝑘(𝑞, 𝑝′)

and

∣𝐴ℓ∣ sup
𝑝∈𝐴ℓ

𝑘(𝑞, 𝑝) ≤ 𝛼

1− 𝛼
sup𝑝∈𝐴ℓ

𝑘(𝑞, 𝑝)

inf
𝑝′∈𝐵(𝑞,𝑟ℓ−𝑠)

𝑘(𝑞, 𝑝′)

⋅ ∣𝐵(𝑞, 𝑟ℓ−𝑠)∣ inf
𝑝′∈𝐵(𝑞,𝑟ℓ−𝑠)

𝑘(𝑞, 𝑝′)

In both, cases by the fact that the kernel is (𝐿, 𝑡)-radial we
get that:

max

⎧⎨
⎩ sup𝑝∈𝐴ℓ

𝑘(𝑞, 𝑝)

inf
𝑝′∈𝐵(𝑞,𝑟ℓ−𝑠)

𝑘(𝑞, 𝑝′)
,
sup𝑝∈𝐴ℓ

𝑘(𝑞, 𝑝)

inf
𝑝′∈𝐴ℓ+𝑠

𝑘(𝑞, 𝑝′)

⎫⎬
⎭ ≤ 𝐿𝑐(𝑠+1)𝑡

Using the observation that for any subset of 𝑆 ⊆ 𝑃 ,
∣𝑆∣ inf𝑝∈𝑆 𝑘(𝑞, 𝑝) ≤ ∣𝑃 ∣KDF𝑃 (𝑞) we get the statement.

ACKNOWLEDGMENTS

Arturs Backurs and Piotr Indyk were supported by the
NSF, the Simons Foundation and an IBM PhD Fellowship.
Moses Charikar and Paris Siminelakis were supported by
NSF grant CCF-1617577 and a Simons Investigator Award.
Paris Siminelakis is partially supported by an Onassis Foun-
dations Scholarship.

REFERENCES

[1] L. Greengard and V. Rokhlin, “A fast algorithm for particle
simulations,” Journal of computational physics, vol. 73, no. 2,
pp. 325–348, 1987.

[2] B. Georgescu, I. Shimshoni, and P. Meer, “Mean shift based
clustering in high dimensions: A texture classification exam-
ple.” in ICCV, vol. 3, 2003, p. 456.

[3] E. Schubert, A. Zimek, and H.-P. Kriegel, “Generalized
outlier detection with flexible kernel density estimates,” in
Proceedings of the 2014 SIAM International Conference on
Data Mining. SIAM, 2014.

[4] A. Rinaldo and L. Wasserman, “Generalized density cluster-
ing,” The Annals of Statistics, pp. 2678–2722, 2010.
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